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Preface 



This lange megillah is concerned with estabhshing properties of a mathe- 
matical model in population genetics that some might regard, in light of 
what is being modeled, as entirely obvious. Once written down, however, a 
mathematical model has a life of its own; it must be addressed in its own 
terms, and understood without reference to its origins. 

The models we consider are phrased as partial differential equations, 
which arise as limits of finite Markov chains. The existence of solutions to 
these partial differential and their properties are suggested by the physical, 
economic, or biological systems under consideration, but logically speaking, 
are entirely independent of them. What is far from obvious are the regularity 
properties of these solutions, and, as is so often the case, the existence of 
solutions actually hinges on these very subtle properties. Using a Schauder 
method, we prove the existence of solutions to a class of degenerate parabolic 
and elliptic equations that arise in population genetics and mathematical 
finance. 

The archetypes for these equations arise as infinite population limits 
of the Wright-Fisher models in population genetics. These describe the 
prevalence of a mutant allele, in a population of fixed size, under the effects 
of genetic drift, mutation, migration and selection. The formal generator of 
the infinite population limit acts on functions defined on [0, 1] (the space of 
frequencies) and is given by 

LwF = x{l — x)d^ + [60(1 — x) — bix + sx{l — x)]dx- (1) 

Processes defined by such operators were studied by Feller in the early 1950s 
and used to great effect by Kimura, et al. in the 1960s and 70s to give 
quantitative answers to a wide range of questions in population genetics. 
Notwithstanding, a modern appreciation of the analytic properties of these 
equations is only now coming into focus. 

In this monograph we provide analytic foundations for equations of this 
type and their natural higher dimensional generalizations. We call these 
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operators generalized Kimura diffusions. They act on functions defined 
on generalizations of convex polyhedra, which are called manifolds-with- 
corners. We provide the basic Holder space-type estimates for operators in 
this class with which we establish the existence of solutions. These operators 
satisfy a strong form of the maximum principle, which implies uniqueness. 

The partial differential operators we consider are degenerate and the 
underlying manifolds-with-corners are themselves singular. This inevitably 
produces significant technical challenges in the analysis of such equations, 
and explains, in part, the length of this text. The Markov processes defined 
by these operators provide fundamental models for many Biological and 
Economic situations, and it is for this reason that we feel that these operators 
merit such a detailed and laborious treatment. 

A large portion of this book is devoted to a careful exploration of oper- 
ators of the form 

n m 
Lb,m = ^[x^^l + hd,,] + ^ dl, (2) 
i=l 1=1 

acting on functions defined in M" x W^. Here the coefficients {bi} are non- 
negative constants. These operators are interesting in their own right, aris- 
ing as models in population genetics, but for us, they are largely building 
blocks for the analysis of general Kimura diffusions. These are the ana- 
logues, in the present context, of the "constant coefficient elliptic operators" 
in classical elliptic theory. A notable feature of this family is that, because 
the coefficient of d?. vanishes at x,- = 0, we need to retain the first order 
transverse term. The value of 6 = . . . , 6„) has a pervasive effect on the 
behavior of the solution. Much of our analysis rests upon explicit formulae 
for the solutions of the initial value problems: 

dtv - Lb^mV = with v{x, y, 0) = f{x, y). (3) 

Using these models, we have succeeded in developing a rather complete 
existence and regularity theory for general Kimura diffusions with Holder 
continuous data. This in turn suffices to prove the existence of a co-semi- 
group acting on continuous functions, and showing that the associated Mar- 
tingale problem has a unique solution. The existence of a strong Markov 
process, which in applications to genetics, describes the statistical behavior 
of individual populations, follows from this. 

In special situations, such results have been established by other authors, 
but without either the precise control on the regularity of solutions, or the 
generality considered herein. As long as it is, this text just begins to scratch 
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the surface of this very rich field. We have restricted our attention to the 
solutions with the best possible regularity properties, which leads to con- 
siderable simplifications. For applications it will be important to consider 
solutions with more complicated boundary behavior; we hope that this text 
will provide a solid foundation for these investigations. 
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Chapter 1 

Introduction 



In population genetics one frequently replaces a discrete Markov chain model, 
which describes the random processes of genetic drift, with or without se- 
lection, and mutation with a limiting, continuous time and space, stochastic 
process. If there are N + 1 possible types, then the configuration space for 
the resultant continuous Markov process is typically the A?^-simplex 

= {{xi, • • • , xn) '■ Xj >0 and xi + • • • + xn < 1}. (1-1) 

If a different scaling is used to define the limiting process, different domains 
might also arise. As a geometrical object the simplex is quite complicated. 
Its boundary is not a smooth manifold, but has a stratified structure with 
strata of codimensions 1 through N. The codimension 1 strata are 

El,; = {xj = 0} n 5iv for i = 1, . . . , iV, (1.2) 

along with 

'Si,Q = {xi + --- + XN = l}nSN. (1.3) 

Components of the stratum of codimension 1 < / < A^, arise by choosing 
integers < ii < ■ ■ ■ < ii < N and forming the intersection: 

n---nsi,i,. (1.4) 

The simplex is an example of a manifold with corners. The singularity of 
its boundary significantly complicates the analysis of differential operators 
acting functions defined in S^. 

In the simplest case, without mutation or selection, the limiting operator 
of the Wright-Fisher process is the Kimura diffusion operator, with formal 
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generator: 

TV 

^Kim = X] ~ Xj)9xidxj- (1-5) 

This is the "backward" Kolmogorov operator for the Hmiting Markov pro- 
cess. This operator is elliptic in the interior of Sn but the coefficient of the 
second orders normal derivative tends to zero as one approaches a boundary. 
We can introduce local coordinates . . . ,yN-i) near the interior of a 

point on one of the faces of Si,/, so that the boundary is given locally by 
the equation xi = 0, and the operator then takes the form 

N-l N-1 

^l^^i + X] ^iCli^a^i^j/i + Yl (^Irndy^dy,, (1.6) 
1=1 l,m=l 

where the matrix Qm is positive definite. To include the effects of mutation, 
migration and selection, one typically adds a vector field: 

N 

V = Y.h{x)dx^, (1.7) 

i=l 

where V is inward pointing along the boundary of Sn- In the classical mod- 
els, if only the effect of mutation and migration are included, then the co- 
efficients {bi{x)} can be taken to be linear polynomials, whereas selection 
requires at least quadratic terms. 

The most significant feature is that the coefficient of d^^ vanishes ex- 
actly to order 1. This places -LRim outside the classes of degenerate elliptic 
operators that have already been analyzed in detail. For applications to 
Markov processes the difficulty that presents itself is that it is not possible 
to introduce a square root of the coefficient of the second order terms that 
is Lipschitz continuous up to the boundary. Indeed the best one can hope 
for is Holder-^. The uniqueness of the solutions to either the forward Kol- 
mogorov equation, or the associated SDE, cannot then be concluded using 
standard methods. 

Even in the presence of mutation and migration, the solutions of the 
heat equation for this operator in one-dimension was studied by Kimura, 
using the fact that LKim + V preserves polynomials of degree d for each d. 
In higher dimensions it was done by Karlin and Shimakura by showing the 
existence of a complete basis of polynomial eigenfunctions for this operator. 
This in turn leads to a proof of the existence of a polynomial solution to 
the initial value problem for [dt — (i^Kim + = with polynomial initial 
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data. Using the maximum principle, this suffices to estabhsh the existence 
of a strongly continuous semi- group acting on C^, and establish many of its 
basic properties, see [29]. This general approach has been further developed 
by Barbour, Etheridge and Griffiths, see [lij [2l [T3| [20]. 

As noted, if selection is also included, then the coefficients of V are 
at least quadratic polynomials, and can be quite complicated, see [8]. So 
long as the second order part remains -Lxim; then a result of Ethier, using 
the Trotter product formula, makes it possible to again define a strongly 
continuous semi-group, see P2]- Various extensions of these results, using a 
variety of functional analytic frameworks, were made by Athreya, Barlow, 
Bass Perkins, Sato, Cerrai and Clement, and others, see [H HI El EJ [7] . 

For example Cerrai and Clement constructed a semi-group acting on 
C°([0, 1]^), with the coefficient atj of dx^d^^ assumed to be of the form 

ttijix) = m{x)Aij{xi,Xj). (1.8) 

Here m(x) is strictly positive. In [UHllH], Bass, Perkins along with several 
collaborators, study a class of equations, similar to that defined below. Their 
work has many points of contact with our own, and we discuss it in greater 
detail at the end of Section 11.51 

We have not yet said anything about boundary conditions, which would 
seem to be a serious omission for a PDE on a domain with a boundary. 
Indeed, one would expect that there would be an infinite dimensional space 
of solutions to the homogeneous equation. It is possible to formulate local 
boundary conditions that assure uniqueness, but, in some sense this is not 
necessary. As a result of the degeneracy of the principal part, uniqueness for 
these types of equations can also be obtained as a consequence of regularity 
alone! We illustrate this in the simplest 1-dimensional case, which is the 
equation, with 6(0) > 0, 6(1) < 0, 

dtv - [x{l - x)dl + b{x)dx\v = and t;(x,0) = f{x). (1.9) 

If we assume that dxv{x,t) extends continuously to [0, 1] x (0,oo) and 

lim x{l — x)dxv{x,t) = lim x{l — x)dxv{x,t) = 0, (1-10) 

then a simple maximum principle argument shows that the solution is unique. 
In our approach, such regularity conditions naturally lead to uniqueness, 
and little effort is expended in the consideration of boundary conditions. 
In Chapter H] we prove a generalization of the Hopf boundary point maxi- 
mum principle that demonstrates, in the general case, how regularity implies 
uniqueness. 
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1.1 Generalized Kimura Diffusions 

In his seminal work, Feller analyzed the most general closed extensions of op- 
erators, like those in (|1.9p . which generate Feller semi-groups in 1-dimension, 
see [T7]. Up to now very little is known, in higher dimensions, about the 
analytic properties of the solution to the initial value problem for the heat 
equation 

dtv - {LKim + V)v = in (0,oo) x Sn with v{0,x) = f{x). (1.11) 

Indeed, if we replace LKim with a qualitatively similar second order part, 
which does not take one of the forms described above, then even the existence 
of a solution is not known. In this monograph we introduce a very flexible 
analytic framework for studying a large class of equations, which includes all 
standard models, of this type appearing in population genetics, as well as the 
SIR model for epidemics, see |16[|29j . and models that arise in Mathematical 
Finance, see [TS]. Our approach is to introduce non-isotropic Holder spaces 
with respect to which we establish sharp existence and regularity results for 
the solutions to heat equations of this type, as well as the corresponding 
elliptic problems. Using the Lumer-Phillips theorem we conclude that the 
C'^-graph closure of this operator generates a strongly continuous semi-group. 

In this monograph we extend our work on the Id-case in [12]. Our analy- 
sis applies to a class of operators that we call generalized Kimura diffusions, 
which act on functions defined on manifolds with corners. Such spaces gen- 
eralize the notion of a regular convex polyhedron in M^, e.g. the simplex. 
Working in this more general context allows for a great deal of flexibility, 
which proves indispensable in the proof of our basic existence result. 

Locally a manifold with corners, P, can be described as a subset of 
defined by inequalities. Let {pk{x) '■ k = 1,...,K} be smooth functions 
in the unit ball -Bi(O) C M^, vanishing at 0, with {dpk{0) : k = 1, . . . ,K} 
linearly independent; clearly K < N. Locally P is diffeomorphic to 

K 

f]{xe Bi{0) : pk{x)>0}. (1.12) 

k=l 

We let Sfc = P n {x : Pk{x) = 0}; suppose that contains a non-empty, 
open (A^ — l)-dimensional hypersurface and that dpk is non-vanishing in a 
neighborhood of S^. The boundary of P is a stratified space, where the 
strata of codimension n locally consists of points where the boundary is 
defined by the vanishing of n functions with independent gradients. The 
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components of the codimension 1 part of the bP are called faces. As in (jl.4p . 
the codimension-n stratum of bP is formed from intersections of n faces. 
The formal generator is a degenerate elliptic operator of the form 

N N 
L=Y, ^ij{x)d^.dx, + (1-13) 

Here Aij{x) is a smooth, symmetric matrix valued function in P. The second 
order term is positive definite in the interior of P and degenerates along the 
hypersurface boundary components in a specific way. For each k 

N 

aij{x)dxiPk{x)dxjPk{x) (xpk{x) as x approaches Sfc. (1-14) 
On the other hand, 

N 

aij{x)viVj > for X G int Sfc and v ^ £ T^Sfe- (1-15) 
The first order part of L is an inward pointing vector field 

N 

Vpkix) = bj{x)d^^pkix) > for X G Efc. (1.16) 

i=i 

We call a second order partial differential operator defined on P, which is 
non-degenerate elliptic in int P, with this local description near any bound- 
ary point a generalized Kimura diffusion. 

If p is a point on the stratum of bP of codimension n, then locally there 
are coordinates (xi, . . . , yi, . . . , ym) so that p corresponds to (0; 0), and 
a neighborhood, U, of p is given by 

U = {ix;y)e[0,irxi-I,ir}. (1.17) 

In these local coordinates a generalized Kimura diffusion, L, takes the form 

n 

n m m m 

YY^''^'''^^'y^^'^^yk + Yl ^ki{x;y)dl^y^ +Ydk{x;y)dy^; (1-18) 

i=l k=l k,l=l k=l 
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(ttij) and (cfej) are symmetric matrices, the matrices (an) and (cki) are 
strictly positive definite. The coefficients {b{x;y)} are non-negative along 
bP n U, so that first order part is inward pointing. 

Let P be a compact manifold with corners and L a generalized Kimura 
diffusion defined on P. Broadly speaking, our goal is to prove the existence, 
uniqueness and regularity of solutions to the equation 



with certain boundary behavior along bP x [0, oo), for data g and / satisfying 
appropriate regularity conditions. These results in turn can be used to 
prove the existence of a strongly continuous semi-group acting on C^{P), 
with formal generator L. This is the "backward Kolmogorov equation." The 
solution to the "forward Kolmogorov equation," {dt—L*)m = u, is then given 
by the adjoint semi- group, canonically defined on a domain in [C°(P)]' = 
M.{P), the space of finite Borel measures on P. 

1.2 Model problems 

The problem of proving the existence of solutions to a class of PDEs is 
essentially a matter of finding a good class of model problems, for which 
existence and regularity can be established, more or less directly, and then 
finding a functional analytic setting in which to do a perturbative analysis 
of the equations of interest. The model operators for Kimura diffusions are 
the differential operators, defined on M" x W^, by 



Here 6 = (6i, . . . , 6„) is a non-negative vector. 

We have not been too explicit about the boundary conditions that we 
impose along 6R" x R"^. This condition can be defined by a local Robin- type 
formula involving the value of the solution and its normal derivative along 
each hypersurface boundary component of bP. For 6 > 0, the 1-dimensional 
model operator, Li, = xd^ + bdx, has two indicial roots 



{dt -L)u = gmPx (0, oo) 
with u{p,0) = fip), 



(1.19) 



n 



m 




(1.20) 



/3o = 0,A = 



(1.21) 



that is 



Lfox'^o = LfeX^i = 0. 



(1.22) 
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The boundary condition, 

lim [d^{x''u{x, t)) - bx''-'^u{x, t)] = 0, (1.23) 

2,-— >0+ 

excludes the appearance of terms hke x^~^ in the asymptotic expansion of 
solutions along x = 0. In fact, this condition insures that u is as smooth as 
possible along the boundary: if g = and / has m derivatives then the so- 
lution to (I1.19p . satisfying (I1.23P does as well. This boundary condition can 
be encoded as a regularity condition, that is u{-,t) G C^([0oo)) n C^((0, oo)), 
with 

lim xd^u{x,t) = (1.24) 

for t > 0. We call the unique solution to a generalized Kimura diffusion, 
satisfying this condition, or its analogue, the regular solution. The vast 
majority of this monograph is devoted to the study of regular solutions. 

In applications to probability one often seeks solutions to equations of 
the form Lw = g, where w satisfies a Dirichlet boundary condition: w \p= 
h. Our uniqueness results often imply that these equations cannot have a 
regular solution, for example, when 5 > 0. In the classical case the solutions 
to these problems can sometimes be written down explicitly, and are seen to 
involve the non-zero indicial roots. Usually these satisfy the other natural 
boundary condition, a la [17] . In 1-dimension, when 6 7^ 0, it is: 

lim [dc,{xu{x,t)) - (2 - b)u] = 0, (1.25) 

and allows for solutions that are 0(x^^^) as x — t- 0^. These are not smooth 
up to the boundary, even if the data is. The adjoint of L is naturally defined 
as an operator on Ai{P), the space finite Borel measures on P. It is more 
common to study this operator using techniques from probability theory, 
see [30] . 

For a generalized Kimura diffusion in dimensions greater than 1, the 
coefficient of the normal first derivative can vary as one moves along the 
boundary. For example, in two-dimensions one might consider the operator 

L = xdl + d^ + b{y)d^. (1.26) 

If b{y) is not constant, then, with the boundary condition 

lim [5,(xn(x, y, t)) - (2 - b{y))u{x, y, t)] = 0, (1.27) 

one would be faced with the very thorny issue of a varying indicial root on 
the outgoing face of the heat or resolvent kernel. As it is, we get a varying 
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indicial root on the incoming face. A fact which ah'eady places the analysis 
of this problem beyond what has been achieved using the detailed kernel 
methods familiar in geometric microlocal analysis. The natural boundary 
condition for the adjoint operator includes the condition: 

lim [d:^{xu{x,y,t)) - b{y)u{x , y , t)] =0, (1.28) 

allowing for solutions that behave like x^^^^~^, as x — )• 0"*". 

The solution operators for the 1-dimensional model problems are given 
by simple explicit formula. If 5 > 0, then the heat kernel is 

kti.,y)dy={^ye'^i.,{^)'^, (1.29) 



y 



where 



If 5 = then 

t«(x,„) = e-f5„fe)+(f)e-^^,(f)^^. (1.31) 

In either case is smooth as x — )• 0"*" and displays a y^~^ singularity as 
y — )• 0"^. It is notable that the character of the kernel changes dramatically 
as 6 — )• 0, nonetheless the regular solutions to these heat equations satisfy 
uniform estimates even as 6 — t- 0"^ . This fact is quite essential for the success 
of our approach. 

The structure of these operators suggests that a natural functional an- 
alytic setting in which to do the analysis might be that provided by the 
anisotropic Holder spaces defined by the singular, but incomplete metric on 

W1 X M"^ : 

" dx'^ 

j=l ^ k=l 

Similar spaces have been introduced by other authors for problems with 
similar degeneracies, see p]. In [19] Goulaouic and Shimakura proved a 
priori estimates in a Holder space of this general sort in a case where the 
operator has this type of degeneracy, but the boundary is smooth. As was 
the case in these earlier works, we introduce two families of anisotropic 
Holder spaces, which we denote by C^p(P), and c!^^''{P), for k S No, and 
< 7 < 1. In this context, heuristically an operator A is "elliptic of second 
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order" if : C^^(P) ^ C'^f^{P). Note that C^f{P) Q C'^p''^{P), but 



In this monograph we consider the problem in (jl.lOp for / and g be- 
longing to these Holder spaces. The results obtained suffice to prove the 
existence of a semi-group on the space C°(P), but establishing the refined 
regularity properties of this semi-group and its adjoint require the usage of a 
priori estimates. These are of a rather different character from the analysis 
presented here; we will return to this question in a subsequent publication. 

As manifolds with corners have non-smooth boundaries, and the Kimura 
diffusions are degenerate elliptic operators, the analysis of (ll.lOp can be 
expected to be rather challenging. We have already indicated a variety of 
problems that arise: 

1. The principal part of L degenerates at the boundary. 

2. The boundary of P is not smooth. 

3. The "indicial roots" vary with the location of the point on bP. 

4. The character of the solution operator is quite different at points where 
the vector field is tangent to bP. 

Along the boundary {xj = 0}, the first and second order terms in ()1.20p . 
bjdxj and Xjd'^., respectively are of comparable "strength." It is a notable 
and non-trivial fact that estimates for the solutions of these equations can 
be proved in these Holder spaces, without regard for the value of 5 > 0. 
As there is an explicit formula for the fundamental solution, the analysis 
of these model operators, while tedious and time consuming, is elementary. 
Indeed the solution of the homogeneous Cauchy problem 



has an analytic extension to Re t > 0, which satisfies many useful estimates. 

To obtain a gain of derivatives where Re t > 0, in a manner that can be 
extended beyond the model problems, one must address the inhomogeneous 
problem, which has somewhat simpler analytic properties. By this device, 
one can also estimate the Laplace transform of the heat semi-group, which 
is the resolvent operator: 




{dt - Lh^m)u = in P X (0, oo) 
with u{p,0) = f{p), 




oo 




(1.34) 
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The estimates for the inhomogeneous problem show that, in an appropriate 

sense, (/^ — -^^6,m)~^ gains two derivatives and is analytic in the complement of 
(—00, 0]. Finally one can re-synthesize the heat operator from the resolvent, 
via contour integration: 

e*^"- = 2^ /(m - i^b,m)-'e'^*d/x, (1.35) 

c 

where C is of the form | arg /i| = ^ + a, for an < a < I. This shows that, 
for t with positive real part, e*^'''"' also gains two derivatives. 

1.3 Perturbation Theory 

The next step is to use these estimates for the model problems in a pertur- 
bative argument to prove existence and regularity for a generalized Kimura 
diffusion operator L on a manifold with corners, P. The boundary of a mani- 
fold with corners is a stratified space, which produces a new set of difficulties. 
To overcome this we use an induction on the maximal codimension of the 
strata of bP. 

The induction starts with the simplest case where bP is just a manifold, 
and P is then a manifold with boundary. In this case, we can use the model 
operators to build a parametrix for the solution operator to the heat equation 
in a neighborhood of the boundary, Q^. It is a classical fact that there is an 
exact solution operator, Q\, defined in the complement of a neighborhood 
of the boundary, for, in any such subset of P, L is a non-degenerate elliptic 
operator. Using a partition of unity these operators can be "glued together" 
to define a parametrix, for the solution operator. The Laplace transform 

00 

R(n) = J ef'^Q^dt (1.36) 


is then a right parametrix for {fi — L)~^. Using the estimates and analyticity 
for the model problems, and the properties of the interior solution operator, 
we can show that 

{^-L)R{^i) = ld+E{n), (1.37) 

where E{ii) is analytic in C\(— 00, 0], and the Neumann series for (Id +E{p))^ 
converges in the operator norm topology for ji in sectors | arg//| < vr — a, 
for any a > 0, if sufficiently large. This allows us to show that 

{11 - L)-i = R{ii){ld +E{fi))-^ (1.38) 
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is analytic and satisfies certain estimates in 

Ta,R = : I arg;u| < ir — a, > R}, (1.39) 

for any < a, and R depending on a. 

For t in the right half plane we can now reconstruct the heat semi-group 
acting on the Holder spaces: 



e 



/ {fi- Ly^e^'dfi (1.40) 
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for an appropriate choice of a. This allows us to verify that e*'^ has an 
analytic continuation to Rei > 0, which satisfies the desired estimates with 
respect to the anisotropic Holder spaces defined above. The proof for the 
general case now proceeds by induction on the maximal codimension of the 
strata of bP. In all cases we use the model operators to construct a boundary 
parametrix near the maximal codimensional part of bP. The induction 
hypothesis provides an exact solution operator in the "interior," Qj, with 
certain properties, which we once again glue together to get Q*. A key step 
in the argument is to verify that the heat operator we finally obtain satisfies 
the induction hypotheses. The representation of e*'^ in (ll.40p is a critical 
part of this argument. 



1.4 Main Results 

With these preliminaries we can state our main results. The sharp estimates 
for operators e*^ and (/x — L)~^ are phrased in terms of two families of Holder 
spaces. For A; E No and < 7 < 1, we define the spaces C-^p(P), C^^^{P), 
and their "heat-space" analogues, C^p(P x [0, T]), c!^^''{P x [0, T]), see 
Chapter m For example: in the 1-dimensional case / G C^p([0, 00)) if / is 
continuous and 

\fix)-fiy)\ ^ 
sup —-= — — < 00; (1.41) 

x^y Wx-^/yyi 

it belongs to C^^'*^([0, cxd)) if f,dxf, and xd"^/ all belong to C^p([0, 00)), 
with 

lim xd'^f{x) = 0. 

X— >0+,oo 

For A: G N, we say that / e C^^([0,oo)), if / E C'=([0,oo)), and d^f E 
C^'^p([0, 00)). A function g E C^^p([0, 00) x [0, 00)), if 5 G C0([0, 00) x [0, 00)), 
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and 

\g{x,t) - g{y,s)\ 
sup , < oo, (1-42) 

{x,t)^{y,s) [\V^-Vy\ + V\t-s\]^ 

etc. 

Much of this monograph is concerned with proving detailed estimates 
for the model problems with respect to these Holder spaces and then using 
perturbative arguments to obtain analogous results for a general Kimura 
diffusion on an arbitrary compact manifold with corners. 

To describe the uniqueness properties for solutions to these equations, 
we need to consider the geometric structure of the boundary of P, and 
its relationship to L. As noted bP is a stratified space, with hypersurface 
boundary components {Sij : j = 1, . . . , A^i}. A boundary component of 
codimension n is a component of an intersection 

Si,nn---nSi,i„, (1.43) 

where 1 < ii < ■ ■ ■ < in < Ni. A component of bP is minimal if it is an 
isolated point or a positive dimensional manifold without boundary. We 
denote the set of minimal components by 6Pmin- Fix a generalized Kimura 
diffusion operator L. Let {pj : j = 1, . . . , Ni} he defining functions for the 
hypersurface boundary components. We say that L is tangent to Eij if 
Lpj tsi j= 0, and transverse if there is a c > so that 

Lpj fei,,>c. (1.44) 

Definition 1.4.1. The terminal boundary of P relative to L, bPtcriL), con- 
sists of elements of 6-Pmin to which L is tangent, along with boundary strata, 
S of P to which L is tangent, and such that Ls is transverse to all compo- 
nents of 6S. 

For the model space we say that 

/ G Pwf(I^+ X ^"') C C\Rl X M™) nC2((0,oo)" x M") (1.45) 

if the scaled second derivatives 

Xidlj{x-y), XiXjdl.^.f{x,y), Xid^.yJ{x,y), dlyj{x,y) (1.46) 

extend continuously to xM"*. We also assume that XiXjd^^^^f{x, y) tends 
to zero if either Xj or Xj goes to zero, and Xid^.f{x;y) and Xid^.y^f{x,y) 
go to zero as Xi goes to zero. A function / G C^(P) n C'^{mt P) belongs to 
■^wf(^) if i^ belongs to these local spaces in each local coordinate chart. 
Using a variant of the Hopf maximum principle, we can prove 
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Theorem 1.4.1. Let P be a compact manifold with comers, and L a gen- 
eralized Kimura diffusion defined on P. Suppose that L is either tangent or 
transverse to every hypersurface boundary component of bP, and let fePter (L) 
denote the set of terminal components of the boundary stratification relative 
to L. The cardinality of the set 6Pter(-^) equals the dimension of the null- 
space of L acting on T>^p{P), which is also the dimension o/kcrL . The 
nullspace of L is represented by smooth non-negative functions: the nullspace 
of L by non-negative measures supported on the components ofhPx,cx{L). 

The existence and regularity results for the heat equation defined by a 
general Kimura diffusion, L, on a manifolds with corners, P, are summarized 
in the next two results: 

Theorem 1.4.2. Let P be a compact manifold with corners, L a generalized 
Kimura diffusion on P, k E No and < j < 1. If f G C^p(P), then there is 
a unique solution 

G C^],(P X [0, oo)) n C°^(P X (0, oo)), 

to the initial value problem 

{dt -L)v = (} with v{p, 0) = f{p). (1.47) 

This solution has an analytic continuation to t with Rei > 0. 

We have a similar result for the inhomogeneous problem: 

Theorem 1.4.3. Let P be a compact manifold with corners, L a generalized 
Kimura diffusion on P, /c G No, < 7 < 1, and T>O.Ifge C^{Px [0, T]), 
then there is a unique solution 

ueCi,l+^iPx[0,T]) 

to 

{dt -L)u = g with u{p, 0) = 0, (1.48) 
which satisfies estimates of the form 

ll^^ll WF,fc,2+7,T <C{1 + T) II5II wF,fc,7,T- (1-49) 

We also have a result for the resolvent of L acting on the spaces C^p'^^(P), 
showing that {ji — L)~^ is an elliptic operator with respect to our scales of 
Banach spaces. 
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Theorem 1.4.4. Let P be a compact manifold with corners, L a general- 
ized Kimura diffusion on P, A; G No, < 7 < 1. The spectrum, E, of the 
unbounded, closed operator L, with domain 

C^V'iP)cC'^l{P), 

is independent of k, and 7. It is a discrete set lying in a conic neighborhood 
o/(— 00,0]. The eigenf unctions belong (P) . 

Remark 1.4.1. Note that C^^'^{P) is not a dense subspace of C^p(P). 



1.5 Applications in Probability Theory 

The principal sources for operators of the type studied here are infinite pop- 
ulation limits of Markov chains in population genetics, and certain classes 
of "linear" models in mathematical finance. In this context the operator 
L, acting on a dense domain in C^{P) is called the backward Kolmogorov 
operator. Its formal adjoint, which acts on the dual space, M{P), of finite 
signed measure Borel measures on P, is the forward Kolmogorov operator. 
The standard way to address the adjoint operator is to study the martingale 
problem associated with L on C°([0, 00); P). Letting uj G C''([0, 00); P), for 
each t S [0, 00), we define 

x(t) :CO([0,oo);P) ^P, 

by x{t)[uj] = uj{t). We let denote the a-field generated by {x{s) : < 
s < t} and the a-field generated by {x(s) : s > 0}. For each q £ P, a 
probability measure Fg on (C''([0, 00); P), J-") is a solution of the martingale 
problem associated with L and starting from g G P at time t = 0, if 



^^(^(O) =q) = l and 

fix{t)) - I Lf{x{s))ds 

J t>0 



(1.50) 



is a Pg-martingale with respect to {Tt}t>o- 

The existence results Theorems 11.4.21 or 11.4.41 suffice to prove that the 
associated martingale problem has a unique solution. A standard argument 
then shows that the paths for associated strong Markov process remain, 
almost surely, within P. From this we can deduce a wide variety of results 
about the forward Kolmogorov equation, and the solutions of the associated 
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stochastic differential equation. The precise nature of these results depends 
on the behavior of the vector field V along bP. As this analysis requires 
techniques quite distinct from those employed here, we defer these questions 
to a future, joint publication with Daniel Stroock. 

Using the Lumer-Phillips theorem, these results also suffice to prove 
that the C'^(P)-graph closure, L, of L acting on C^(P) is the generator 
of a strongly continuous contraction semi-group. At present we have not 
succeeded in showing that the resolvent of L is compact, and will return 
to this question in a later publication. We have nonetheless been able to 
characterize the nullspace of adjoint operator L , under a natural clean 
intersection condition for the vector field V. This allows for an analysis of 
the asymptotic behavior of the solution to dti^ — L*i> = 0, as t ^ oo, see 
formula ()13.54p . and ()13.53p . for the asymptotics of e*'^/. 

In [11131 Bass and Perkins, et al. have employed methods, similar to our 
own, to study operators of the form 

n n 

Lbp = +Ybi{x)dxi (1.51) 

acting on functions in C^(M"). Here bi{x) > along 6M". They have also 
considered other degenerate operators of this general type. Their main goal 
is to show the uniqueness of the solution to the martingale Problem defined 
by Lbp. To that end they introduce weighted Holder spaces, which take the 
place of our anisotropic spaces. In the 1-dimensional case, the weighted 
7-semi-norm is defined by 



[/Ibp,7 = sup 

""_;/i>0 



\f{x)-f{x + h)\ ^ 



:i.52) 



They prove estimates for the heat kernels of model operators, equivalent 
to Lb^o, with respect to these Holder spaces. Under a smallness assumption 
on the off-diagonal elements of the coefficient matrix (aij{x)), they are able 
to control the error terms introduced by replacing Lbp by the model operator 

n 

Lbp,o = Y,[x^aii{0)^l + 6^(0)5,,] (1.53) 
1=1 

well enough to construct a resolvent operator (Lbp — /^)^^ for ^ > 0. This 
suffices for their applications to the martingale problem defined by Lbp- 
Notice that with this approach, only "pure corner" models are used, and 
no consideration is given to operators of the form Lhm with m > 0. For 
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domains much more general than M" it is difficult to see how to make such 
an approach viable. 

The operators we treat are somewhat more restricted, in that we take 
the coefficients of the off-diagonal terms to have the form XiXjaij{x; y). Our 
method could equally well be applied to operators of the form considered by 
Bass and Perkins, i.e. with XiXj replaced by ^JHciXj, if we were to append 
smallness hypotheses for the off-diagonal terms, similar to those they employ. 
After slightly modifying the definitions of the higher order Holder norms to 
include certain increasing weights, many of our results could be generalized 
to include certain non-compact cases. 

Our aims were of a more analytic character, and take us far beyond what 
is needed to show the uniqueness of the solution to the martingale Problem. 
This lead us to consider such things as the higher order regularity of solutions 
with smoother initial data, the analytic extension of the semi-group in time, 
and the higher order mapping properties of the resolvent operator. We also 
show the ellipticity of the resolvent, with a gain of 2 derivatives with respect 
to the our anisotropic Holder norms. While this does not appear explicitly 
in [3], a similar result, with respect to the weighted Holder norms, should 
follow from what they have proved. 

1.6 Outline of Text 

The book is divided in three parts: 

I. Wright-Fisher Geometry and the Maximum Principle: Chap- 
ters [2}|4l. Chapter [2] introduces the geometric preliminaries needed to 
analyze generalized Kimura diffusions. In Chapter [3] we show that 
coordinates 

{xi, . . . ,XM;yi, ■ ■ ■ .vn-m) 

can be introduced in the neighborhood of a boundary point of codimen- 
sion M so that the boundary is locally given by {xi = • • • = = 0} 
and the second order purely normal part of L takes the form 

M 

Y^x.dl. (1.54) 
i=i 

This generalizes a 1-dimensional result in [17j. In Chapter d] we prove 
maximum principles for the parabolic and elliptic equations. 



{dt — L)u = g and (/i — L)w = /, respectively, (1.55) 
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from which the uniqueness results fohow easily. Of particular note is 
an analogue of the Hopf boundary point maximum principle, which 
allows very detailed analyses of the ker L and ker L . 

II. Analysis of Model Problems: Chapters [51 4101 In Chapter [5] 
we introduce the model problems and the solution operator for the 
associated heat equations. These operators, 

m m 

j=l 1=1 

act on functions defined on Sn,m = x 1^™) where n + m = N, 
and give a good approximation for the behavior of the heat kernel 
{dt — L)~^ in neighborhoods of different types of boundary points. We 
state and prove elementary features of these operators, that generalize 
results proved in [12j, and show that the model heat operators have 
an analytic continuation to the right half plane: 

H+ = {t: Ret> 0}. (1.57) 

In Chapter [6] we introduce the degenerate Holder spaces on the spaces 
Sn,m, and their heat-space counterparts on Sn,m x [0,T]. These are, in 
essence, Holder spaces defined by the incomplete metric on Sn,m given 
by 

i=i * 1=1 

We also establish the basic properties of these spaces. 

Chapters [THTOl are devoted to analyzing the heat and resolvent oper- 
ators for the model problems acting on the Holder spaces defined in 
Chapter [6l This is a very long and tedious process because many cases 
need to be considered and, in each case, many estimates are required. 
Conceptually, however, these results are elementary. The estimates are 
pointwise estimates done in Holder spaces, which means one can vary 
a single variable at a time. As the model heat kernels are products of 
1-dimensional heat kernels, this reduces essentially every question one 
might want to answer to one of proving estimates for the 1-dimensional 
kernels. We call this the one-variable-at-a-time method. In higher di- 
mensions, the resolvent kernel, which is the Laplace transform of the 
heat kernel, is not a product of 1-dimensional kernels. This makes 
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it far more difficult to deduce the mapping properties of the resol- 
vent from its kernel, and explains why we use the representation as a 
Laplace transform. 

The proof of the estimates on the 1-dimensional heat kernels, defined 
by the operators xd'^ + hdx are given in Appendix[Al Analogous results 
for the Euclidean heat kernel are stated in Chapter [9l The proofs of 
these lemmas, which are elementary, are left to the reader. A notable 
feature of the estimates for the degenerate model problem is the fact 
that the constants remain uniformly bounded as 6 — )• 0. This despite 
the fact that the character of the heat kernel changes quite dramati- 
cally at 6 = 0, see (jl.29p and (jl.3ip . This is also in sharp contrast to 
the analysis of similar problems in [9], where a positive lower bound 
is assumed for the coefficient of the analogous vector field. 

III. Analysis of Generalized Kimura Diffusions: Chapters I11H13L 

This part of the book represents the culmination of all the work done 
up to this point. We consider a generalized Kimura diffusion operator 
L defined on a compact manifold with corners P. In Chapter [TT] we 
prove the existence of solutions to the heat equation 

{dt -L)u = g in P X (0, T] with u{p, 0) = /(p), (1.59) 

with data in (g,/) G C^'^lP x [0,r]) x C'^^^{P). We show that the 
solution belongs to C'^^^ {P x [0,r]), 

(Theorems 111. 0.11 and Ill.S.ip . The case 5 = provides a solution to 
the Cauchy problem, but it is not optimal as regards either the regu- 
larity of the solution, or the domain of the time variable, defects that 
are corrected in Chapter [121 The proof of these results is an intricate 
induction argument, where we induct over the maximal codimension 
of hP. This argument allows us to handle one stratum at a time. The 
underlying geometric fact is a "doubling theorem," which shows that 
any neighborhood, complementary to the highest codimension stratum 
of can be embedded into a manifold with corners P where the max- 
imum codimension of hP is one less than that of hP, (Theorem 111. 2. ip . 
This explains why we need to consider domains well beyond those that 
can be easily embedded into Euclidean space. 

We first treat the lowest differentiability case {k = 0) and then use 
an extension of the contraction mapping theorem to towers of Banach 
spaces (Theorem Ill.S.ip . to obtain the mapping results for /c > 0. 
These results (even in the A: = case) suffice to prove that the graph 
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closure of L acting on C^[P) is the generator of strongly continuous 
semi-group in C^{P). 

We next consider the operators L^, defined as L acting on the domain 
C^^'^(P). As a map from Cy^^^{P) to C^p(P), is a Predholm op- 
erator of index 0. In Chapter[T2]we use essentially the same parametrix 
construction as used to prove Theorem 111. 0.11 to prove the existence 
of the resolvent operator 

(// — L^) ^ : C^^^{P) y Cy^-^'^{P), 

for fi in the complement of discrete set lying in a conic neighborhood 
of (—00,0]. These are the expected "elliptic" estimates for operators 
with this type of degeneracy. In fact the spectrum of L acting on 
C^p(P) does not depend on k or 7, as the resolvent is compact and 
all eigenfunctions belong to C°°{P). Using the analyticity properties 
of the resolvent, we give an alternate construction, using a contour 
integral, for the semi-group, acting on C^p(P) : 

6*^ = ^1 e*'^(/x-L)-i<i^, (1.60) 

where Ta bounds a region of the form | arg/i| > vr — q, and > Raj 
(Theorem 112.2.1]) . As we can take a to be any positive number, this 
shows that the semi-group is holomorphic in the right half plane. 

Finally in Chapter [13] we give a good description of the nullspace of 
Ly, and show that the non-zero spectrum of lies in a half plane 
Ke fi < T] < 0. We also deduce various properties of the semi-group, 
defined by the graph closure, L, of L, acting on C^{P). The adjoint 
operator, L , is defined on a domain Dom(L ) C Ai{P), which is 
not dense. Although we have not yet proved the compactness of the 
resolvent of L, we obtain a rather complete description of the null- 
space of L . Using this we give the long time asymptotics for e''^f, 
assuming that / G Cy^p{P), for any < 7, as well as those for e*^ u, 
for I' in the closure of Dom(L*). 

IV. Proof of 1-dimensional Estimates: Appendix [A]. In the ap- 
pendix we give careful proofs of the estimates for the degenerate, 1- 
dimensional heat kernels used in the perturbation theory. These argu- 
ments are complicated by the fact that the heat kernel displays both 
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the additive and multiplicative group structures on M+ : 

'xy\ dy 



*,V.!/)<i!/=(f)%-^*(f)f. (1.61) 
The arguments involve Taylor's theorem, the asymptotic expansion of 

\^/x— fy\ 

the heat kernel where ^ tends to infinity and Laplace's method. 

We obtain mapping properties for & > 0, with uniform constants as 
6 tends to zero. Using compactness of the embeddings, C^p =-> C^p, 
for 7 < 7, e.g. we then extend these results to 6 = 0. 

1.7 Notational Conventions 

We use M+ = [0, oo), hence C^(M+) consists of smooth functions on M_|_, 
supported in finite intervals [0, i?]. The right half plane is denoted 

iJ+ = {i G C : Rei > 0}. (1.62) 

We let 



(1.63) 



For ^ G (0, f ) we define the sector 



5^ = {iGC: |argt|<|-,^. (1.64) 

For cc, a;' e we let 

n 

Ps{x,x') = ^\^j - ^-[^ (1.65) 

For y, y' G we let 

m 

peiy,y') = ^\yk-yk\- (i-66) 

k=l 

We then let 

p{{x, y), {x\y')) = ps{x, x') + pe{y, y'). (1.67) 

We also use 

dwF((a;, y), {x' , y')) = p{{x, y), {x', y')) (1.68) 
When there is also a time variable 



dwF((a;, y, t), {x', y', t')) = p{{x, y), {x', y')) + V\t-t'\. (1-69) 



1.7. NOTATIONAL CONVENTIONS 31 

If a and b are vectors in M", then a < b, or a < b means that 

Qj < bj( or Gj < bj) for J = 1, ... , n. (l-^O) 

We let = (0, . . . , 0), and 1 = (1, . . . , 1) the dimension wih be clear from 
the context. 
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Wright-Fisher Geometry and 
the Maximum Principle 
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Polyhedra and Manifolds 
with Corners 

The natural domains of definition for generalized Kimura diffusions are poly- 
hedra in Euclidean space or, more generally, abstract manifolds with corners. 
In order to set notation and fix ideas, we review this class of objects here 
and discuss the main properties about them that will be needed below. A 
more complete discussion can be found in [26l [27| . 

The standard A^-dimensional Euclidean space is denoted M^. For any 
n = 1, . . . , A'^, let us set m = N — n and define the positive n-orthant in 
as the subset 

Sn,m ■■= X = {{x, ?/) G M" X M"' : > j = 1, . . . , n}. (2.1) 

Recall the standard definition of a smooth manifold: A paracompact, 
Hausdorff topological space, M, is called an A^-dimensional smooth mani- 
fold if every point p £ M has a neighborhood Up which is identified home- 
omorphically with an open set Vp around the origin in M^. Here p mapped 
to the origin, and such that the identifications between these various sub- 
sets of are diffeomorphisms. More specifically, if ipp : Up ^ Vp is the 
homeomorphism, then for p ^ q : 

i^p o : ,Pg{Ug n Up) iPpiUq n Up) (2.2) 

is a diffeomorphism. The mappings ipp are sometimes called charts, and the 
compositions ipp o are called transition functions. 

Generalizing this, we say that P is an A-dimensional manifold with 
corners up to codimension n if for every p £ P, there is a neighborhood Up 
and a homeomorphism xpp from Up to a neighborhood of in x M^"^ 
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for some i S {0, . . . ,n}, with ipp{p) = 0, and such that the overlap maps, 
defined exactly as in (I2.2p . are diffeomorphisms. (Recall that a mapping 
between two relatively open sets in M" x M^"" is a diffeomorphism if it is 
the restriction of a diffeomorphism between two absolute open sets in M^.) 
If such a map exists, we say that a point p lies on a corner of codimension 
i. The fact that the codimension associated to any point is well-defined is 
a basic fact from differential topology known as the invariance of domain 
lemma. 

Using these local charts, we can meaningfully define all the usual flora 
and fauna of differential geometry in this setting. For example, we can 
discuss smooth functions, vector fields, differential forms, etc., simply by 
identifying these objects using the charts to the familiar objects of each 
type on the orthants in R^. The fact that such objects are well-defined 
follows from the fact that the transition functions between the charts are 
diffeomorphisms and each of these classes of objects (smooth functions, etc.) 
are preserved by diffeomorphisms. 

It follows directly from this definition that the set of points p lying on a 
corner of codimension Q < i < N constitute a possibly open, and possibly 
disconnected, smooth manifold, S^, of dimension N — L If £ is strictly less 
than the maximal codimension, n, then is open and 

= U^=,S,-, (2.3) 

where the union here is only over the union of corners S j such that Pi 7^ 
0. Each component of is called a corner of P of codimension L The corners 
of codimension one are the boundary hypersurfaces, which we sometimes 
also call the faces, of P. We henceforth make the global hypothesis that 
the closure of each connected corner of P, of any codimension is itself an 
embedded manifold with corners at most up to codimension N — i. The 
important part of this hypothesis is the embeddedness of this closure. In 
the sequel we consider components of the boundary stratification to be these 
closed manifolds with corners. 

Definition 2.0.1. The stratum of bP of codimension £ consists of the clo- 
sures, in P, of the connected components of T,g. We call these connected 
subsets the components of the stratum of bP of codimension i, or more 
briefly, components of bP. 

We now prove several useful facts about this class of objects. In the 
following, fix any manifold with corners P, and denote by {Hi, . . . , Ha} its 
set of boundary hypersurfaces. Note that every corner of P of codimension 
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i arises as a component of an intersection iJjj fl . . . D Hi^ . For simplicity we 

usually assume that P is compact, though the results below extend easily 
to the noncompact setting (sometimes with with a few extra hypotheses). 

Lemma 2.0.1. // H is any boundary hypersurface of P, then there is a 
smooth vector field V defined in a neighborhood of the closure of H which 
is inward-pointing, nowhere vanishing, transverse to H , and which is also 
tangent to all other boundary faces and comers at bH. 

Proof. It is easy to construct such a vector field near the origin in xR^^": 
using the coordinates {x,y), normalized so that H is locally {xi = 0}. In 
this chart we let V be the vector field dx^- Now choose a finite number of 
coordinate charts Ua, which provide an open cover of H and such that each 
Ua is mapped by a chart to an relative open ball in some orthant of M^. Let 
{Xa} be a partition of unity subordinate to this open cover. For each a, let 
Va be the coordinate vector field in Ua defined above, and set F = ^ XoVo.- 
This vector field clearly satisfies the conclusions of the lemma. □ 

Lemma 2.0.2. For any boundary hypersurface H , there is a neighborhood 
U of H in P, which is diffeomorphic to a product H x [0, 1). 

Proof. Let V be the vector field defined above relative to the boundary 
hypersurface H. Assuming that H is compact, there exists some e > such 
that the flow by the one-parameter family of diffeomorphisms $t associated 
to the vector field V is defined on all of for < f < e. This gives 
a diffeomorphism between H x [0, e) and some neighborhood U of H. A 
rescaling in t gives a diffeomorphism from H x [0,1). □ 

Lemma 2.0.3. Let K be a comer of codimension t in P. Let = {x : 

\x\ < 1} n R^. Then there is a diffeomorphism between K x and a 
neighborhood U of K in P. 

Proof. Let Hi, . . . ,H£ he the boundary hypersurfaces which intersect along 
K. Let Vj be an inward-pointing vector field transversal to Hj, as con- 
structed above. For any x G with |.t| < e, let V-,- = '^x.jVj and be 
the time one flow of the one-parameter family of diffeomorphisms associated 
to Vx- Then 

KxeB^D {q,x) ^ 



is the desired mapping. 



□ 
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Lemma 2.0.4. For each boundary face H of P there is a function pn which 

is everywhere positive in P \ H and which vanishes on H and has nonva- 
nishing differential there. Any such function is called a boundary defining 
function for H. 

Proof. This may be constructed using a partition of unity exactly as in 
the first lemma. Alternately, if W is a neighborhood of H, which has been 
identified diffeomorphically with a product H x [0, 1), then we can set pn 
to equal the projection onto the second coordinate in this neighborhood. 
This function is then extended to the rest of P as a strictly positive function 
using a partition of unity. □ 

There is one other construction which plays an important role below. 
We present it in a sequence of two lemmas. 

Lemma 2.0.5. For each boundary face H , there is a new manifold with 
comers P which is obtained by doubling P across H. 

Proof. Let P be the disjoint union of two copies of P identified by the 
identity mapping along H. If we wish to work within the setting of oriented 
manifolds, then one copy should be P itself and the other —P, i.e. P with 
the opposite orientation. We give this space the structure of a manifold with 
corners by specifying a collection of coordinate charts. First, use all charts 
of P which are disjoint from H. Then, near any point p & H, choose a chart 
ijj :U ^ {^+Y X M.^~^~^ for as a manifold with corners, and define the 
extended chart -.Ux (-e,e) {R+Y x R^'*^'^ x R by iiq,t) = {^{q),t). 
This provides a chart around all points of the image of H in P, and it is 
clear that the transition functions are smooth. □ 

Lemma 2.0.6. Let P be a compact manifold with corners. Let K be the 
comer of maximal codimension n. Then there is a new space P, which is a 
manifold with comers only up to codimension n — 1, obtained by 'doubling' 
P across K, such that P\K is identified with an open subset of P. 

Proof. Notice that if is a closed, and possibly disconnected, manifold of 

dimension N — n. For simplicity we assume that K is connected, but re- 
moving this only complicates the notation slightly. We first define the radial 
blowup of P along the submanifold K. Let B be the unit ball around in 
M" , which we describe via the polar coordinates (r, 6) where < r < 1 and 

(z SI = {e e R"^^^ : \e\ = 1, Oj > Vj}. This coordinate system is 
degenerate at r = since the entire spherical orthant {0} x 5" is collapsed 
to a point. We define the radial blowup of B at 0, denoted B = [B, {0}], by 



39 



replacing the origin by a copy of 5"; in other words, B is simply a copy of 
the cylinder [0, 1) x 5*!^:. 

Next, define the radial blowup of P along K, denoted P = [P;K]. In 
terms of the identification of the tubular neighborhood Z// of in P as 
K X B, we replace each B hy B. This space is still a manifold with corners 
up to codimcnsion n; the codimension n corners are now the products of the 
vertices of S'^ with K. There is a new, possibly disconnected, hypersurface 
boundary, Hq = K x (at r = 0). 

The final step is to define P to be the double of P across the face Hq in 
the sense of the previous lemma. This space no longer has any corners of 
codimension n. Prom the construction it is clear that P\K embeds in P as 
an open set. □ 

An important class of manifolds with corners is provided by the regular 
polyhedra P C M^. Recall first that a polyhedron is a domain in whose 
boundary lies in a union of hyperplanes and is a finite union of regions {Qi}, 
each itself a polyhedron in a hyperplane Hi C M-^. Of particular interest to 
us here are the convex polyhedra, which are by definition determined by a 
finite number of affine inequalities: 

P = {z^M.^ •.z-u)j>Cj, j = 1, . . . , A}, 

where {wi, . . . , w^} C is a finite set of vectors, and the Cj are real 
mimbcrs. The various faces and corners of P are the subsets determined 
by replacing any subcoUection of these inequalities by the corresponding 
equalities. 

Amongst the convex polyhedra we distinguish the subclass of regular 
convex polyhedra P. By definition, P is a regular convex polyhedron if 
it is convex and if near any corner, P is the intersection of no more than 
A'' half-spaces with corresponding normal vectors Uj linearly independent. 
It is clear from these definitions that any regular convex polyhedron is a 
manifold with corners. Namely, if p G P lies in a corner of codimension 
^, hence is an element of ^ independent hyperplanes {z ■ ujj = Cj}, then 
there is an affinc change of variables which carries a neighborhood of p 
in P to a neighborhood of in x M^~^. A polyhedron that is not 
regular or non-convex, when endowed with the smooth structure given by 
the embedding into Euclidean space, does not satisfy one or more of the 
defining properties of manifolds with corners. It should be noted, that unlike 
convex polyhedra, which are always contractible, manifolds with corners can 
have very complicated topologies. 
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Chapter 3 



Normal Forms and 
WF-Geometry 

We are now in a position to define the general class of elliptic Kimura oper- 
ators on a manifold with corners P. These, and their associated heat oper- 
ators, are our main objects of study. The definition we give is coordinate- 
dependent, but we indicate how to formulate this in a coordinate indepen- 
dent way. Our goal in this chapter is to show that there is a local normal 
form for any operator L in this class which shows that it can be regarded as 
a perturbation in a small enough neighborhood of one of the model Kimura 
operators Lf, m introduced in the introduction. The reduction to this nor- 
mal form is assisted by use of geometric constructions with respect to a 
singular Riemannian metric on P. This metric (or any one equivalent to 
it) is also instrumental in the formulation of the correct function spaces on 
which we let L act; this is the topic of Chapter [6j The normal form in this 
multi-dimensional setting generalizes the normal form, originally introduced 
by Feller, which is fundamental in the analysis of the 1-dimensional case in 

m- 

Definition 3.0.2. Let P be a manifold with corners. A second order oper- 
ator L defined on P is a called a generalized Kimura diffusion operator if it 
satisfies the following set of conditions: 

i) L is elliptic in the interior of P. 

ii) If g is a boundary point of P which lies in the interior of a cor- 
ner of codimension n, then there are local coordinates {x,y), x = 
(xi, . . . , Xn), y = {yi, ■ ■ ■ , ym) so that in the neighborhood 

U = {^>Xj <l Vj < n, \yk\ < 1 V/c < m} 
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the operator takes the form 

n 

L = ^^aiiXid^.+ XiXjaijd^.^.+ 

j=l i<i¥'j<n 

n m m 

E E ^^^ikdiy, + E + ^- (3-1) 

i=l k=l k,l=l 

For simpUcity we assume that all coefficients lie in C°°{P). We also 
assume that (ay) and {cki) are symmetric matrices. 

iii) The vector field V is inward pointing at all boundaries and corners of 

iv) The matrices {an) and {cu) are strictly positive definite. 

The distinguishing features are the simple vanishing of the coefficients 
of the second order terms normal to the boundary and the ellipticity in all 

other directions. This leads to a coordinate-invariant definition. Recall that 
any second order operator L in the variables x,y has a principal symbol 

(T2(i^)(£C,y,^,r7) = 

n n m m 

E y)^i^3 + E E "^ikix, y)iirik + E y)r]kiii. 

i,j=l i=l k=l k,l=l 

Here ^ and rj are the dual (cotangent) variables associated to x and y. We 
require then that a2{L){x,y,^,r]) is nonnegative for all (^,r7), and strictly 
positive when all xj > and {^,r]) ^ (0,0). Furthermore its characteristic 
set 

Char(L) = {{x, y, t}) : (T2{L){x, y, ^, rj) = 0} 

is equal to the set of all conormal vectors to bP, or more precisely to the 
set of all points {q, v) where q & bP and v G T*P vanishes on the tangent 
spaces of all boundary hypersurfaces which contain q. Finally, we require 
that U2{L) vanishes precisely to first order at this set. 

It is immediate to see that the any operator which satisfies the first defini- 
tion satisfies all the coordinate-invariant conditions above. For the converse, 
observe that in any local coordinate system, at a point q in the interior of 
the face where Xj = 0, the conormal is spanned by the covector v = dxj, 
i.e. = and all other and ??fc vanish. Hence if we write a2{L){x, y, ^, ij) 
as a quadratic form as above, then for this {q,^), a,ij{q) = for all i < n, 
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and this vanishing is simple. This gives that ajj{x,y) = Xjajj{x,y) and for 

i 7^ J, aij{x,y) = XiXjaij{x,y). The rest of the verification is straightfor- 
ward. As noted in the introduction, we could enlarge our family somewhat 
by allowing terms of the form 

Vxix]aijdl.^. and ^/x'ibik^l.y|^, (3.2) 

if we append a smallness hypotheses on the coefficients {aij{x; y), bik{x; y)}. 
Operators of this type were analyzed by Bass and Perkins. Indeed we 
can consider operators of this more general type where the coefficients are 
smooth functions of the variables {^/xl, . . . , y/x^; yi, ■ ■ ■ ,ym)- We leave these 
generalizations to the interested reader. 

Let H he a boundary hypersurface of P, with p a C^-function, vanishing 
on H. The first order part F of L is tangent to H if and only if 

Vp \p=o= 0. (3.3) 

From the form of the operator it is easy to see that this is true if and only if 

Lp rp=o= 0. (3.4) 

In this case we say that L is tangent to H. If L is tangent to H, then there 
is a naturally induced operator Lh acting on C°° {H) . 

Definition 3.0.3. If L is tangent to H, then the restriction of L to H, Lh, 
is given by the prescription 

Lhu:= (Lu) \h \/ ueC^iH), 

here u is any smooth extension of u to a neighborhood of H in P. The 
operator Lh is a generalized Kimura diffusion operator on the manifold 
with corners H. 

As we have already mentioned, it is very helpful to consider a singular 
Riemannian metric on P such that the second order terms of L agree with 
those in the Laplacian for g. The change of variables which brings L into a 
normal form is then simply a Fermi coordinate system for this metric. To do 
this, we regard the principal symbol of L as a dual metric on the cotangent 
bundle; we write this as 

_i fx Ad 0\^fXAoX XB\ 

^ =[ c) + [b^x )■ (^-^^ 
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Here, B is an n x m matrix, C is a positive definite m x m matrix, Ao is 
off-diagonal (and lias all diagonal entries equal to zero) and X and Ad are 
the diagonal matrices given by 



X = 



/xi 

X2 

\0 







Ah = 



/an 

022 



Vo 











(3.6) 



We then compute that the inverse of this matrix, i.e. the metric tensor itself, 
takes the form: 



9 




(3.7) 



The block submatriccs here are all smooth, with Ad positive definite and 
diagonal, Aq having vanishing diagonal entries and C positive definite. 

The metric g is singular when any Xj vanishes, but it can be desingular- 
ized by changing variables via 



dx 



In these coordinates, the metric takes the form 



(3.8) 



5 = XI + CiCi dCidCj + XllZ ^'■^'^^ dQidyk + ^ cu dykdyi. 



i=l 



=1 k=l 



k,l=l 



The coefficients dij, bik and cj^i are smooth functions of (Ci , . . . , Cn! 2/1) 



(3.9) 

• ,2/m). 

This implies that the metric g can be extended by even reflection across 
each hyperplane Q = to define a smooth, non-degenerate metric on a full 
neighborhood V of the origin in R""^™". This means that each boundary 
hypersurface Si = {Q = 0} is the fixed point set of the locally defined isom- 
etry Q — >■ —Q, and hence Si, and any intersection Sj = Cij^jSi-, is totally 
geodesic. Let S be the intersection of all the Si, i.e. the corner of maximal 
codimension which intersects V; for simplicity, assume that its codimension 
is n. 

Assuming that V is sufficiently small, then for each p G V there is a 
unique closest point Iij{p) to p in ^j; if Sj = S, the maximal codimen- 
sion corner, then we write this projection as Us- The signed distance 
function pi{p) = s-distg{p, Si) to each hypersurface is smooth. Abusing 
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notation slightly, let y = (yi,...,ym) be the composition of the origi- 
nal set of local coordinates restricted to S with the projection n^. Then 
(pi, . . . , p„, yi, . . . , ym) is a new set of smooth local coordinates in V. 

Let us compute the metric coefficients of g with respect to these co- 
ordinates. In fact, we first compute the coefficients for the corresponding 
co-metric, i.e. the entries of the matrix 

9-'=iff''t^'\ !?^'?!V (3-10) 
\{dyk,dpj} {dyk,dyi)J 

From general considerations, since each of the pi are distance functions, we 
have 

{dpi,dpi) = l, i = l,...,n, 

in the entire neighborhood V. Now, because of the reflectional symmetries, 
dpj is clearly orthogonal to dpi when either pi or pj equal 0, and similarly, 
dpi is orthogonal to dyk when pi = 0; this means that there are smooth 
functions aij and (3^ such that 

{dpi,dpj) = piPjOij, and {dpi,dyk) = p3k- 

Inserting these expressions into the matrix above and changing coordi- 
nates by setting pj = l^/xj^ we obtain the matrix of coefficients for this 
co-metric. This has the form (j3.5p with = Id„. Finally, taking the in- 
verse of this matrix gives the normal form we are seeking. We summarize 
this in the 

Proposition 3.0.1. Let q G bP lie in a boundary face of codimension n. 
Then there is a neighborhood U of q and smooth local coordinates {x,y) in 
this neighborhood, with q corresponding to (0;0), in terms of which L takes 
the form 

n 

i=l l<k,l<m 

n m 

^ XiXjo'ijd^^d:,^ + ^i^ii^A + ^- (3-11) 

l<i^j<n i=l 1=1 

Here V is an inward pointing vector field, and (c^j(a;,y)) is a smooth family 
of positive definite matrices. 

Definition 3.0.4. The coordinates introduced in this proposition are called 
adapted local coordinates centered at q. 
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We have written this expression in such a way as to emphasize that the 
first two sums on the right are in some sense the principal parts of L, and the 
other second order terms should be regarded as lower order perturbations. 
The body of our work below is devoted to showing that this is exactly the 
case. On the other hand, the first order term V (or at least the part of it 
which is not tangent to bP) is definitely not a lower order perturbation. 

The key point in this normal form is that all of the coefficients of the 
'leading' terms Xid^. are simultaneously equal to 1. By a linear change of 
the y coordinates we can also make c'j.j(0, 0) = 6ki- Hence restricting to an 
even smaller neighborhood, and writing the normal part of V at (0, 0) as 
Yli=i hdxi, then we see that 

n m 

Lb,m := Yl (^*^', + + E C (3-12) 

1=1 k=l 

should provide a good model for L. Note that since V is inward-pointed, we 
have bi> for each i. 



Chapter 4 



Maximum Principles and 
Uniqueness Theorems 

One of the most important features associated to any scalar parabolic or 
elliptic problem is the use of the maximum principle. Although this seems to 
give only qualitative properties of solutions, it can actually be used to deduce 
many quantitative results, including even the parabolic Schauder estimates. 
On a more basic level, it is the key ingredient in proving uniqueness of 
solutions to such an equation. We now develop the maximum principle and 
its main consequences, both for the model operators dt — L^^m on an open 
orthant, and for the general Kimura diffusion operators dt — L on a compact 
manifold with corners, as well as their elliptic analogues. This generalizes the 
results for the one-dimensional case in [12j. Of particular note in this regard 
is a generalization of the Hopf boundary point maximum principle, given in 
Lemma 14.2.41 This result allows us to precisely describe the nullspace of L 
and its adjoint L* . 

4.1 Model Problems 

We begin with maximum principles for the model operators. 

Proposition 4.1.1. Suppose that u is a suhsolution of the model Kimura 
diffusion equation dfU < Lb^mU on [0, T] x Sn,m such that 

u G CO([0,T] X nCi((0,T] X 

and u £ C'^ away from the boundaries of Sn,m for t > 0. Suppose also that 
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Xjd^.u —^Qasxj—^Q for each j < n. Suppose finally that 

\u{x,y,t)\ < ^e'^d'^l+l^l') 

for some a,A>0. Then 

sup u{x,y,t) = sup u{x,y,0). 

Proof We show that if u{x,y,t) < 0, then u{x,y,t) < for all < i < T. 

It is straightforward to check that the function e^/*-"^^*^ on [0, r)t x M-|_ is 
a solution of the equation (dt — Lq)u = 0. Using the relation B^Lq = L^d^, 
we obtain that 

gk x/{T-t) _ I e^/(r-t) 

"(r-t)'= 

is a solution of (dt — Lk)u = 0, and hence also, if k is the multi-index 
{ki,...,kn) GN", then 

n 

solves {dt — i^k)f^i,T,k; = 0- Suppose that kj > bj for each j. Then 

n 

{dt - Lb^m)Ui,T,k = ^{kj - bj)xjd^.Ui^r,k > 0, < t < r. 



Nex define 



Finally, given the solution u in the statement of the proposition, set 
v{x, y, t) = u{x, y, t) - eif/i,r,k(a;, t) - e2f/2,r (?/, t) + ^3 
We see that 

{dt - Lb^m)v < 0, 
so that v is a strict subsolution of this equation. Let 

Dr = [0,t'] X Br{0) and D'r = {0} x Br{0) U [0,t'] x 6Sr(0), 

Br{0) is the ball of radius R around the origin in M'ji x M^t^ and < r' < r. 
We claim that the supremum of v on Dr is attained on D'j^ but not at 
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any one of the boundaries where any Xj = 0. The fact that this supremum 
must occur on D'j^ follows from the standard maximum principle. If the 
supremum were to occur when Xj = 0, then using that u G up to this 
boundary, we see that the corresponding derivative dx^v > at this point 
which is impossible. This proves the claim. Finally, since u grows no faster 
than e°''l^l'''l^l we can choose 1/r < a and R sufficiently large to ensure 
that V is as negative as we wish on the entire side boundary (0, r'] x bBji{0). 
We conclude that 

uix, y, t) < eiC/i,T-,fe(a;, 0) + e2f/2,r (y, 0) - €3, 

for any ei,e2,e3 > 0. Now let these parameters tend to zero to see that 
u <0 when t > 0, as desired. □ 

4.2 Kimura Diffusion Operators on Manifolds with 
Corners 

The corresponding result for a general variable coefficient Kimura diffusion, 
L on a manifold with corners, P, requires slightly stronger hypotheses. We 
let V^-p{P) denote a certain subspace of C^{P) nC^(intP) adapted to the 
degeneracies of L. In a neighborhood, U, of a boundary point po of codimen- 
sion M we introduce local coordinates 

(xi, . . .,XM,yi, ■ ■ .,yN-M), 

so that the stratum of the boundary through po is locally given by 

SnC/={(0,y) : \y\ < 1}. (4.1) 

A function / G C\U) n C^iU) belongs to V^p{U) if, for l<i,j <M, 
and 1 < l,m < N — M the functions 

■^i^Xifi ^i^j^Xi^Xjl 1 ^i^^Xidyif, dy^dy^f (4-2) 

extend continuously to bP fl U, with the first three types of expressions van- 
ishing whenever Xi or xj vanishes. These conditions are clearly coordinate 
invariant. 

Definition 4.2.1. A function in C^iP) nC'^{mtP) belongs to V^piP) if 
its restrictions to neighborhoods of boundary points belong to each of these 
local I?|^p-spaces. 
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Our first result shows that on D^p(P), a Kimura diffusion is a dissipative 
operator. 

Lemma 4.2.1. Let w G P^p(P), and suppose that w assumes a local max- 
imum at po £ P, then Lw{po) < 0. 

Proof. If pq £ int P, then this is obvious, as L is strongly elliptic in the inte- 
rior, and annihilates the constant function. Suppose that po is a boundary 
point of codimension n, and {xi, . . . , Xn, yi, ■ ■ ■ , ym) are adapted local coor- 
dinates. We normalize so that pQ corresponds to 0; the stratum bP through 
Pq is locally given by S = {xi = • • • = = 0}. The regularity assumptions 
show that w restricted to S is locally and and the local form for L given 
in (j3.1ip shows that 

Lw{pq) = ^ Ckidy^dy^w{pQ) + Vw{pq). (4.3) 
k,l 

Since V{pq) is inward pointing and po is a local maximum, it is clear that 

Vw{pq) < 0. (4.4) 

Since w ["s is locally C^, the second order part of Lw at pq is also non- 
positive, thus proving the lemma. □ 

In order to refine this result, we must describe in more detail the struc- 
ture of hP, and the relationship of L to the various components of the 
stratification of bP. First, let {Sij- : j = 1, . . . , A^i} denote the connected 
hypersurface boundary components of P and {pj} their respective defining 
functions. If S is a component of hP of codimension n, then there are n 
hypersurface boundary components {Sij. : i = l,...,n} so that S is a 
connected component of the intersection 

Sij,n---nSi,,„. (4.5) 

The first order part V is tangent to S near pQ, if and only if V pj^ = for 
i = 1, . . . ,n; this is evidently equivalent to the condition Lpj^ = for this 
collection of indices. If this holds at all points of S, then we say that L is 
tangent to S. If, on the other hand, there is a c > so that 

Lpji fi;> c, for i = 1, . . . , n, (4.6) 

then we say that L is transverse to S. These conditions are independent of 
the choice of defining function. We write hP'^{L) for the union of boundary 
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components to which L is tangent, and bP (L) for the union of boundary 

components to which L is transverse. 

The foUowing non-degeneracy assumption about L simphfies many of 
the global results. 

Definition 4.2.2. Wc say that L meets bP cleanly, if for each 1 < j < A^i, 
either Lpj \y.^Qj= 0, or there exists a cj > 0, so that 

Lpj \{p,=o}> cj. (4.7) 

Briefly, for each j, the vector field is either tangent or transverse to Sij, 
so cleanness prevents such behavior as V lying tangent to some Sij- only 
along a proper closed subset (possibly in bTiij). A boundary component 
belongs to bP^{L) if and only if it a component of the intersection of a 
collection of boundary faces to which L is tangent. A boundary component 
belongs to bP'^ (L) if and only if it a component of the intersection of a col- 
lection of boundary faces to which L is transverse. There may be boundary 
components that belong to neither of these extremes. 

Any boundary component S is itself a manifold with corners. If L is 
tangent to S, then we write Ls for the generalized Kimura diffusion defined 
by restriction of L to E. It is clear that if U is any neighborhood of a point 
Po in the interior of T,, ii w E P^p(C/), and if L is tangent to S, then 

[Lw] \Enu= Ls[w tsnc/]- (4-8) 

The first basic result is the following. 

Lemma 4.2.2. Let w G I'^p(P), and suppose that w is a subsolution of L, 
i.e. Lw > 0. Then w cannot assume a local maximum in the interior of P, 
or in the interior of any component E G bP^{L), unless w is constant on 
P, or on that component, respectively. 

Proof. Since L is a non-degenerate elliptic operator in int P, it follows from 
the standard strong maximum principle that w does not assume a local 
maximum in intP unless w is constant. The regularity hypothesis, and the 
assumption that L is tangent to S shows that w ts€ C|^f(S)5 a^nd 

Lj:[w ts] > 0. (4.9) 



Hence the first part of this proof applies to show that w cannot assume its 
maximum in int S, unless w fs is constant. □ 
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In order to apply this result to determine the nullspace of L, we need 
to discuss two further types of boundary components. First, amongst the 
collection of all components of the stratification of bP, certain ones are min- 
imal in the sense that they themselves have no boundary; these components 
are either points or closed manifolds. We denote by 6Pmin the union of all 
such components; the different components of this set may have different 
dimensions. These minimal components are the minimal elements in the 
maximal well-ordered chains of boundary components, where the ordering 
is given by containment in the closure. 

Lemma 4.2.3. Every component of bP is either minimal or else contains 
elements of 6-Pmin in its closure. 

Proof. This follows directly by induction on the maximal codimension of 
corners in P. If E 6-Pmin, then S is a manifold with corners with maximal 
codimension no more than one less than that of P. Hence there is some 
boundary component S' of S which is minimal. Clearly E' is also a boundary 
component of P, and since it has no boundary, it must be minimal for P as 
well. □ 

Note that if S G bP^^^{L) = bP^ {L) n bP,,,i,,{L), then cither S is a 
point and all coefficients of L vanish at S, or else dimS > and Ls is a 
nondegenerate elliptic operator. It follows immediately that if Lw > as 
above, and if w attains a local maximum on S G bP^^^{L), then w is 
constant. 

Finally, the terminal boundary of P relative to L, denoted 6Pter(-^), 
consists of the union of boundary components S C bP^{L) such that Ls is 
transverse to all components of 6S (i.e. 6E G 5S*(Ls)). In particular, if L 
is transverse to all components of bP itself, then bPtcr{L) = P- As elements 
of bP^^J^L) have empty boundary, it follows that bP^^^{L) C bPteriL)- 

There is a version of the Hopf boundary point lemma, adapted to this 
setting. 

Lemma 4.2.4. Let P be a compact, connected manifold with corners, and L 
a generalized Kimura diffusion operator that meets bP cleanly. Suppose that 

w G L)\^-p is a suhsolution of L, Lw > 0, in a neighborhood, U, of a point 
Po G bP which lies in the interior of a boundary component S G bP'^{L). If 
w attains a local maximum at po, then w is constant on U. 

This has an immediate and important consequence. 
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Lemma 4.2.5. Let P be a compact manifold with corners, and L a gen- 
eralized Kimura diffusion on P, which meets bP cleanly. Suppose that L is 
transverse to every face ofbP, and w G ^^^■^{P) is a subsolution of L. Then 
w is constant. 

This follows directly from Lemma |4.2.4[ 

We defer the proof of Lemma 14.2.41 momentarily and derive its main 
consequence. The following result shows that, at least when L meets bP 
cleanly, the null-space of L on P|^p(P) is finite dimensional. 

Proposition 4.2.1. Let P be a compact, connected manifold with corners 
and L a generalized Kimura diffusion which meets bP cleanly. Let w G 
I?^p(P) be a solution to Lw = 0. Then w is determined by its (constant) 
values on the components o/5Pter(-^)- 

Proof. We prove this by induction on the dimension of P. If the dimension 
of P is 1, then P is an interval. The statement of the proposition in this 
case was established in [12] 

Now suppose the result has been proved for all compact manifolds with 
corners P' of dimension A^ — 1, and all general Kimura diffusion operators L' 
on them. Assume that dimP = N, and that w |'s= for all S G bPt^riL). 
Obviously, if P has no boundary faces to which L is tangent, then P is itself 
a terminal boundary and we already have that w = 0. We henceforth assume 
that bP^{L) 7^ 0. If w does not vanish identically, then we can assume that it 
is positive somewhere, and therefore attains a positive maximum somewhere 
in P. 

The induction hypothesis shows that for any boundary component S G 
bP'^{L), we have a solution w fs, which vanishes on bT,tcr{Ls). This follows 
because the terminal components of bP relative to L, which are contained 
in the closure of S, are the same as the terminal components of 6S relative 
to Ly,. Indeed, if L is tangent to some component Sq of 6S, then Ls is 
also tangent to Sq. Furthermore, the restriction of L^, to Sq is the same as 
Lsq, the restriction of L to Sq. Thus the condition that Ls be transverse 
to all components of bT, is the same, whether restricting from P or S. This 
means that w vanishes on all Sq G 6Stcr(-^^s), and hence by induction, 
w fs= 0. Note that w vanishes on every hypersurface boundary component 
to which L is tangent. 

Lemma 14.2.41 shows that w cannot attain a positive maximum on a 
boundary component to which L is transverse. Thus w must attain its 
maximum at a point po lying in a boundary component, Si to which L 
is neither tangent, nor transverse. That is, Si lies in the intersection of 
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boundary faces some of which belong to bP'^{L) and some of which L is 
transverse to. This imphes that there is a boundary hypersurface So to 
which L is tangent, and such that Si C 6So. As t(; = on Sq and Si C Sq, 
this contradiction estabhshes that w = on P. □ 

Remark 4.2.1. This theorem is proved in |28j in the special case of the 
classical Kimura diffusion, without selection, acting on the A^-simplex. 

Lemma 14.2.51 is a special case of this proposition. Two other corollaries 

are: 

Corollary 4.2.1. If L is a generalized Kimura diffusion on the compact 
manifold with corners and L is everywhere tangent to bP, then any solution 
w G 'D'y^p{P) to Lw = is determined by its constant values on &Pmin = 
bP^- . 

mm 

Corollary 4.2.2. If P is a compact manifold with corners, and L a gener- 
alized Kimura diffusion on P meeting bP clearly, then the dimension of the 
nullspace of L acting on 'Dy/p (P) is bounded above by the cardinality of the 
set bPtcriL). 

Remark 4.2.2. These results give powerful support for our assertion that 
the regularity condition w G V^p{P) is a reasonable replacement for a 
local boundary condition, at least when L meets bP cleanly. In applica- 
tions to probability, one often considers solutions of equations of the form 
Lw = g, where w satisfies a Dirichlet condition on bP. Frequently g is non- 
negative, and our uniqueness results easily imply that there cannot be a 
regular solution. The simplest example arises in the 1-dimensional case, 
with L = x{l — x)d'^. The solution, w to the equation 

Lw = -1 with wifd) = w{l) = (4.10) 

gives the expected time to arrive at {0, 1}, for a path of the process starting 
at < X < 1. There cannot be a regular solution as x{\ — x)d'^w{x) = — 1, 
cannot converge to as a; — t- 0"*", 1~. The solution, given by 

w{x) = — [xlogx + {1 — x) log(l — x)], 

is plainly not regular. In applications to probability this situation often 
pertains. The fact that Lw > has no non-trivial regular solutions shows 
that the required solutions cannot be regular, and therefore involve the non- 
zero indicial root. 

We now turn to the proof of the "Hopf lemma:" 
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Proof of Lemma \4-3-4\ The proof of this lemma rehes on the construction 
of barrier functions and a simple scaling argument. To motivate the argu- 
ment we first give the proof for a model operator and a boundary point of 
codimension 1. Let {x,y) denote normalized local coordinates so that 

m 

L = xdl + bd^ +J2^yi^ ^ > 0, (4.11) 
1=1 

and w assumes a local max at the (0, 0). We assume that w is not constant. 
The strong maximum principle implies that there is a neighborhood U 
so that if (x, y) G U and x > 0, then 

w{x,y) <w{0,0). (4.12) 

For R,r positive numbers and ^ < a < 1, we define anisotropic balls in 

B+^^{n,m) = {{x,y) gR^x M™ : |ic" - r^p + \y\^ < nR^°'}n{x > 0}. 

(4.13) 

Here a;" = (x", . . . , x^), etc. We now construct a non-negative local barrier, 
v\,a,r that satisfies 

Lvx,r > in 5+^_„(l,m) \ M _^^^(l,m), and vx,r U+,,<,{i,m)= 0' 

where /? = — . (4.14) 
2a 

Note that BX ^^(l,m) is a compact subset of P lying a positive distance 
from bP. Figure O shows the set B+ i(2,0) \ S+ i(2,0) C M^. 

We first define barrier functions in the 1-codimensional case, letting 

«;A,a,r- = e-"[(^"-'^")'+l^l% (4.15) 

then 

i2r„2_2a-l/„o n\2 , i .|2i 



4A^[a^x^'^-^(r"-x")^ + |2/|^] + 
2A (a[6 - (1 - a)]x"-i(r" - x") - a^x^'^-^ - m) ] wx,r- (4.16) 



Ifl — 6<Q<1, then we see that Lw\^j.{x, y) tend to +<x as x tends to zero. 
As [a2x2"-i(r" - x") + jyp] only vanishes at (r, 0) and (0,0) (if a / ^) it 
is not difficult to see that for large enough A we have that 

Lwx,a,r > in B+,^^{l,m)\B+^^{l,m). (4.17) 
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Let 

V\,a,r = WX,a,7- " W^A,a,r(0, 0), (4.18) 

SO that the barrier vanishes on 65+^^(1, m). 

We fix an r so that B+j.^^(l,m) C U and a A and a as above. The 
hypothesis that w is non-constant shows that there is an e > so that 

<w{0,0), (4.19) 

IP 

and therefore w^tv\^ccj assumes its maximum value at (0, 0). Thus for small 
positive X we have 

{w + evx,r){x, 0) - (u; + ei;A,r)(0, 0) < 0. (4.20) 

A simple application of the mean value theorem shows that dxw{x, 0) tends 
to — oo as .X — > 0+, contradicting the assumed regularity of w. This completes 
the proof that w must be constant in this case. 

To treat a general (non-model operator) we might need to dilate the 
coordinates by setting: 

x = nX and y = y^V, for /x > 0. (4.21) 

Under this change of variables, the model operator L becomes 

^ in 

-[Xd\ + bdx + Y.dl^]. (4.22) 

^ 1=1 
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That is, up to a positive factor, this operator is invariant under these changes 
of coordinate. 

If wc let W{X,Y) = w{nX,^Y), then evidently LW > 0, and W 
attains a local maximum at (0,0). The ball 



(X" - R°'f + |r p < where R = -. (4.23) 

A* 

is contained in this coordinate chart. In the original coordinates we have 



k=l 1=1 
m n m 

k,l=l 1=1 k=l 



where 6(0, 0) = Cki{0, 0) = 0. Letting x = and y = -^Y, we obtain: 

^ f m m 

L^ = -lxdl + bdx + Y^k + y^Yl (/^^' Vi^y)dxdY^ + 

^ [ k=l 1=1 

Y cu{^J^x,^Y)^Y,^Y, + h{^xX,^Y)^x + ^Y.^k{^^,V^^Y)^Y, \. 

k,l=l k=l ) 

(4.25) 



Even though we may let ji get very small, we can fix a positive R. It is then 
not hard to see, that, with a possibly larger a < 1, by taking small enough 
we can arrange for 

L^wx,a,R > in 5+,, Jl,m) \5+ ^Jl,m). (4.26) 

Prom this point the argument proceeds as before showing that if Lw > 
and w attains a maximum at po, then w is constant. 

Suppose that po is a point on a stratum of codimension n, we can choose 
(x,y) adapted local coordinates, with pQ corresponding to (0,0), so that 
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the operator takes the form: 



1=1 k=l 

n n m m 

^ XiXjaij{x,y)dxidx^ + '^'^Xiaii{x,y)d:cidyi + XI '^ki{x,y)dy^dyi + 

i^j=l i=l 1=1 k,l=l 



^bi{x,y)d^^+^dkix,y)dy^, (4.27) 



i=l 



k=l 



where 



c«(0,0) = 6i(0,0) = 0. 



(4.28) 



Let b = {bi, . . . ,bn) > 0. For the model operator L^m we consider barrier 
functions of the form 

wx,a,r = exp [-Ado;'^ - r«|2 + |t/|2] , (4.29) 

where r = (r, . . . , r). Applying the model operator we see that 



^xf-i(x°-r")2 + |y| 



+ 



2A 



n 

X ([6, - (1 - a)]x'^-\r- - X-) - axf "i) - 



m 



i=i 



. (4.30) 



In order for u^A.a.r- to be a subsolution, we need to choose ^ < a < 1, so that 

1 — min{6i, . . . , 6„} < a. (4-31) 

With such a choice of cx, we see that Lij jnW\ q, j- tends to +oo as any Xj tends 
to zero. We can therefore find Aq so that for Aq < A we have 

Lb,mW\,a,r > in B+^^^{n,m) \ B\^^^{n,m), (4.32) 

(2n)P ' ' 



where, as before /3 = 
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As before we can scale the variables x = jxX and y = ^/JIY, to obtain 



^ I 1=1 fe=l i^j=l 

n m m 

1=1 1=1 k,l=l 

n m ^ 

Y,\{liX,^Y)dx, + ^/llY.dk{^iX,^Y)dY, \. (4.33) 



i=l k=l 

A calculation shows that 



1=1 

a'^aijifiX, ^Y)XiXjiXf' - r")(X; - r'')+ 

n m m 

VJ^Y^Yl "(^ilil^^^ V^F)Xf (Xf - r")yi + J2 VJ:iY)YkYi 

=1 1=1 k,l=l 

n 

Y [{b^ + HfiX, ^Y) - (1 - a))xr\r" - ) - a^x 

i=l 

m 

^[1 + cuifiX, ^Y) + ^diiiiX, ^Y)Yi] 



(4.34) 

1=1 -' J 

If we take r and /x sufficiently small, then the 0(A^)-term is bounded below 
by a positive multiple of 

n 

^a2x2°-i(Xf -r")2 + |Yp (4.35) 

i=l 

By taking a < 1 a little larger, and possibly reducing /j, we can assure that 

min{6i + bi{iJ,X, ^/jlY) - (1 - a) : (X, Y) G „(n, m); i = 1, . . . ,n} 

(4.36) 

is strictly positive. With these choices, there is a Aq so that if A > Aq, then 
L,,wx,a,r > in S+^,„(n, m) \ B^r ^ ^(n, m). (4.37) 

(2n)P ' ' 
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Note also that dxiWx,a,r{X , Y) tends to +00 as Xi — )■ 0+. Finally we set 

VX,a,r = W\a,r " W^A,Q,r(0, 0) (4.38) 

The argument then proceeds as before. We are assuming that wissu non- 
constant solution to Lw > 0, which assumes a local maximum at (0, 0). This 
implies that w(-X", Y) < w{0, 0) for (X, Y) £ int P. Thus we can choose an 
e > so that for {X, Y) G bB ~^ r in, m) we have the estimate 

(2n)/3 ' ' 

{w + et;A,a,r-)(^, Y)<{w + et;A,a,r)(0, 0). (4.39) 

Since fA,a,r vanishes on bB^^. ^{n,m), we see that {w + evx^a,r) must assume 
its maximum at a point po on bP Ci B^^^{n, m). As before this implies that 
the derivatives dxjW{p) tend to — oo as p approaches pq, contradicting our 
assumptions about the smoothness of w. This completes the proof of the 
lemma. □ 

These results do not address the case when L fails to meet bP cleanly. 
While a different argument is needed, it seems likely that a result like that 
in Proposition 14.2.11 remains true. In particular, the dimension of the null- 
space of L acting on V'^-p{P) should be finite dimensional. 



4.3 Maximum Principles for the Heat Equation 

We now turn to maximum principles for the heat equation: 

Proposition 4.3.1. Let u he a suhsolution of the Kimura diffusion equation 
dtu < Lu on [0, T] x P , where P is a compact manifold with corners, such 
that 

n eC°([o,r] X p)nc^((o,r] x P), 

and u{t, •) e P|yp(P) for t > 0, then 

sup u{p, t) = sup u{p, 0) . 
[o,r]xP P 

Proof. This is proved in almost exactly the same way as Proposition 14. 1 . ll 
Because P is compact and u{-,t) is continuous up to bP, there is no need 
to assume a growth condition on u. The hypotheses are such that we can 
verify as before that no local maximum occurs along bP x (0, T], and by the 
usual maximum principle, there is also no local maximum in the interior of 
P when < t < r. □ 
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Corollary 4.3.1. Let ui and U2 be two solutions of {dt — Lh^m)u = g, 
u{x,y,0) = f{x,y) in R+ x Sn,m such that \uj\ < C'^e^'^l^l+I^l^^ for some 
C > uniformly in any [0,T] x Sn,m, satisfying the regularity hypotheses of 
Proposition \4-Ll\ Then ui = U2. 

Similarly, if ui and U2 are two solutions of {dt — L)u = f, u{-,0) = /(•) 
in M_|- X P, satisfying the regularity hypotheses of Proposition \4-3.1\ where 
P is a compact manifold with corners, then ui = U2. 

Remark 4.3.1. The regularity assumption up to the boundaries where Xj = 
are fundamental. For example, if < 5 < 1, then x^~^ is a stationary 
solution of {dt — Lh)u = on M4. x M-(_ which is certainly subexponential 
as X — )• 00. However, by the results of [12j . there is some other solution 
w{x,t) to this equation with initial data w{x,0) = x^~^ which is smooth up 
to x = for i > 0, so that w{x,t) 7^ x^~^ for t > 0. Then x^~^ — w{x,t) 
is a homogeneous solution with zero Cauchy data at t = and which has 
subexponential growth. It is neither up to x = 0, nor does it satisfy 
lim^_^o+ xd'^u{x, t) = 0. 

We record one other easy extension of these results. 

Proposition 4.3.2. Let L be a general elliptic Kimura operator on a com- 
pact manifold with corners P, and suppose that c £ C^{P). Suppose that u is 
a subsolution of the diffusion equation associated to L+c, i.e. dtu < {L+c)u, 
such that such that 

^/eC°([0,T] X P)nC\{0,T] X P), 
and u{-,t) G P^p(P) for t > 0, then 

sup u{p,t) < e°* supu(p, 0), 

[0,T]xP P 

where a = ||c||oo- 

Consequently, if ui andu2 are two solutions of dtu = {L + c)u which sat- 
isfy the regularity conditions above and which have the same initial condition 
at t = 0, then ui = U2. 

Finally, we also state the corresponding maximum principle and unique- 
ness result for elliptic Kimura equations. 

Proposition 4.3.3. Let L be a general elliptic Kimura operator on a com- 
pact manifold with corners P and that c £ C^{P) is a nonpositive function. 
Let f satisfy < {L + c)f and f £ P^p(P), then 

sup/(p) = sup/(p) 
P bP 
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If fi o-nd ji are any two solutions of {L + c)f = which satisfy all the 
regularity assumptions above and which agree on bP, then f\ = f2. 

There is an important special case, where a much sharper result is true. 

Proposition 4.3.4. Let L be a general elliptic Kimura operator on a com- 
pact manifold with comers P and that c G C'^ (P) is a strictly negative func- 
tion. Let u satisfy {L -\- c)f = 0, and also suppose that 

f e C^AP), 

then / = 0. 

Proof. We show that / can neither attain a positive maximum not a neg- 
ative minimum, and hence is identically zero. Since we are considering the 
equation (L + c)/ = 0, it suffices to show that / cannot attain a nega- 
tive minimum. We suppose that / does attain a negative minimum. The 
regularity assumptions and the compactness of P show that / attains its 
minimum at some point po G P. It is easy to see that po ^ int P. Suppose 
that Po belongs to a point of the boundary of codimension M, so that in 
local coordinates 

M M 

Lf = ^[xiai{x,y)dl.f -\-bi{x,y)dxJ] + ^ XiXjaij{x,y)dxidxJ+ 

i=l i,j=i 

M n-M n~M n-M 

XI X x^(^iii^^y)^xidyj + X <^im{x,y)dy^dyj + X dm{x,y)dyj. 

i=l 1=1 l,m=l 1=1 

(4.40) 

At Po = (0, yo) we see that the regularity assumptions show that 

M n-M 

Lf{po) = Y,h{0,yo)d,J+ X ^UO,yo)dyAf- (4-41) 

1=1 l,m=l 

As Po is a local minimum, the second order part is non-negative; since the 
vector field is inward pointing, so is the first order part. We therefore con- 
clude again that {L + c)f{po) > 0, contradicting our assumption that / is 
in the null-space of L -|- c. □ 
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63 



Chapter 5 

The model solution operators 



In this chapter we introduce the model heat kernels A;^^, i.e. the solution 
operators for the model problems dt — Lh^m, and then prove a sequence of 
basic estimates for these operators which are direct generalizations of the 
estimates for the one-dimensional version of this problem considered in |12] . 
We recall and slightly extend the and theory in the one-dimensional 
case proved in |12j and then derive the straightforward extensions of these 
results to higher dimensions. This sets the stage for the more difficult Holder 
estimates for solutions, which is carried out in the next several chapters, and 
which forms the technical heart of this monograph. 

We also define the resolvent families {Lb^m — describe their holo- 

morphic behavior as functions of fi and relate this to the analytic semi-group 
theory for the model parabolic problems. At the end of the chapter we de- 
scribe why the estimates we prove here are not adequate for the perturbation 
theoretic arguments needed to construct the solution operator for general 
Kimura diffusions dt — L. 



5.1 The model problem in one dimension 

First recall the one-dimensional model operator, 

Li, = xdl + bd^ on M+XM+, (5.1) 

where b is any nonnegative constant, and the general inhomogeneous Cauchy 
problem 

idtw -LhW = g on M+ x (0, T] 
\w{x,0) = f{x), X e M+. 
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So long as g and / have moderate growth, then Coroharv 14.3.11 guarantees 
that there is a unique solution with moderate growth and satisfying certain 
regularity hypotheses at x = 0; it is given by the integral formula 



The precise form of the heat kernel for this problem was derived in [12j : for 
any 6 > 0, 



ktix,x) = -^e t ( ^ ) , (5.4) 



where 



oo 



When 6 = 0, the Schwartz kernel takes a somewhat different form: 

k'{x,x) = (J) (f ) + e-U{y). (5.6) 

The defining equation for this kernel is that {dt — Lb)k^ = for t > 
(along with the initial condition that limj^o+ k^{x, x) = 6{x — x)). However, 
it can be checked directly from the explicit expression that 

{dt - Ll ;i.)k\{x, x) = 0, where L\^^ = d^id^x - h) (5.7) 

is the formal adjoint operator. Note too that we can verify directly from 
(I53D that 

lim (a^x - b)k'l{x, x) = and k\{x, x) = 0{x^~^) (5.8) 

when t > and 6 > 0. 

We write the solution as a sum w = v + u where u is a solution to the 
problem with g = and ti is a solution to the problem with / = 0. We often 
call the first of these the homogeneous Cauchy problem and the second the 
inhomogeneous problem. 

In the following, we describe the various estimates for solutions on in- 
teger order spaces. More specifically, we use the standard spaces of £-times 
continuously differentiable functions C^(R^), £ E N, and their parabolic 
analogues, (M^), which are the closures of C^(M^) with respect to the 
norms 

\\9\kl= E \\d!dPg{x,t)\\oo. (5.9) 

0<p+2q<£ 
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Remark 5.1.1. To make the notation less cumbersome, in the context of 
these parabolic spaces, we always take | to mean the greatest integer in 
£/2. 

To keep track of behavior of solutions as x — )• oo, we also use C^{M.^), 
which is the closure of C^(M_|_) with respect to the norm 

e 

ll/lk = Ell^'/(^)ll~- (5-10) 

We first discuss solutions of the homogeneous problem and after that solu- 
tions of inhomogeneous problem. 

The first result is a slight improvement of a theorem from [12j . 

Lemma 5.1.1. For each £ e N, if f e C^(M+), then v E C^'I(M_^ x R+). 
Moreover if p + 2q < i, then 

oo 

d^dPM^,t) = I k1+^{x,x)Ll^^dy{i)dx. (5.11) 



Proof. Let v be defined by (j5.3p with g = 0. It is shown in [12j that 
V £ C^i[0,oo)t;Ci{[0,oo),)) nC'^{iO,oo)t x [0,oo),), 

and (|5.1ip is established for any p G N but only for q = 0. We establish the 
general case as follows. For t > 0, differentiate the representation formula 
for V (i.e. (|5.3p with g = 0) and use (j5.7p to obtain 



dtv{x,t) = J dtk^{x,i)f{x)dx= lim y L^/cj^(x, x)/(x) dS. (5.12) 

e 

If i > 2 and 6 > 0, we can integrate by parts twice in x and let e — )• to 
obtain that 

oo 

bt 



dtv{x,t) = J ki{x,x)Lhf{x) dx, (5.13) 



and hence dtv G C°(M+ x M+). In particular, if / € C^(]R+), then v G 
C^'^(M+ X M+). Using (fSTTI) and (f5?T3]) inductively shows that v has the 
stated regularity and also gives (jS.lip for all p, q with p + 2q < i. The result 
for 6 = follows from the formula (I5.1ip above when 6 > and Proposition 
7.8 in im. □ 
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Now turn to the inhomogeneous equation, {dt — Lb)u = g, n(-,0) = 0. 
The solution is given by the Duhamel formula 



Since /c^ (x, x) — >■ 5{x — x) as t ^ 0'^, we understand this to mean that 

t—e oo 


Denote this Volterra operator by K^. Lemma 1 5 . 1 . 1 1 implies the basic regu- 
larity result. 

Lemma 5.1.2. If g € C^'i(R+ x [0,T]), then u = K^g G C^'i(M+ x [0,r]); 
furthermore, for any p, q with p + 2q < £, 

9-1 

d^d^^u = K',^'Ll^^dlg + ^ L[^^dr'-^dlg{x, t), (5.16) 

1=0 

where the sum is absent when q = 0. 
Proof. Let 

oo 

G{t,s,x) = J k^{x,x)g{x,s) dx; (5-17) 



Lemma ([SXB implies that di,d{d^G G C°(M3 ), provided i + 2(j + k) < £. 
From this it follows easily that 

t 

u{x,t) = j G{t- s,s,x)g{x,s)ds €C'''^2{R^ xR+). (5.18) 



Equation (j5.16p with q = follows directly from Lemma l5.1.11 Without 
loss of generality, we can therefore let p = 0, and prove the remainder of the 
formula by induction. The case g = 1 is simply the equation, 

dtu = L^u + g. (5.19) 
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Assume that the formula holds for some q with 2q < £ — 2. The results in |12j 
show that we can differentiate the equation in (I5.16P to obtain that 

dt\ = dtK^Llg + Lidfg. (5.20) 

1=0 

The first term on the right equals Li,K^L'^g + L'^g. This completes the proof 
since LkK^^Llg = K^L^^'g. □ 



5.2 The model problem in higher dimensions 

We now generalize these results and formulae to the higher dimensional 
model operators Li,^m- Using the multiplicative nature of heat kernels, 
we can immediately write the model heat kernels in terms of the one- 
dimensional ones, 

kt'"^{^, y, 2, y) = kt{x, x)kt'"''"'{y, y), (5.21) 

where 

ktix,x) = Y[kt'ixi,Xi), A;™'^'™(^/,y) = - — e~^^^. (5.22) 
f=i (4vrt) 2 

Note that this makes sense, even when bi = for some indices. This is 
because there is, at most, one (^-factor in each coordinate. The general 
problem is 

(dtW - Lh^rnW = g on Sn,m X (0, T] 

\w{x, y, 0) = f{x, y), {x, y) G Sn-ni- 

Uniqueness of moderate growth solutions with appropriate regularity and 
moderate growth data is then given by Corollary 14.3. H and this solution 
has the integral representation 

t 

w{x, y,t) = / k^f^ix, y, x, y)g{x,y, s) dxdyds 



+ / kt'"'{x,y,x,y)f{x,y)dxdy. 

Sn.m. 



As before we discuss the homogeneous {g = 0) and inhomogeneous (/ = 0) 
problems separately, analyzing regularity in the elementary spaces C^{Sn^m) 
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and C^'2{Sn,m x [0,T]), which are defined as the completions of the spaces 
C^{Sn,m) and C^{Sn,m X [0,r]) with respect to the norms 

respectively. 

The following result will be helpful below. 

Proposition 5.2.1. Fix h eW\. and f ^ C°(S'„,rn)- For any h £ Wl, let 

be the unique moderate growth solution of ()5.23p with Cauchy data f (and 
with g = 0). Then lim^_^^t;^ = in C^{Sn^m x [0,T]), for every T > 0. 

Proof. Note that the result is trivial if all entries of b are strictly positive 
since /c^'"* varies smoothly with b G (0, 00)*^ and is uniformly integrable, 
so we assume that some entries of b vanish. This result is the multi- 
dimensional generalization of \12\ Prop. 7. 8], and we review the proof of 
this one-dimensional case because we wish to use this same argument in- 
ductively. That proof both starts the induction and provides the inductive 
step. 

So, first let / G C'^(M-(-). If /(O) = 0, then we can approximate / 
uniformly by fi G C^((0, 00)). Since converges smoothly to away from 
2; = X = 0, it is clear that k^f£ — t- k^f£. Now estimate 

\ktf - kU-\ < \k\{f - f,)\ + \k',{f - f,)\ + m - 

Given /, choose I so that sup \ f—fi\ < e; by the maximum principle, the first 
and second terms are each less than e. Then, for this i, choose b sufficiently 
small so that the third term is less than e too. 

For arbitrary / G C*^(M+), choose a smooth cutoff x{^) which equals 1 
for X < 1 and vanishes for x > 2, and write 

fix) = /(O) + xix)ifix) - /(O)) + (1 - xixWix) - /(O)). 

Applying k^ to this sum, then k^f{0) = /(O) for all b, and the other two 
terms vanish at zero, so we may apply the previous reasoning to each of 
them. This proves the one-dimensional case. 

Now consider the higher dimensional case. For simplicity, assume that 
bn = 0; write b' = (61, . . . , and b = (61, . . . , and also set x' = 
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{xi, . . . , Xn-i). Suppose that / G C^{Sn,m)- Decompose f{x,y) as in the 
one-dimensional case, as 

fix', 0, y) + x{xn){f{x, y) - f{x', 0, y)) + (1 - x{xn)){f{x, y) - f{x', 0, y)). 
Since the first term is independent of Xn, we have 

/ kt'''^{x,y,x,y)f{x,0,y)dxdy = 

/ '™(a^', y', X, y)f{x', 0, y) dx'dy, 

so we may apply the inductive hypothesis to see that this is continuous in h' 
up to 5 . The third term is supported away from x„ = already, so the result 
is clear for this term. Finally, for the second term, which we denote by /2, 
we can argue exactly as in the one-dimensional case, choosing a continuous 
function /12 supported away from rE„ = and such that supl/2 — /i2| < £• 
Then |/cf'™'(/2 — /i2)| < e and |A;f'™(/2 — /i2)| < e> and we may choose b 
sufficiently close to b so that sup K/^f'™" — A;f'™')/i2| < e too. □ 

Remark 5.2.1. In cases where some of the vanish, the solution kernel is 
quite a bit more complicated than when all the bj > 0. Suppose k < n and 
that bi = ■ ■ ■ = bk = 0, but bj > for k = k + 1, . . . ,n. The heat kernel for 
Lb takes the form 

k X ■ ^ 

kt{x,x) = Yl[k^'^{xj,Xj) + e~^6oiij)] JJ k^'{xj,Xj). (5.26) 
j=i j=k+i 

If Hj = {xj = 0}, then this kernel has a 5-distribution on the incoming 
boundary strata 

{Hi-^ n • • • n Hi^ : yi < I < k, and sequences: 1 < ii < • • • < ii < k} . 



A similar result is given in |28l |29] for the case of the Fleming- Viot operator 
defined on the simplex. 

The analogue of Lemma 15.1.11 is 

Proposition 5.2.2. For i e N, if f e C^{Sn,m), then v e C^'^{Sn,m x 
[0,00)). For j £ No and any multi-index of nonnegative integers a and (3, 
if2j + \ot\ + |/3| < i, then 

did^d^v= j k\+"^^{x,y,x,y)Li^^^^d^dlf{x,y)dxdy (5.27) 

J Sn.. m. 
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Proof. We assume that ah entries bi > 0, since if some bi = then we can 
prove the resuh for an approximating sequence b(^) ^ b with ah by^ > 
and then apply the previous Proposition. 

For t > (and all bi > 0) the kernel is smooth in {t,x,y) and we can 
differentiate under the integral sign. Using (jS.Sp and jl2l Cor. 7.4], we 
obtain ([OTI) with j = 0. 

The argument needed to handle the dt derivatives is slightly more deli- 
cate. We claim that 

dtk^ix, x) = {xdl + bdx)k\{x, x) = {d^x - bd3:)k\{x, 5), (5.28) 

but some care is needed because d'^xk^ and dxk\ are not integrable at 
when 6 < 1. We overcome this issue with the following lemma. 

Lemma 5.2.1. /// G C'^{Sn,m), then 
^b,,x, / y, X, y)f{x, y) dxdy = 

1 kt'"'-{x,y,x,y)Lb^^xJ{x,y)dxdy (5.29) 

Proof of Lemma. To simplify notation, relabel so that i = 1, and write 
Sn-i,ni = ^l'^ X M™. First assume that 6i > 0. If / G L°^(M+), then 

oo 

Lb^^xik'l^ixi,xi)f{xi)dxi and jdtk'l'^{xi,xi)f{xi)dyi (5.30) 



are both absolutely integrable when t > 0. Thus using ()5.28p . we re-express 



Lbuxi j kt''^{x,y,x,y)f{x,y)dxdy 



OO 



1™ / / Ylk^ii^i^^i)kr'''"'iy^y)fi^^y)dxdy. 



Sn—l,n 



(5.31) 



Since/ G C^iSn^m) andlim£j_^o+(5i^xi— 6i)A;^^(xi,xi) = 0, we can integrate 
by parts in the 5;i-integral and let e — )• 0, to obtain (I5.29[) . The case bi = 
follows by applying Proposition 15.2. 1[ □ 
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The assertion that 



dt j k^'"'{x,y,x,y)f{x,y)dxdy = 

Sn,m 

/ kt'"'{x,y,x,y)Lb,jnf{x,y)dxdy (5.32) 

follows directly from this lemma. 

The fact that i; G C^'z if / G then follows from these formulas and the 
more elementary fact that if / G C^{Sn^m)^ 

then V £ C^{Sn,m x [0, oo)). □ 
Finally consider the inhomogeneous problem 

(dt - Lb,rn)u = g, u{x,y,0)=0, (5.33) 
with solution given by (I5.23p . This is treated just as before. Let 

air.s,..y)=[ (5^34, 

^ Sn,m 

and observe that 

t-e 

u(x,y,t) = lim / G(t — s, s,x,y) ds. (5.35) 



The following result is an immediate consequence of Proposition l5.2.2] and ()5.35p : 

Proposition 5.2.3. If g £ C^'^{Sn,m x [0,T]) for some ^ G N, then the 
unique bounded solution u to (15.330 is given by (I5.35P and lies inC '2 {Sn,m x 
[0,T]).If2j + \a\ + \l3\<l,then 

d{d^d^u = / /cf+"''"(a3, y, x, y){Lb+a,my d^d?g{x, y, s) dxdy 

Sn. m. 



i-1 



+ Y.dl^'-\Lb^^,^rd^d^g (5.36) 



r=0 



We prove one final result, concerning the behavior at spatial infinity of 
solutions corresponding to compactly supported data /, g. 
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Proposition 5.2.4. Let w be given by (j5.23p with data f € C'^{Sn,m) cmd 
g G C^{Sn,m X [0,r]). For any sets of nonnegative integers and N, 

lim {l + \ix,y)\f\d^dlvix,y,t)\=0 

\ix,y)\^oo 

lim {l + \{x,y)\f\d^d^uix,y,t)\ = 

\{x,y)\^oo 

for each t > 0. 

Proof. This follows easily from the fact that the singularities of these kernels 
are located on the diagonal at t = 0, and from their exponential rates of 
decay at spatial infinity. If the incoming variables x, y are confined to a 
compact set, this decay is uniform for t £ [0,T] for any T < oo. □ 

5.3 Holomorphic extension 

The kernel functions y) extend to be analytic for t lying in the right half 
plane Ret > 0. By the permanence of functional relations, the functional 
equation 

oo 

k't{x,y)k'',{y,z)dy = k\^,{x,y) (5.38) 







holds for s and t in this half plane. Therefore the solution to the homoge- 
neous Cauchy problem. 



oo 

h 



vix,t) = / kl{x,y)f{y)dy (5.39) 







is analytic in Ret > 0, and satisfies 

dtv -Lbv = where Re t > 0, (5.40) 



where dt is the complex derivative. 



If we let t = re*^, where r G (0, oo) and \9\ < 5, then 



Ke^o (x, y) = '-—^ e —i,^ ' • 

For any a > 0, the asymptotic expansion 
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holds uniformly for |arg2;| < tt — a. This shows that the kernel has an 
asymptotic expansion: 



This explicit expression shows that the qualitative behavior of this kernel, 
as r — >■ 0, is uniform in sectors 

5<^ = {t : |argt| < (5.44) 

for any > 0. Moreover, if / G C^([0, oo)), then 

lim v{x,t) = f{x) (5.45) 

uniformly in the C'^-topology. 

In the sequel we shall also be analyzing the resolvent i?(/u) = {Li^ — fi)^^. 
If /i G (0,oo) and / G C^([0,cxd)), then R{n)f is defined by expression 

Rili)f=l\ml (Jk',{x,y)fiy)dy^ e'^' dt. (5.46) 

Using the asymptotics of A;^, we can apply Morera's theorem to show that 
for each fixed x G M+, R{^)f{x) is an analytic function of /i in the right half 
plane. Applying Lf^ to the integral on the right and integrating by parts, 
and using estimates proved below, we show that if / is Holder continuous 
and bounded on [0, oo), then 

(/i - Lh)R{fi)f = f. (5.47) 

Using Cauchy's theorem and the asymptotics of the heat kernel, the 
contour for the t-integral can be deformed to show that, for fj, G (0,oo) and 
I arg^l < ^ we also have 



R{fi)f = lim 

e-S>0+ 



" ''kl.o{x,y)f{y)dy\ e~'^-'"'e''dT. (5.48) 



Ve 



This expression is analytic in fi in the region where Re(/ie*^) > 0, and hence 
R{pi)f extends analytically to C\ (— oo, 0], and this extension satisfies (|5.47p . 
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For / G we show that the fohowing hmits exist locally uniformly for 
X G (0, oo) : 



e 

1 

t CO 

e 



(5.49) 



This demonstrates the R{ji)f is twice differentiable in (0, oo). If / is only in 
C°([0, oo)), then the limits lim3.^Q+ dxR{lJ,)f{x), and limj.^o+ x9^R{fj,)f{x) = 
may not exist 

For \9\ < I and e > 0, we let 

Te,, = {te'' : t€[e,e-^]}. (5.50) 

For t e So the kernel function satisfies the equation: 

dtk't{x,y) = L,k't{x,y), (5.51) 

where dt is the complex derivative. For e > we see that 

oo oo 

Lb J J k'l{x,y)f{y)dye~'''dydt= J j dtk\{x,y)f{y)dye-'''dydt. (5.52) 
Te.e re,, 

For € > we can interchange the order of the integrations and integrate by 
parts to obtain: 

oo oo 

Lb j j kl{x,y)f{y)dye-^''dydt = ^i j j kl{x,y)f{y)dye-^''dydt+ 

Te.e Te,, 

oo oo 

j k\.,^,e{x,y)f{y)dye-'''-"'"'dy- j kl,eix,y)fiy)dye-^''''dy. (5.53) 







Provided that Re(e*^/i) > 0, and / e C°(M+), we can let e ^ 0+ to obtain 
that 

{fi - Lh)R{fi)f = f. (5.54) 
We summarize these observations clS cl proposition: 
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Proposition 5.3.1. The solution to the homogeneous Cauchy problem {dt — 
Lb)v = with v{x, 0) = /(x) G C^([0, oo)), extends to an analytic function of 
t with Ret > 0. The resolvent operator R{fJ,) is analytic in the complement 
o/(— cxD,0], and is given by the integral in (j5.48p provided that Re(/xe*^) > 0. 
Moreover, (fj, — Lh)R{fJ-)f = f, for ^ € C \ (— oo, 0]. 

From the corresponding fact for its one-dimensional factors, it is obvious 
that the kernel k^'"^{x,y,x,y) extends analytically to Ret > and hence 
the solution v^{x,y,t) does as well. Indeed, if / € C^{Sn,m) then t i— )■ 
v^{-,-,t) is an analytic function from the right half plane with values in 
C^{Sn,m)- The asymptotic formula (|5.43p and the standard asymptotics for 
the Euclidean heat kernel then give that for any </> > 0, 

hm v''{.,.,t)=f, (5.55) 

t— !>0 m 

in the uniform topology. 

For / G C^{Sn,m) and Re // > 0, the Laplace transform is defined, by the 
limit 

1 

e 

R(fi) f (x,y) = lim v^(x,y,t)e'^'* dt. (5.56) 

Assuming that / G C^p{Sn,m) then again using the analyticity and asymp- 
totic behavior of the kernel, we can use Cauchy's theorem to deform the 
contour of integration in ()5.56p . For |^| < ^, and /i G (0, oo) we have that 



R{fi) f {x,y) = lim [ v^{x,y,Te'^)e-^^^''e'UT. (5.57) 

e^0+ J 



The expression in ()5.57p defines an analytic function of fi where Re /ie*^ > 0. 
This in turn shows that R{fJ')f has an analytic continuation to C \ (— oo,0]. 
In order to establish the identity 

if, - Lh,m)Rif^)f = f (5.58) 

in the higher dimensional case, it is simpler to assume that / is Holder 
continuous. Specifically, in the next chapter we shall define Holder spaces 
C^p{Sn,m) which are specially adapted to this problem. For such data one 
can show that the individual terms in L5„ii?(/x)/ are continuous on Sn,m, 
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and satisfy (j5.58p . If / is only continuous, then, arguing as before one can 
show that the limit, as e — t- 0^ of 



exists in C^{Sn,m)- It satisfies the identity (^u — Lh^^n) RifJ-) f = / in the C^- 
graph closure sense. Generally the individual terms of Lfy mRifJ-)/ are not 
defined as {x,y) approaches the boundary of Sn,m- 
We summarize these results in a proposition. 

Proposition 5.3.2. The solution to the homogeneous Cauchy problem {df — 
Lb,m)'V = with v{x,y,0) = f{x,y) G C^{Sn,m), extends to an analytic 
function oft with Ret > 0. The resolvent operator R{fi) is analytic in the 
complement of (— c«,0], and is given by the integral in (I5.57P provided that 



Re(/xe^^) > 0. // / G C^p{Sn,m), then - L^^Ml^)! = f, for fi € C\ 



5.4 First steps toward perturbation theory 

Our primary goal in this monograph is to construct the solution operator 
Q* for a general Kimura operator dt — L and to use it to study properties of 
the associated semi- group on various function spaces. This is done by per- 
turbing an approximate solution obtained by patching together the solution 
operators ^ for the models dt — Lh^m associated to the normal forms of 
L in various coordinate charts. This strategy works very well in the one- 
dimensional problem considered in [12], but turns out to be substantially 
more complicated in higher dimensions. We explain this now. 

The relative simplicity of this method for operators in one dimension is 
not hard to explain. As already pointed out in Chapter [3l the normal form 
for the second order part of a one-dimensional Kimura operator is exactly xd"^ 
in a full neighborhood of a boundary point. Thus we can choose coordinates 
and a constant 6 > so that L = Lf^ + W, where is a vector field which 
vanishes at the boundary point. Hence the error term incurred by using 
as an approximate solution operator is PFo Q^. In an appropriate sense, this 
operator is smoothing of order 1, and restricted to data on suitably small 
time intervals [0,T], it also has small norm acting on continuous functions. 
Hence it is easy to solve away this error term using a convergent Neumann 
series. 



1 




(5.59) 



(-00,0]. 
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When carrying out the same procedure in higher dimensions, the differ- 
ence between L and any one of the models Lb^m is unavoidably second order. 
Hence the error term E incurred by applying dt — L to a parametrix formed 
by patching together these model heat kernels is no longer smoothing, since 
it is the result of applying a differential operator of order 2 to an operator 
which is smoothing of order 2. Even worse, this error is not bounded on C^. 
This is a well-known fact in classical potential theory, that and higher 

spaces are ill-suited for the study of regularity properties of elliptic and 
parabolic problems in higher dimensions, and that one should use Holder 
spaces instead. 

The applications of these Kimura diffusions in probability and biology 
demand that we study the semi-group for L on C°. This leaves us with a 
slightly unsatisfactory state of affairs. We are only able to construct the 
solution operator for dt — L on a suitable scale of Holder spaces. We can 
still prove the existence and many properties of the semi-group on C", but 
this must be done in an indirect fashion. 
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Chapter 6 

Degenerate Holder Spaces 



The starting point to implement this perturbation theory is a description 
of the various function spaces we shall be using. As described above, we 
seek function spaces on the domain P for which the diffusion associated to 
a general Kimura diffusion operator L is well posed. More pragmatically, 
we wish to define spaces on which one can prove analogues of the standard 
parabolic Schauder estimates, so that we can pass from the model to more 
general operators. This chapter is devoted to a description of the various 
spaces on which this is possible, and to an explanation of the relationships 
between them. 

Two familiar guiding principles when choosing the right function spaces 
for a problem are that one should choose spaces which respect the natural 
scaling properties of the operator, and in addition, that these spaces should 
be based on the geometry of an associated metric. In the classical setting, 
the operator dt — (^yj ^+ ^ is homogeneous with respect to the 
parabolic dilations {t,y) i— t- {X'^t,Xy), and is naturally associated to the 
Euclidean metric. The first of these principles indicates that t and y deriva- 
tives should be weighted differently; the second suggests that if we formulate 
mapping properties in terms of Holder spaces with semi-norms defined using 
the Euclidean distance function. This is indeed the case, and we review the 
definitions of the standard parabolic Holder spaces below. Other examples 
where these principles are applied include [9] and [25] . 

To apply the same two principles in the present setting, we observe that 
^ is homogeneous with respect to the slightly different scaling, 



which indicates that derivatives with respect to t and the Xi should be 
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twice as strong as derivatives with respect to the yj. On the other hand, 
when all xj arc strictly positive, we must revert to the standard scaling 
corresponding to the interior problem. In other words, whatever function 
spaces we use must incorporate both types of homogeneity. The metric 
naturally associated to -L6,m is 

ds' = Y.-^ + Y.dyl (6-1) 

1=1 3=1 

note that this metric is homogeneous with respect to {x,y) ^ (Xx, \fXy), 
and that the associated Laplacian is simply Lb^m with 6 = (^,...,^). 

Before embarking on the many definitions below, we make two remarks. 
First, the basic definition of a Holder semi-norm with respect to a given 
metric g is 

r n — U{z')\ 

where dg is the Riemannian distance between the two points. It is very 
useful to observe that instead of taking the supremum over all distinct pairs 
z,z', it suffices to take the supremum only over pairs with z ^ z' and 
dg{z,z') < 1. This is simply because if dg{z,z') > 1, then the quotient on 
the right, evaluated at z,z', is bounded by 2sup|u|. For this reason, we 
introduce the notation 

sup = sup , (6-3) 

2^z' {z^z':d{z,z')<l} 

which will be used throughout the rest of this paper. This makes the semi- 
norm monotonely increasing, as a function of 7. For functions depending on 
both z and t, we use this same notation to denote the supremum over pairs 
{z, t) ^ {z', t') with dg{z, z') + ^J\t-t'\ < 1. 

Second, although our main focus is on generalized Kimura diffusion op- 
erators L on compact regions P, it is convenient from certain technical 
points of view to study the model operators Lb,rn on the unbounded re- 
gion X W^. In addition, there are some practical motivations for this 
since certain problems arising in biological applications actually occur on 
such unbounded orthants. We handle spatial infinity by defining appropri- 
ate Holder norms and then taking spaces which are the completions of the 
subspaces of smooth compactly supported functions with respect to these 
norms The functions obtained in this way must tend to zero at infinity along 
with an appropriate number of scaled derivatives. This requires us to check 
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that the solution operators for these heat equations preserve this property. 

We denote the spaces obtained by this closure procedure with a superscript 
dot. Thus, for example, C^{W^) denotes the closure in C^{W"') of the sub- 
space of compactly supported smooth functions; the space C°(M™) consists 
of continuous functions which tend to zero at infinity. 



6.1 Standard Holder spaces 

To be clear about notation and definitions, we briefly recall the classical 
interior Holder spaces and their parabolically scaled 'heat' analogues. All 
spaces here are subspaces of C^{W^). Here and in the remainder of the book 
7 denotes a number in the interval (0, 1). 

The space C^'^{W^) is the subspace of C°(M'") consisting of functions / 
for which the norm 



|o,7:=II/IIl-(R'") + [/]o,7 (6-4) 
is finite. Here 

r.i 1 \fiy)-f{y')\ rctK\ 

is the Holder semi-norm of order 7. Note that this is different from the 
so-called 'little Holder space' C^''^{W^), which is the closure of the space of 
smooth functions with bounded supported in this Holder norm and which 
consists of C^'^ functions such that 

lim sup \f(y)-f(y')\ =o. (6.6) 

^^0|y-y'i<5 \y-y'\^ 

Similarly, a function / G C''{W^) belongs to C*''i'(M"') if the norm 

k,j = WfWcH^m) + sup [d-f\o,j (6-7) 

|a!|=fe 



is finite. (This sup is over multi-indices cx G N™", where |q| = ai + . . . + ar, 

Now consider functions which depend on both y and t. The heat Holder 
spaces C°'T(M™ x [0, T]) are defined as the set of functions g G d°(M™ x [0, T]) 
such that 

||5llo,7 := llflloo + b]o,7 < 0°' (6-8) 

where now 

1 \9iy,t) - 9iy',t'''^ 

jup 

{y,t)^iy',t') [\y - y'\ + V\t-t'\Y' 



b]o,7 = sup — y==z. (6.9) 
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Finally, letting C'^'t (M"" x [0, T]) denote the closure of C^{W^ x [0, T]) with 
respect to the norm 

\\g\\kk-= sup \\d^t9yg\\oo, (6.10) 

'2 |Q:|+2jr'<fe 

then C^'T'CM'" x [0,r]) consists of functions g e C'''^{R"^ x [0,T]) such that 



IflU.T llf llfc,fc + sup 



2 |a|+2j=fc 



9/5^5]^^^ <oo. (6.11) 



Note that in all these cases, the Euclidean metric appears through the 
quantity \y — y'\ (which is comparable to deuciv, u')) and that the parabolic 
scaling is reflected not only in the definition of C ' 2 , but also by the quantity 
\y - y'\ + ^/\t^\. 



6.2 WF Holder spaces in one dimension 

We now turn to the definitions of the degenerate Holder spaces associated 
to the one-dimensional model operator L5. As indicated above, one guide is 
the geometry on M_|_ with the incomplete metric 

dsl,p = ^. (6.12) 

Note that the change coordinates ^ = 2^/x transforms this to the stan- 
dard Euclidean metric d^^, and that the model operator L1/2 is simply the 
Laplacian c?|. This allows us to transform all the standard Holder theory for 
functions of ^ (or and t) to obtain the corresponding spaces and estimates 
for this particular operator -Li/2- As we eventually show, these spaces and 
estimates also adapt to the other operators L^, although this requires more 
than a simple coordinate transformation to verify. 

This identification makes certain basic geometric formulae trivial to ver- 
ify. We record these here, although they will not be used until a later 
chapter. First, the distance function has the explicit expression 

p = d^jVFiXl,X2) = 2\^/x^ - y/xl\. (6.13) 

Next, the midpoint of the interval [a;i,X2] with respect to ds^p is x = 
is/xi + y^)^/. Finally, the WF-ball Bp{x) centered at the point x and 
with radius p is the interval [a, 0\ , where 




(6.14) 
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6.2.1 WF-H61der spaces on 



We now proceed to the definitions of the associated function spaces. Follow- 
ing the dictum in the beginning of this chapter, the WF Holder seminorm 
is given by 

Then C^p(M+) is the subspace of C°(M+) on which the norm 

||/||wF,7 = ||/||oo + [/]wFA7 (6.16) 

is finite. This is clearly a Banach space. We also define C^p(M+) to be the 
closure of C^(M+) with respect to the norm: 



WF,0,1 



Note that if / G C^p(M+), then 



+ WV^d^fh^- (6.17) 



lim ^d^f{x) = 0, (6.18) 
since this is true for every f ^ C^. Moreover, integration gives 

1/(2:2) - f{xi)\ < 2||/||wFAilV^ - V^l (6-19) 
and hence, for any < 7 < 1, the inclusion 

C^V(M+)cC^^p(M+) (6.20) 

is compact. 

Two simple facts will be used repeatedly below. First, if / G C'''^(M+), 
then directly from the definition, 

\f{x) - f{x')\ < 2||/||wF,^| - V^r. (6.21) 

Second, the basic inequality 

\f{x)g{x) - f{x')g{x')\ < \f{x){g{x) - g{x'))\ + \g{x'){f{x) - f{x'))\ 



implies that these Holder semi-norms satisfy a standard 'Leibniz' rule: f,g& 
C^{R+), then 

b]wF,0,7 + ll^?ll~l/lwFA7' (6.22) 
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(where || • ||oo is the norm). 

There are in fact a couple of sUghtly different ways to define WF spaces 
which capture higher regularity. The ultimate goal is to capture the precise 
gain in regularity for elliptic and parabolic problems, which leads us to the 
various definitions below. 

The first set of spaces is meant to capture the fact that if L^u = /, then 
we wish to be able to estimate u, dxU and xd'^u separately in terms of /. 
Define CY\fp(M+) as the closure of C^(M+) with respect to the norm: 

||/||WF,2 = ll/lloo + ||5./||oo + Ika^/IU, (6.23) 

and then let C^^''^(]R+) be the subspace of C^p(]R+) on which the norm 

||/||wF,0,2+7 = II/I|WF,0,7 + ||5x/||wF,0,7 + lki9;^/||wF,0,7 (6.24) 

is finite. 

As a matter of convention, we write M+ for the closed half-line [0, oo) and 
denote the open half-line by (0,oo). Clearly C^p(M+) C C'^{{0,oo))nC^(R+). 
Furthermore, analogous to (|6.6p . since C^p(M+) is the closure of C^{R+) 
with respect to (|6.23p . then for any / S C^p, 

hm xdlfix) = 0, lim (|/(x)| + |a,/(x)| + \xd^J{x)\) = 0. (6.25) 

X-5-0+ x-s-oo 

The first assertion is an important part of the characterization of the domain 
of Lh on C^. 

There is an elementary characterization of C^^'^, which also gives a 
simple proof that it is a Banach space. 

Lemma 6.2.1. Suppose that f e C'^{{0,oo)) nC'^{M.+) satisfies (jOS]) . and 
that ||/||wF,o,2+7 < oo. Then f £ C^p(M+). 

Proof. We must find a sequence {/n} in C^(M+) such that ||/n— /||wF,o,2+7 —5" 
0. However, we know that 

\xdlf{x)\ < Mx2 (6.26) 
for X < 1 and some M < oo. Letting fn{x) = f{x + 1/n), then clearly 

||/«-/||oo + ||5.(/n-/)||oo^0. 

It remains to show that 

lim ||x92(/-/„)|U =0. (6.27) 
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For any < 6 < C, the uniform convergence of these second derivatives 
on [S,C] is obvious; in fact, by the second part of (I6.25p . there is also no 
difficulty as x — t- oo. Now observe that 

\xdlfix) - xdlfn{x)\ = 

rfJ/(.)-(. + i)a|/(. + i) + (i)sJ/(. + i) 

Using (j6.26p and the fact that ||x(9^/||wF,o,7 < oo, we see that 

(\ - 
X + , (6.28) 

which implies that \\xd'^{f{x) — fn{ 2^))||oo — ^ as 71 — y oo. CH 

Corollary 6.2.1. IfO < 7 < 1, then the topological vector space C^^^ (K^) 
is a Banach space. 

Proof. If fn is a sequence in C^^'''(M+) which converges to some / in the 
C^^''^-norm, then / satisfies the hypotheses of the previous lemma. This 
shows that / is the C^^p-Iimit of a sequence of functions in C^([0,oo)) and 
hence / G C^p+^(M+) as well. □ 



6.2.2 Parabolic WF-H61der spaces on IR+ x [0,T]: 

We now introduce the parabolic (or 'heat') WF-Holder spaces C^p(M+ x 
[0,r]) and C^],+^(M+ x [0,r]). To define these, first let C^f(M+ x [0,r]) be 
the closure of Cc'^(K_|- x [0, T]) with respect to the norm 

llffllwF, 0,2,1 — Halloo + ||<9a;5f||oo + ll^tsrlloo + \\xdlg\\oo- (6.29) 
As before, if 5 G Cwf(^^+ ^ [0'^])' t^en 

5eC^(R+ X [0,T])nC2'i((0,oo) X [0,T]), 

lim xd'^g{x, t) = 0, and (6.30) 

lim Mx,t)\ + \d,g{x,t)\ + \dtg{x,t)\ + \xdlg{x,t)\] = 0, < t < T. 

a;— s>oo 

Next, define the WF seminorm of order 7 

1 \g{x,t) - g{x',t')\ 

lb]wF,o,7 = sup 



ix,t)^ix',t') {\^-V^\ + V\t-t'\p 
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this has a Leibniz formula, 

,0,7 — ll^lloo 

INwF,0,7 + II^IU l[5']wF,0,7 ' (6-31) 

and provides the constant in the estimate 

\g{x, t) - g{x', t')\ < 2||(7||wF,o,7(l\/^ - + Vlt-t'W- (6-32) 

Finahy, C^l{R+ x [0,r]) C C^{R+ x [0,r]) and C^^+'(M+ x [0,r]) C 
Cy^p(M+ X [0,T]) are the respective subspaces on which the norms 

lbllwF,0,7 = llfflloo + |[5']wF,0,7 ' 

lbllwF,0,2+7 = ||5||WF,0,7 + ||c^a:5'||wF,0,7 + ||c^t5'l|wF,0,7 + lkc^xfi'l|wF,0,7 

(6.33) 

are finite. As before, there is a characterization of elements in C^^'^(M-|- x 
[0,T]). 

Lemma 6.2.2. Suppose that g G C2'i((0,oo) x [0,r]) n Ci(M+ x [0,r]) 
satisfies (16.30j) and H^HwF, 0,2+7 < 00. Then g G C^p(M+ x [0,T]). 

Proof. The proof is essentially identical to that of Lemma 16.2.11 The hy- 
potheses imply that there is a constant M so that 

\xdlg{x,t)\ < Mx2, when x < 1. (6.34) 

This implies that g is the C^p-limit of 

gn{x,t) = g (^x + ^,t^ . (6.35) 

□ 

Corollary 6.2.2. For < -f < I, the spaces C^'p^^(R+ x [0, T]) are Banach 
spaces. 



6.2.3 Hybrid spaces: 

For A; G N, we define analogues of all the spaces above which have k full 
derivatives in the x direction. We call these hybrid since they mix ordinary 
with WF-regularity. 

-,fc,7 / 
-WF^ 

lwF,fc,7 = ll/llc'=(R+) + l|5x/llwF,o,7 < oo; (6.36) 



First let C^p(M+) be the subspace of C^(]R+) on which 
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next, C^p(M+) is the closure of C^(M+) with respect to 

||/||wF,fc,2 = ||/||c^-i(M+) + I|5^/I|WF,2; (6.37) 

in terms of this, C^p^^(M+) is the subspace of this space on which 

|wF,fc,2+7 = ||/|lc'=(IR+) + l|9x/llwF,0,2+7 < OO. (6.38) 



We could equally well substitute other spaces in place of C^p or C^^'' 
here. In particular, we can define C^'^'*^'''(M_|_) to consist of all functions / 
such that 



supP^(:e9,)7||oo+ . (6.39) 



Similarly, we can define analogous parabolic versions of these hybrid spaces. 
For example, C^liR+ x [0,r]) and C^],+^(M+ x [0,r]) are the spaces on 
which 

IIq'IIwf = IIqII I. fc + / \\dldiq\\v\rp ^ < CO 

2i+j=k 

^ .^r^ „ ^^-^"^ 
llffllWF,/c,2+7 - + 2^ l|C'tC'zffllWF,0,2+7 < OO, 

2i+j=k 

respectively. These can be proved to be Banach spaces exactly exactly as 
for the case /c = 0. 

Remark 6.2.1. In the one dimensional case, we use the formula in (jS.lip . 
and (I5.16P to deduce the higher order regularity of the solutions to the 
Cauchy and inhomogeneous problems, respectively, when the data has more 
regularity. A little thought shows that these formula involve expressions of 
the form x^d^x^^^'^f. This suggests that the higher order norms should include 
terms involving these weighted derivatives, i.e. terms like ||a;'5x^^~'^'^/||wF,o,7- 
The estimates in Lemmas 18.1.11 and lA.l.ll strongly suggest that the desired 
weighted estimates are also correct. To avoid further proliferation of an 
already very large number of cases, we have decided to omit these terms 
from our norms. 

For our applications to the analysis of generalized Kimura diffusions 
on compact manifolds with corners it suffices to assume that the data has 
support in a fixed compact set. With this assumption, the Leibniz for- 
mula leads to a bound on a term like ||x'5i'^^'''''/||wF,o,7 by a multiple of 
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WF,o,7- To generalize the results in this monograph to the case of 
P non-compact, it would be natural to modify the definitions of the higher 
norms spaces to include terms of this type. 



6.2.4 Multidimensional WF-H61der spaces 

Following this detailed presentation of these various function spaces in one 
and 1 + 1 dimensions, we can follow much the same path in defining the 
WF-Holder spaces in higher dimensions. As before, we work on the model 
space, either 

5n,m=nxM"^, or Sn,mX[0,T]. 

We denote points in these spaces by {x,y,t), where x = {xi, . . . ,Xn) and 
y = {yi, ■ ■ ■ ,ym), with ah xj > 0. 

The metric on which the WF Holder spaces are based is 

ds%,^ = Y. — + T.dyl (6-41) 

Note that this is incomplete as any Xj — >■ 0. The Riemannian distance 
function is equivalent to 

n m 

dwF{{x, y), {x', y')) = Y,\V^3- V^l + Y.\yk- yk\ ; (6-42) 

j=l k=l 

we sometimes write the right hand side as ps{x,x') + pe{y,y'). We also set 
dwF{{x,y,t), {x',y',t')) = dwF{{x,y), {x',y')) + v^|t - t'\. 
The function / G C^{Sn,m) belongs to C^p{Sn,m) if 

II .11 II .11 , 1 \f{x,y) - fix',y')\ 

/ WF,o,7 = / oo + sup — — < GO. (6.43) 

{x,y)^{x',y') [Ps{x,x')+pe{y,y')p 

The semi-norm [/]-^p o 7 is the second term on the right. 

The space C|^p(S'„_^) is the closure of C^{Sn,m) with respect to the norm: 

||/||wF,2 = ||/||oo + ||V/||oo+ sup WiV^d^rd^flU 

|a| + |/3|=2 

We are introducing here the notation 
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and dy = dyl . . . dy^ as usual. To be even more specific, we are measuring 
the L°° norms of all second derivatives 

Vxixjdl^^^f, y^dl^yj, dl^yj, i,j <n, p,q<m. 

We are also implicitly extending any of these norms to vector-valued func- 
tions (e.g. V/) in the obvious way. A function / G C^-p{Sn,m) belongs to 
^WF^^ ('S'n,m) provided 

||/||wF,0,2+7 = II/I|WF,2 + ||V/||WF,0,7 + E IK V^^-)"^£/llwF,0,7 < 

H + |/3|<2 

We prove once again the basic characterization lemma. 

Lemma 6.2.3. If f e C^Sn,m) n C2((0,oo)" x M™) has ||/||wF,o,2+7 < oo 
and satisfies 



lim JXjXkdl f{x,y) = 

orsfc— >-0+ 



and lim ^ dl.yj{x, y) = 0, 



(6.44) 



for all j,k < n, p < m, and in addition, 



lim |/(a;,y)| + |V/(a;,y)|+ Yl \iV^d^rd^f\\ = 0. (6.45) 



Then f e C^piSn 

Proof. The hypotheses imply that 



1. OL 

VxjX^\OljxJix,y)\ < ||/||wF,o,2+7 min{x/,x2} 



(6.46) 



and in addition that each scaled second derivative has a continuous exten- 
sion to a certain part of the boundary. For example, ^/xj^'^.y^f extends 
continuously to that subset of the boundary of Sn,m where {xj > 0}. 

Let 1 = (1, . . . , 1) and choose any sequence of positive numbers r/j — > 0. 
Then define 

fiix,y) = fix + Vihy)- (6.47) 
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The definition || • ||wF,o,2+7 and (j6.45p imply that 



hm 



/i||oo + ||V,,j,(/-/OI|oo+ sup ||a^(/-/i)||oo ) =0. (6.48) 

l/3|=2 / 



Hence it remains to study the terms \\{^/xdx)'^dy{f — fi)\\oo for \a\ + | 
and Q 7^ (0, . . . , 0). 

We begin with y/Xjd'^.y^{f — fi). For 6 > 0, define 

Wj^S = {{X,y) ■■ S < Xj} C Sn,m- 

From the hypotheses again, it is clear that if (5 > 0, then 



lim \\^/xJ^l if - /,)|| 



(6.49) 



so we must only show that \^/Xjd'^ .y {f — fi){x,y)\ is uniformly small when 



i is large and Xj is small. We have 



^jdly(f - fi){x,y) 



+ 



Xj \/ -^j ~l~ Vi 



y/xpPql 



\{yjxj + r]i)d^ y J{x + r]il,y 



By definition of the C^^'^^-norm again, and using (|6.46|) . this gives: 

-7 7/2,/ , \^ 



W^jda^jV^U - fi){^^y)\ < ll/l|WF,0,2+7 

Together with ()6.49p . this implies that 

lim Wy/x] dx^y^{f - fi 



0. 



(6.50) 



(6.51) 



Finally, we must consider terms of the form y/XjXk\d'^.^^{f — fi)\- Once 
again, for any 6 > 0, 



lim \\y/XjXkdl if - fi)\\cx^,Wj,snWk 
Near the boundary, we have 
iV^jXkdl.^^if - fi){x,y)\ < 



(6.52) 



I V^jXk d^^^J{x,y) - {xj + r]i){xk + rii) d^^.^Ji{x + riil,y)\ + 
\^/{xj +r]i){xk +r]i) - 



\/0c7+?/i)0cfcTr/^ 



Xj + 'ni){xk + Vi)\d^jxjii^ + Vi^,y)\, 

(6.53) 
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whence, by (j6.46p . 



iVxjX^d^^^^if - fi){x,y)\ < 



WF,0,2+7 



,7/2 



n 'r]-' mm < \Xj + ^ , \xk + 7/i 



This impHes that 



Km \\y/xjx]:dl if - /i)||oo = 0, 



and proves the lemma. 

A function / G C^(5„,m) belongs to C^p{Sn,m) if 



}]• (6.54) 



(6.55) 
□ 



WF,A;,7 



sup 



{\a\ + \f3\=k} (x,y)^ix',y') [Ps{x, x') + Pe{y, y')P 

is finite. Similarly, C^^{Sn,m) is the closure of C^~^'^{Sn,m) with respect to 
the norm 



WF,fc,2 = ||/|lc'=-i + sup \\d^d^f\\wF,2, 

{H+m=k} 



(6.57) 



and a function / G C^p(5„,m) belongs to C^p"^'^(5'„,m) if 



WF,fc,7 



Cfc + sup ||5"5^/||wF,0,2+7 < 



{|a| + |/3|=fc} 



(6.58) 



The analogue of Lemma 16.2.31 is straightforward and shows that these are 
Banach spaces. 

The parabolic Holder spaces are defined similarly. A function g G 
C°(5„,„ X [0,r]) belongs to C^l{Sn,m x [0,T]) provided 



|9||WF,0,7 =||5l|oo + 
1 

sup 



\g{x,y,t) -g{x',y',t') 



{x,y,t)j^{x',y',t') [ps{x,x') + pe{y,y') + y/\t - t'\ 



< oo. 



(6.59) 



The semi- norm [g]^^p o 7 the second term on the right. When it is impor- 
tant to emphasize the maximum time T, we use the notation [g]y^p 7 T f^'^ 
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this semi-norm. A function g G C^{Sn,m x [0,T]) belongs to c!^l{Sr, 
[0,r])if 

||5'l|wF,jt,7 = ||9'llc'= + 

^ 1 \d{dSd^g{x, y, t) - did^d^gix', y', H) 



sup k-1 . 

{|a|+|/3|+2j=fe} {^,y,t) [ps{x,x') + Pe{y,y') + ^/\t - t'\Yl 



sup 



< oo. 



(6.60) 

We now list several basic estimates and facts. First, for functions / G 
9 £ C^pC'S'n.m X [^iT]), we have 



1/(0;, y) - f{x\y')\ < 2||/||wF,o,7^WF((a;, ?/), {x' ,y')V 
\g{x,y,t)- g{x',y',t')\ < 2\\g\\wF^o^^dwF{{x,y,t),{x',y',t')) 



(6.61) 



Furthermore, there are Leibniz formulae for these semi-norms: if f,g G 
C^l{Sn,m), or f,ge C^l{Sn,m X [0,r]), then 



[/f]wF,0,7 - [/]WF,0,7 llf + b]wF,0,7 Wf^L" 



(6.62) 



Lemma 6.2.4. Let < 7' < 7 < 1 and suppose that / G C^p{Sn,m) O'f^d 
geC^l{Sn,m X [0,r]). Then 



[/]wF,0,7' - ^ l[/]wF,0,- 



1-3L 
7 



b]wF,0,7' ^ ^b]wF,0,7 ll^lloo ■ 

Proof. These follow directly from the identity 

\h{x,y,t)-h{x',y',t')\ ^ 
dwF{{x,y,t),{x',y',t')y 

\hix,y,t)-h{x',y',t')\ 



(6.63) 
(6.64) 



dwFiix,y,t), {x',y',t')Y' 



{\h{x,y,t)-h{x',y',t')\Y -r (6.65) 



where h is defined on Sn,m x [0, T], or the analogous identity for functions 
defined on Sn,m- D 

The space C^p(S'n,m x [0, T]) is the closure of Cc'^{Sn,in x [0, T]) with 
respect to the norm 

||5llwF,2,i = Iblloo + ||Va,,j,,t5lloo + sup \\iVxdx)"'d^g\\oo, (6.66) 

|«|+|/3|=2 
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and C^^^(5'„^m x [0,7"]) is the subspace on which 



||5l|wF,0,2+7 — I|5||WF,2,1 

+ ||Va,,y,tc/||wF,o,7 + sup \\iVxda;)"d^ g\\wF,0,-f < oo. ^^■^'^^ 

|a| + |/3|=2 

The basic lemma now reads: 
Lemma 6.2.5. Let g e C^{Sn,m x[0,T])nC^],{{0, oo)" xR"^ x[0,T]) satisfy 
hm ^XjXkdl g{x,y,t) = and Jx] dl g{x,y,t) = Q 



Xj-s>0+ 



for j,k < n, p < m, and 



lim 

(a;,y)— >oo 



g{x,y,t)\ + \\7x,y,tg{x,y,t)\ + sup \{y/xdxTd^g{x,y,t 

|a| + |/3|=2 

If ||fl'||wF,o,2+7 < oo; t^en g G C^^^{Sn,m X [0,T]). 

The proof is nearly identical to the one for Lemma |6.2.3| and this implies 
as before that C^^'^ {Sn,m x [0,T]) is a Banach space. 

We finally define the higher parabolic Holder spaces in the expected 

{Sn,m X [0,r]) is the closure of C^(5n,m X [0,r]) 



0. 



fe+2,-1 + 1 



way. Namely, C^p'' 



with respect to the norm 

ll£'llwF,fc+2,yfc/2+i = llfflLfcfc + sup ^ \\d^d^&lg\\wF,2,i- (6.68) 



|a| + |^|+2i=fc 



We define C^p+^(5'„,m x [0,r]) to be the subspace of C^/'2"^'(5„,m x [0,T]) 
on which 



|9l|wF,fc,2+7 = llsll^fe,! + sup 



|a| + |/3|+2j=fc 



d^d^dig 



WF,0,2+7 



< DO. 



As before, if the upper limit T, for the time variable, is important we some- 
times denote these norms by ||5'||wF,fc,7,T5 and | l^l |wF,fc,2+7,T5 respectively. 

These various spaces satisfy some obvious inclusions: k' > k, or k' = k 
and 1 > 7' > 7 > 0, then 



•^WF Wn.mj >-WF W'^i'Ti/' ^WF \'~'n,mj ^ '-'WF V^n 



-ik,-y 



fc',2+7'/ 



--^,2+7/ 



and 



C-\YF {^n,m X [0, T]) C Cy^{Sn,m X [0, T]) 



^WF iSn,m X [0,T]) C C-yy-p ^ {Sn,m X [0,T]) 



^=,2+7/ 



(6.69) 



(6.70) 
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Proposition 6.2.1. If k' < k or k' = k and 7' < 7, then the restrictions 
of the inclusions in (16.691) and (I6.70p to subspaces of functions which are 
supported in a ball of finite radius in Sn,m or Sn,m x [0,7"] are compact. 

Proof. These facts can all be deduced in a fairly straightforward manner 
from the Arzela-Ascoli theorem. We illustrate this by considering the inclu- 
sion 

{u G C^tiSn,m) : n = for \{x,y)\ > R} ^ C^l{Sn,m). 

If {uj} is a sequence in the space on the left with uniformly bounded norm, 
then by (|6.61|) . this sequence is uniformly bounded and equicontinuous, 
hence some subsequence converges in to a limit function u. Now ap- 
ply (|6.63|) to see that this subsequence is Cauchy in C^p . □ 

As described in remark [6. 2. II in the 1-dimensional case, the higher order 
estimates in the general case are deduced by using formulae ()5.27p and ()5.36p . 
Again this suggests that the higher order norms should include weighted 
derivatives. As noted above, for our applications to Kimura operators on 
compact manifolds with corners we only need these results for data with 
fixed bounded support. To somewhat shorten this already long text, we 
have omitted these terms from the definitions of the higher order norms. 
Using the Leibniz formula we easily deduce the following estimates: 

Proposition 6.2.2. Fix an R > 0, a k G N, a non-negative vector < b, 
and a < 7 < 1. There is a constant Cr so that 

1. If f G C^-p{Sn,m) has support in the set {{x]y) : \\x\\ < R}, then if 
2q + \a\ + < k, we have the estimate 

\Kmd"d^f\\wF,o,^ < Cfi||/||wF,fc,r (6.71) 

2. If f G C!^^'' {Sn,m) has support in the set {{x;y) : \\x\\ < R}, then if 
2q + \a\ + |/3| < k, we have the estimate 

\Kn.9^d^f\\wF,0,2+^ < C,j||/||wF,fc,2+r (6.72) 

3. If g G C^p(S„^rrt X [0,r]) has support in the set {{x;y,t) : \\x\\ < R}, 
then if 2p + 2q + \a\ + \P\ < k, we have the estimate 

ll^^b,m^°^yf I|WF,0,7,T < C'H||c/||wF,fc,7,T. (6.73) 

4- If g G C!^^'' {Sn,m'x [0,7"]) has support in the set {{x;y,t) : \\x\\ < R}, 
then if 2p + 2q + \a\ + < k, we have the estimate 

ll^f^6,m^"^y5l|wF,0,2+7,T < CR\\g\\wF,k,2+-,,T- (6.74) 



Chapter 7 



Holder estimates for the 
1-dimensional model problem 

In this and the fohowing three chapters we estabhsh Holder estimates for 
the solutions of the model problems, i.e. w such that 

(dt - Lb,m)w = g with w{p,0) = f{p), (7.1) 

where / and g belong to the anisotropic Holder spaces introduced in Chap- 
ter [H It may appear that we are taking a circuitous path, by first considering 
the 1-dimensional case, then pure corner models, , followed by Euclidean 
models (M™,) before finally treating the general case, M" x M™. In fact, all 
cases need to be treated, and in the end nothing is really wasted. We give 
a detailed treatment of the 1-dimensional case, both because it establishes 
a pattern that will be followed in the subsequent cases, and because all of 
the higher dimensional estimates are reduced to estimates on heat kernels 
for the 1-dimensional model problems. 

The derivation of parabolic Schauder estimates is now an old subject, 
and there are many possible approaches to follow. Our proof of these es- 
timates for the model operator dt — Lb is elementary. It uses the explicit 
formula for the heat kernel, (|1.29p . along with standard tools of analysis, like 
Taylor's formula and Laplace's method. The paper [9] considers a similar 
degenerate diffusion operator in 2 + 1-dimensions, and contains proofs of 
parabolic Schauder estimates for that problem. We present different argu- 
ments to derive the analogous estimates here. This allows us to handle the 
case 6 = 0, which is somewhat different than the situation in [9]. 

It is straightforward from the definitions that for any k € Nq and < 
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7 < 1, 

dt-Lh:{uG C^l^^{R+ X [0, T]) : u{x, 0) = 0} ^ C^l{^+ x [0, T]). 

Our goal is to prove the converse, and of course also to study the regularity 
effects of nontrivial initial data. We shall prove the following two results: 

Proposition 7.0.3. Fix k G No, 7 G (0, 1), < i? and b>0. Suppose that 
f E C^p(M+), and let v be the unique solution to ()5.2p . with g = 0. If k > 0, 
then also assume that f has support in [0,R]. Then v G C^p(M+ x [0, T]) 
for any T > and there a constant Ck^-^^b^R so that 

lbl|wF,fc,7 < C'fc,7,f),/?||/||wF,fc,7- (7.2) 

// < 7' < 7, then 

lim \\v{-,t) - /||wF,fc,7' = 0. (7.3) 

///eC^'p+^(M+), then 

lbl|wF,fc,2+7 < C'fc,^,f,,/j||/||wF,fc,2+7- (7.4) 

The constants Ck,^,b,R '^"e uniformly hounded on any finite interval < 6 < 
B. IfO <-/' < 7, 'then 

lim \\v{-,t) - /||wF,fc,2+7' = 0. (7.5) 

t— >-0+ 

If k = 0, then the constants in these estimates do not depend on R. 

Proposition 7.0.4. Fix A: G No, 7 G (0,1), < R, and b > 0. Let u 

be the unique solution to dS^]), with f = and g e Qf(M+ x [0,r]). 
If k > we assume that g{x,t) is supported in {{x,t) : x < R}. Then 
u G C^p^'*^(M+ X [0,r]) and there is a constant Ck,'yfi,R so that 

lhllwF,A;,2+7,T < Ck,-y,b,R{^ + ll^ll WF,fe,7,T- (7.6) 

The constants Ck,-f,b,R o,re uniformly bounded for < b < B. For any < 
7' < 7, the solution u{-,t) tends to zero in C^p+^ (R+). Ifk = 0, then the 
constant is independent of R. 

The assertions about the behavior of solutions as t — t- 0^ follow easily 
from Proposition 16 . 70| the following lemma, and the obvious facts that v{-,t) 
tends to / and u{-,t) tends to zero in C'^(M+). 
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Lemma 7.0.6. Let X2 C Xi C Xq be Banach spaces with the first inclusion 
precompact, and the second bounded. If for some M, the family v{t) G X2 
satisfies: 

sup ||u(t)||x2 < M and lim ||u(t)||xo =0, (7.7) 
te[o,i] *^o+ 

then 

lim \\v{t)\\x, =0. (7.8) 

t->o+ 

Proof. If limj_j.o+ / 0, then, by compactness, we can choose a se- 

quence < tn >, tending to zero so that < v{tn) > converges, in Xi, to 
V* 7^ 0. The boundedness of the inclusion Xi C Xq, implies that < v{tn) > 
must also converge, in Xq, to v* , but then v* must equal 0. □ 

Our final results concern the resolvent operator defined, for fx G (0, 00), 

by 

1 
e 

i?(//)/= lim [ e-f'%(x,t)dt. (7.9) 

€ 

As noted in Proposition 15.3.21 R{n)f extends to define an analytic function 
for /Li G C \ (—00, 0]. Our final proposition gives a more refined statement of 
the mapping properties of -R(/u) for the 1-dimensional model problem: 

Proposition 7.0.5. The resolvent operator R{ijl) is analytic in the com- 
plement of (—00,0], and is given by the integral in (|5.48p provided that 
Re(^e*^) > 0. For a G (0,7r], there are constants Cb,a so that if 

a — IT < arg /j, < n — a, (7-10) 

then for f G C^(M+) we have: 

\\R{f^)f\\L- < ^Wfh-; (7.11) 
1^1 



with Cfj^TT = 1- Moreover, for < 7 < 1, there is a constant Ch,a,-f so that if 
/GC^i^(M+), i/ien 

||ii(/^)/||wF,Oa<^ll/llwF,o,7- (7.12) 

If for a A: G No, and < 7 < 1, / e C'^l{^+). then R{f,)f G C^'p+^(M+), 
and, we have 

{fi-Lh)R{fi)f = f. (7.13) 
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///eQ^F^(M+), then 

R{fi){fi-Lb)f = f. (7.14) 
There are constants Cf)^k,a so that, for fi satisfying (|7.10p . we have 

IIW/II 

For any B > 0, these constants are uniformly bounded for < b < B. 

Remark 7.0.2. Unlike the results for the heat equations, the higher order 
estimates for the resolvent do not require an assumption about the support 
of the data. This is because the estimates for this operator only involve 
spatial derivatives; it is the time derivatives that lead to the x-^ -weights. 



1 + 



WF,fc,7- 



(7.15) 



7.1 Kernel Estimates for Degenerate Model Prob- 
lems 

The proofs of the estimates in one and higher dimensions rely upon estimates 
for the kernel functions k^{x,y) and their derivatives. These kernels are 
analytic in the right half plane Ret > 0, and many of these estimates are 
stated and proved for this analytic continuation. Since we often need to refer 
to these results, we first list these estimates as a series of lemmas. Most of 
the proofs are given in Appendix IM 

Throughout this book we let C, Cb or Cb,* where * are other parameters 
denote positive constants that are uniformly bounded for < b < B, and a 
fixed value of 7. We often make use of the following elementary inequalities. 

Lemma 7.1.1. For each k G N, and < 7 < 1, there is a constant C^^-y 
such that for non-negative numbers {ai, . . . , a^} we have 



(7.16) 



Proof. As everything is homogeneous of degree 7 it suffices to consider non- 
negative /c-tuples, (ai, . . . jOfc), with 



for which the statement is obvious. 



(7.17) 
□ 
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Lemma 7.1.2. For < 7 < 1, there is a constant so that, if x and y 
are non-negative, then 

|3;7 _ y7| < fji^\^x — yP. (7-18) 

Proof. We can assume that x > y, and therefore the inequahty is equivalent 
to the assertion that, for 1 < x, we have 

\x'^ - 1\ < m^\x - . (7.19) 

The existence of follows easily from the observation that 

a;T-l = 7(x-l) + 0((x-l)2). (7.20) 

□ 

The remaining lemmas are divided according to the order of the deriva- 
tive being estimated. Proofs are given in Appendix |Al The reader can skip 
the rest of this subsection and refer to it later, as needed. Recall that, for 
0<b, 

bf„ \ y''~^ (^+«) , fxy 



kt{x,y) = ^e-—i^,[f), (7.21) 
where 

This heat kernel is a smooth function in [0, oo)a; x (0,oo)y x (0, oo)t, which 
has an analytic extension in the t variable to the right half plane Sq, where 
the sectors 5^ are defined in (I5.44p . The asymptotic expansion (I5.43P is 
valid in any sector Sa,, with cj) > 0. 



Recall that as 6 — )• 0"'", the kernels converge, in the sense of distributions. 



7.1.1 Basic Kernel Estimates 
to 

k'^{x,y) = A:,^'"(x,2/) + e-t5o(y), (7.23) 
where 

'ir(-.!/)=(^)=-^'/'.(f), (7.24) 

is the solution operator for the equation dfV = xd'^v with u(0, t) = 0. As 
we will see, the solutions to the equations dtu — Li,u = g, and their higher 
dimensional analogues satisfy Holder estimates with constants uniformly 
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bounded as 6 — > O"*". The kernel estimates are therefore proved for < b, 
and the properties of solutions to the PDE with 6 = are obtained by taking 
hmits of solutions. 

A trivial but crucial fact is the following: 

Lemma 7.1.3. For t & Sq and b > we have: 



oo 




k'tix,y)dy = l. (7.25) 



There is a constant C<^ so that, for t E 



oo 



\ktix,y)\dy<C^. (7.26) 



Proof. The integral is absolutely convergent for any t € 5o, and clearly 
defines an analytic function of t. For t G (0, oo), the integral equals 1, which 
proves the first assertion of the lemma. For the second, suppose that t = 
re'^, and change variables, setting w = y/r and A = x/r, to obtain: 

oo oo 

j \kl{x,y)\dy = j u;^- ^^(-+^)|V';,(^Ae-2^^)|^. (7.27) 



We split the integral into the part from to 1/A and the rest. In the compact 
part we use the estimate 

|V6(^«Ae-2^^)| < ^ c',|^i;A|) . (7.28) 

Inserting this into the integral from to 1/A, it is clear that this term is uni- 
formly bounded. In the non-compact part we use the asymptotic expansion 
for il)b to see that this term is bounded by 

oo ^ ^ 



i_ 

This integral is ©(e-^^o^^/P^)) as A ^ 0. As A ^ oo, we let z = ^Jw — -v^A, 
to obtain that 

°° b-- 

I+ = Cb I + (7.30) 
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It is elementary to see that this integral is bounded by a constant depending 
only on 9. □ 

Remark 7.1.1. The proofs of the remaining estimates are in Appendix [Al 

Lemma 7.1.4. For 6 > 0, < 7 < 1, and < < |, there are constants 
Cb^(f> uniformly bounded with b, so that for t £ S(f) 

00 



\kt{x,y) - et{Q,y)\y2dy < C.^x^. (7.31) 

Lemma 7.1.5. For b > there is a constant Cb^^f, so that for t £ 

00 

j \k\{x,y)-k',{^,y)\dy < (7.32) 


For < c < 1 there is a constant Ch,c,4> so that, if cx2 < xi < X2, and 
t £ Ss, then 



00 

kt{x2,y) - k\{xi,y)\dy < Cb,c,<p 



1 I VX'2-Vx'i 



(7.33) 



Lemma 7.1.6. For 6>0, 0<7<1 and t G S^f,, < (p < ^, there is a Cb^cp 
so that 

00 

" \k'l{x,y)\\V^ - ^rdy < Cb,^\t\"2. (7.34) 

For fixed < (p, andB, these constants are uniformly bounded for <b < B. 

For several estimates we need to split into a collection of subintervals. 
We let J = [a,/3], where 

V^ = max| '^-^ ,o} andv/^= '^-^ . (7.35) 

Lemma 7.1.7. We assume that xi/x2 > 1/9 and J = [a,P], as defined 
in ()7.35p . For 6>0, 0<7<1 and < < ^, there is a Cb,(j, so that if 
t £ S(p, then 

/ \ktix2,y) - k^{xi,y)\\^ - ./xll'^dy < Cb,^\^/x^ - ^/x^\^ (7.36) 
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Lemma 7.1.8. For fe>0, 0<7<1 and c < 1 there is a Cb such that if 
c < s/t < 1, then 

oo 

J \k1{x,y)-k',{x,y) 



We also have the simpler result, which holds without restriction on s < t, 
and when 7 = 0. 

Lemma 7.1.9. For b > there is a Ch such that if s < t, then 

oo 

J \k1{x,y)-k',ix,y) 





V^-Vy\^dy<Cb\t-s\^. (7.37) 



7.1.2 First Derivative Estimates 

The following lemma is central to many of the results in this paper. 

Lemma 7.1.10. For 6 > 0, < 7 < 1, and < cj) < ^, there is a C^^^ so 
that for t £ we have 

°° 1^-1 

/ \d^k'l{x,y)\\^-V^\^dy<Cb,^^^l^, (7.39) 

J 1 + A2 



where A = x/\t\. 

The case 7 = is Lemma 8.1 in |12] . 



Lemma 7.1.11. For 6>0, 0<7<1, O<0<|, and < c < 1, there is 
a constant Cb,c,<f> so that for CX2 < xi < X2, t £ S^, 

00 

J \y/x^d^kt{xi,y) - y/x^dxk\{x2,y)\\y/x{ - dy < 



\^/3^-y/xi\ 



Cb,c,4>\t\— \ (7.40) 



1 I / Iv^-y^l 
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Lemma 7.1.12. For 6 > 0, < 7 < 1, there is a constant C}, so that for 
t\ <t2 < 2ti, we have: 



ti 00 



/ / \d,k\^_t^+,{x,y)-d:,kl{x,y)\\^-^\idyds <C^\t2-ti\^ . (7.41) 



t2-tl 

This result follows from the more basic: 



Lemma 7.1.13. For 6 > 0, < 7 < 1, and < ti < t2 < 2ti, we have for 
s e [t2 — ti,ti] that there is a constant C so that 



00 

I \d,kl_^^^,{x,y)-d,kl{x,y)\\V^-^\^dy < C-— 
J 12 — 



(i2-ii + s)(l + Va;/s) 
(7.42) 

7.1.3 Second Derivative Estimates 

Lemma 7.1.14. For 6 > 0, < 7 < 1, and < < ^, there is a Cb^tp so 
that for t = \t\e'^ with \e\ < ^ - ^, 

1*1 00 



J J \x^lkl^ie{x,y)\\^/y - s/x^dyds < Cb^^x2 and 



1*1 00 

1 1 \xdlkl,e{x,y)M - V^l^dyds < Cb,^\t\-^. 





This follows from the more basic result: 

Lemma 7.1.15. For 6>0, 0<7<1, 0<^<f, there is a Cb,(f, so that if 
t E Sfj), then 

J \xdMix,y)\\V^ - Vyrdy < ^,0^^' (7-44) 


where A = x/\t\. 

Lemma 7.1.16. For 6>0, 0<7<1, 0<(/)<|, and < X2/S < xi < X2, 
there is a constant C^^^p so that, for t E S^, we have 

1*1 

j I {dyy - b)klie {X2, a) - {dyy - b)kl^,e {x2, P)\ds < C^,^, (7.45) 
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where a and f3 are defined in (|7.35p . 

Lemma 7.1.17. For 6 > 0, < 7 < 1, (/> < f , and < X2/3 < xi < X2, 
if J = with the endpoints given by (j7.35p . there is a constant C[,^^ so 

that if 1^1 < ^ — </>, then 

(7.46) 

1*1/3 ^ ^ 



h = j j \Lbk^^^o{xl,y)\\y/y - ^/¥[\^dyds <Cb^^\^/x^- 

a 

Lemma 7.1.18. For & >0, 0<7<1, 0<(/)<|, and < 2:2/3 < xi < X2, 
if J = [a, /3], with the endpoints given by ()7.35p . t/iere is a constant Ch,^ so 
that if 1^1 < ^ — (/>, then 

1*1 

\Lbk''^^,e{x2,y) - Lbk'l^,g{xi,y)\\^ - ^/x^\'^dyds < Cb,(j,\^/x^ - ^/x^^ ■ 

(7.47) 



j'= 



Lemma 7.1.19. For 6 > 0, < 7 < 1, and ti < t2 < 2ti there is a constant 
Cf) so that 



ti 00 



I j \Lbk\^^^^^^{x,y)-Lbkl{x,y)\\^-^\^dyds <Cb\t2-ti\^. (7.48) 

t2~ti 

This lemma follows from the more basic result: 

Lemma 7.1.20. For 6 > 0, < 7 < 1, and ti < t2 < 2ti and s > t2 - ti, 

there is a constant so that 

\Lbkl-t,+s{^,y) - Lbk',{x,y)\\V^ - ^\^dy < Cb{t2 - ti)si~\ (7.49) 
7.1.4 Large t behavior 

To study the resolvent kernel of Lf,, which is formally given by 

00 

- Lb)-^ = j e-^'^e^^'dt, (7.50) 
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and the off-diagonal behavior of the heat kernel in many variables, it is useful 
to have estimates for 

oo oo 

J \dik',{x,y)\dx, and J \xidik1ix,y)\dy (7.51) 



valid for < t. In the previous section we gave such results, but these were 
intended to study the behavior of these kernels as i -> 0"*" , and assumed the 
Holder continuity of the data. To study the resolvent we also need estimates 
as t — > oo, valid for bounded, continuous data. 

Lemma 7.1.21. For 0<b<B,0<(j)<^, and j G N there is a constant 
Cj,B,4> so that iftE S^, then 

oo 

j \dik\{x,y)\dy<^^, (7.52) 



and 

oo 

/ \xidikl{x,y)\dy<^ (7.53) 

J \t\ 2 

' ' 

7.1.5 The structure of the proofs of the lemmas 

We close this subsection by considering the structure of the proofs of these 
estimates. Recall that 

fc.'(x,ri = i(f)'e-^^.(f). (7.54) 

In most of the estimates that follow we set w = y/\t\, A = x/\t\, and eg = 
e~*^; in these variables 

k^ix, y)dy = {eewf-^e-^'"+^'^'^^l^i,{w\e2e)dw. (7.55) 

Using Taylor's theorem when w\ < 1, and the asymptotic expansions for 
the functions, ipb^i^'b when wX > 1, we repeatedly reduce our considerations 
to the estimation of a small collection of types of integrals. Most of these are 
integrals that extend from to 1/A, or from 1/A to oo. We need to consider 
what happens as A itself varies from to oo. The following results are used 
repeatedly in the proofs of the foregoing lemmas. 
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Lemma 7.1.22. For 7 > 0, < (/> < |, there are constants Ci,^,j),C'i^ ^ 
uniformly bounded for < b < B, so that for < A < 00, |^| < ^ — </>, we 
have 



^h±xi-b as 00 







w'-'e-^°^''nV^-Vxrdw<{ c' ----^ (756) 



Proof. The proofs of this estimate foUows easily from the change of variables 
w = Act. □ 

Lemma 7.1.23. For 7>0, 0<(/)< ^, and € M, There are constants 
Cu,'y,<t) 0-nd Oi^^-y, uniformly bounded for |z^| < B, so that for < A < 00, 
1^1 < ^ — (p, we have 



00 

J Vw 
1 

X 



(7.57) 



iCu,'y,(t,X°''"'''e A as A 0+ 
Cu,'y,(f>X^ as A —> 00. 

Proof. Setting z = — 1, the integral in (j7.57p becomes: 

1=^^ / {1 + zye-''°''^^'^\z\^dz. (7.58) 

The estimate as A — )• follows easily from this and Lemma |7.1.24| proved 
below. To prove the result as A — ?■ 00, we need to spht the integral into 
the part from ;^ — 1 to — |, and the rest. A simple application of Laplace's 
method shows that the unbounded part is estimated by Cy^^^^X'^ . We can 
estimate the compact part by 

-j{i+zr = 

(7.59) 




In all cases this quantity is bounded by Cy^^y^^e ™^ s , completing the proof 
of the Lemma. □ 
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The following lemma is used to prove these estimates: 
Lemma 7.1.24. Let fi eM. and a> 0, we define 



G^{X,a) = J e-^^'^'^dz. (7.60) 



There are constants so that 



G^(A, a) < C^j^ for a^/X > -. (7.61) 

For iJ, > —1, 



Gm(A, a) < for aVx<^, (7.62) 

A 2 ^ 



if fJ, = —1, then 



G^(A,a) < C_i|log(a\/A)| foraVX<^, (7.63) 



if fJ, < —1, then 



Gm(A, a) < C^a'+^ for aVX < ^, (7.64) 



Proof. The proofs are elementary. A simple change of variables shows that 

G^i\,a) = ^G^il,aVx). (7.65) 

A 2 

The second estimate is immediate from this formula and the fact that 
G^(1,0) is finite, for > —1. To prove the first relation we integrate by 
parts to obtain that: 



oo oo 



w w 

This easily implies that 

oo „ 

/ e-' dz < , (7.67) 

} w 

w 

which implies the first estimate. The final two estimates follow from the fact 
that G^(l, oa/A) diverges as ay/X ^ at a rate determined by /x < — 1. □ 
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7.2 Holder Estimates for the 1-dimensional Model 
Problems 

With these rather extensive prehminaries out of the way, we now give the 
proofs for the Holder estimates on solutions stated above. 



Proof of Proposition 1 7. 0. 3| . We first assume that 6 > 0, and begin with (j7.2 



for the case A; = 0. Using Proposition 16.2.11 Lemma I5.1.H the 6 = case 
follows from the 6 > case. To prove the higher order estimates we need 
to assume that the data has support in [0,-R], then these results follow 
easily from the k = case by using Propositions 16.2.11 and 16.2.21 From the 
maximum principle it is immediate that the sup-norm of v is bounded by 
||/||wF,o,7- In light of Lemma [7.1.11 it suffices to separately prove that 

\v{x,t) - v{y,t)\ < C\\f WwFfialVx - ^/yp and 

j_ (7.68) 

\v{x, t) - v{x, s)\ < C||/||wF,0,7l* - s\2. 

We start the spatial estimate, by estimating \v{x,t) — v{0,t)\. Because 
for every x, and t > 0, (j7.25p holds, we use the formula for k'l, to deduce 
that: 



v{x, t) - v{0, t) = J [k1{x, y) - k',{0, y)\ {f{y) - f{0))dy (7.69) 



The basic estimate ()6.2ip shows that 

oo 

|t;(x,t)-t;(0,t)| =2||/||wF,o,7/ \k't{x,y) - kt{0,y)\y^ dy; (7.70) 



we apply Lemma 17.1.41 to see that: 

\v{x, t) - v{0, t)\ < Ctx2 ||/||wF,o,7' (7-71) 

for all t > 0, and that, for any B, the {Cf,} are uniformly bounded for 
0<b<B. 

This is a very useful estimate, for observe that if M > 1, then 

"'f ]\/f — 1 1 T 'y ^ 

y2 < ——x2 =^ x2 < M{x2 - y2). (7.72) 
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Thus (j7.7ip implies that if y2 < M—lxl^ then there is a constant C^^ so 
that V satisfies 

\v{x,t)-v{y,t)\ < \v{x,t)-v{0,t)\ + \v{0,t)-v{y,t)\ 

< 2C6||/||wF,o,7^^ (7-73) 

< c'T,,fe||/||wF,o,7(^^ - y^) 

Applying Lemma 17.1.21 we see that (I7.73P implies that 

\v{x,t)-viy,t)\ <C^4f\\wF,0n\V^-Vy\^- (7.74) 

To complete the spatial part of the estimate we just need to show 
that (I7.74P holds, as A — )• oo, for pairs {x,y) so that 

c < - < 1, (7.75) 

X 

with c a positive number less than 1. To that end we introduce a device, 
familiar from the Euclidean case that will allow us to obtain the needed 
estimate. For points < xi < X2 we define J = [a, (3] where a and /3 are 
defined by 

V^ = max| '^-^ ,o} andv^= '^-^ . (7.76) 

As noted above, this is the WF-ball centered on the WF- midpoint of X2], 
with radius equal to dy/F{xi,X2). 

Using the fact that kf{x,y) has y-integral 1, we easily deduce that 

V{x2,t) - V{xi,t) = (/(X2) - f{xi)) + 

k1{x2,y)ifiy)-fix2))dy- [ k\{x^,y){f{y)-f{x^))dy+ 



J J 



J" 



K{x2.y){f{x,) - f{x2))dy + / {k1{x2,y) - k1{x^,y)){f{y) - f{xi))dy 

(7.77) 



It is a simple matter to see that the first four terms are estimated by 

C\\f\\wF,o^\V^-V^\\ (7.78) 

leaving just the second integral over J'^. Terms of this type are estimated, 
for c > 1/9, in Lemma [7. 1.71 Thus for / G CwF,o,7(I^+) Lemma [7.1.71 shows 
that there is a constant C independent of 6 < i? so that v satisfies (|7.74p . 
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We now turn to the time estimate. We begin by estimating \v{x,t) 
v{x,0)\. Arguing as above we see that we have the estimate: 



\v{x, t) — v{x, 0)1 



k1{x,y){f{y)-f{x))dy 



(7.79) 



< 2 



WF,( 



0,7 / kt{x,y)\^/x - ^\^dy 



Integrals of this type are estimated in Lemma 17.1.61 which shows that 

\v{x, t) - v{x, 0)1 < Cti ||/||wF,o,7- (7-80) 



Using the estimate in ([7772]) . we see that for M > 1, if Ms 2 < (M - l)ti, 
then (I7.80p imphes that 



\vix,t)-vix,s)\ < 2MC||/||wF,o,7l^^ -s^l- 
Using Lemma l7. 1.21 this estimate gives 

7 

\v{x,t) - V{x,s)\ < C^,b||/||wF,0,7l* - •^l^' 



(7.81) 



(7.82) 



for a constant C^^^ uniformly bounded for b < B. This leaves only the case 
of c < s/t < 1, for a c < 1. 

To complete the last case, we write 



vix,t)-vix,s)\< / kt{x,y)-k',{x,y) \ f (y) - f ix)\dy 



< 2 



WF,0,7 



k\{x,y) -kl{x,y) \^/x-^\^dy. 



(7.83) 



This case follows from Lemma 17.1.81 Using this lemma we easily complete 
the proof of the Proposition 17.0.3] for the case A: = 0. The assertion that v G 
C^P (M+ X M_(_) follows easily from these estimates. Notice that Lemma [7. 1.151 
applies to show that even if / is only in C^p(M+) then 



lim xd'^v{x, t) = for any t > 0. 



(7.84) 
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To show that 



Hm v{x,t) = for any t > 0, (7.85) 

a;— ^-oo 



we fix an i? >> and write 

R 

R 



n oo 

{x,t) = J k\{x,y)f{y)dy + J k\{x,y)f{y)dy. (7.86) 



Proposition 15.2.41 shows that for any fixed R the first term tends uniformly 
to zero as — )• oo. As / € C^p(M+) it follows that lim^^-^oo f{x) = 0. Hence 
given e > we can choose Rq so that \f{x)\ < e for x > i?o- For this choice 
of Rq, the second integral is at most e, for all x, and the first tends to zero 
as X — )• oo. Thus 

limsup |t;(a;, t)| < e, (7.87) 

X— >oo 

which proves (|7.85p . 

The estimates for the (2 + 7)-spaces follow easily from what we have just 
proved and Lemma [5.1.1[ This shows that if / € C™([0, oo)), and 2j+k < m, 
then 

oo 



did'M^,t) = J k\+\x,y)Li^,dlf{y)dy. (7.88) 



In particular, the relations 

oo 

d,v{x,t)= [ k\'^^{x,y)dyf{y)dy, 

(7.89) 





oo 

,6 



dtv{x,t)= I kt{x,y)Lf,f{y)dy and 







xd,v{x, t) = {dt - bda;)v, 

and the 7-case, show that ||w||wF,o,2+7 is bounded by ||/||wF,o,2+7- Using 
these identities along with (j7.84p and (|7.85p allows us to conclude that 

lim [\v{x,t)\ + \d,v{x,t)\ +xdlv{x,t)\] = 0. (7.90) 

We can therefore apply Lemma [6.2.21 to see that v G C^^'^(M+ x M+). 

For the k > cases, we need to assume that / is supported in [0,i?]. 
Now, using (j7.88p and Proposition 16.2.21 we easily derive (|7.2p , and (j7.4p for 
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any /c € N, and can again conclude that v G C^p'^'^(M-|- x M+), provided that 
/ G C^'f^^(M+), and supp/ C [0,R]. 

Finally we consider what happens as 6 — )• 0"*". We begin with the k = 
case; Proposition 7.8 in [T2] shows that the solutions to the Cauchy problem 
for b > converge uniformly to the solution with 6 = in sets of the form 

X [0,T]. If v^{x,t) denotes these solutions, then we have established the 
existence of constants Cy so that forO<6<l,X7^y and t ^ s, the 
following estimates hold: 

\v\x, t) - v\y, s)\ < C^||/||wF,o,7[l\^ - Vy\^ + \t-s\h (7.91) 

As the constants C-y are independent of b, we can let b tend to zero, and 
apply Proposition 7.8 of [12] to conclude that this estimate continues to hold 
for 5 = 0. Using ()7.88p as above we can extend all the remaining estimates 
for the C^p-spaces to the 5 = case as well. 

To treat the C^p'^'^-spaces, we use Proposition 16.2.1] If / G C^p^'^(M+), 
then the solutions to (j5.2p . with g = 0, v^{x, 0) = f{x) and < 6 < 1, are 
a bounded family in C^^'^{M.^ x M-|_). Thus for any < 7' < 7 there is a 

subsequence < v^" > with 6„ — )• 0, which converges to v* £ C^^p^"' (I^+xI^+)- 
Evidently v* satisfies 

{dt - Lo)v* = with v*{x,0) = fix). (7.92) 

The uniqueness theorem implies that v* = , and therefore the family 
< > converges in C^^"' (^+ ^ ^+) . Since each element oi {v^ : < 
5 < 1} satisfies the estimates in (|7.4|) . with uniformly bounded constants, 
we conclude that G C^^"'{M.j^ x M+), and also satisfies the estimate 
in (Hai). □ 

We now turn to the proof of Proposition I7.0.4[ Many parts of the fore- 
going argument can be recycled: 



Proof of Proposition 7.0.4\ We begin by studying the operator: 



t 00 



K^g{x) = l I kl,{x,y)g{y,s)dyds, (7.93) 




assuming that g G C^p(M+ x [0, T]). We want to show that 
: C^^p(M+ X [o,r]) ^ C^^p+^(M+ X [o,r]) 
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is bounded. This entails differentiating under the integral defining K^g, 
which is somewhat subtle near to s = t. If (7 G C°°, then we can apply 
Corollary 7.6 of [12] to conclude that 

t—e 00 

dld'^Liu{x,t) = \im^d{d^Li [ [ kl,{x,y)g{y,s)dyds, (7.94) 







In the arguments that follow we show that if g is sufficiently smooth, then 
the derivatives, &[ d^L\u, exist and can be defined by this limit. Once cancel- 
lations are taken into account, the limits are, in fact, absolutely convergent. 
Provided that g is sufficiently smooth, we may use Lemma 15.1.21 to bring 
derivatives past the kernel onto g. 

Of special import is the case g G C^p(M+ x [0, T]). For < e < t, we let: 

t—e 00 

Ue{x,t) = j j k\^s{x,y)g{y,s)dyds (7.95) 


It follows easily that converges uniformly to u in x [0, T]. Using the 
standard estimate on the difference 

\9{x,t) - g{y,t)\ < |bllwF,o,7,r|\/^- y/vV (7-96) 
and the facts that 

t—e 00 



dxU^{x,t) = / dxk^_^{x,y)[g{y,s) - g{x,s)]dyds 





t—e 00 



(7.97) 



xdlue{x,t) = J J xdlk\_^{x,y)[g{y,s) - g{x, s)]dyds, 




we can apply Lemmas (|7.1.10p and (j7.1.15p to establish the uniform con- 
vergence of dxUf and xd^u^ on M+ x [0,T]. This establishes the continuous 
differentiability of n in x on [0, 00) x [0,T], and the twice continuous differ- 
entiability of li in X on (0, 00) x [0, T]. We can differentiate in t to obtain 
that 



00 

dtUe{x,t) = I dxkl{x,y)g{y,t - e) + [xdl + hdx\ue{x,t). (7.98) 
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t oo 

52, 



The right hand side converges uniformly to g{x,t) + [xd'^ + bdx)u{x,t), 
thereby estabhshing the continuous differentiabihty of u in t and the fact 
that 

[dt - {xdl + hd^)]u = g for (x, t) eR+x [0, T]. (7.99) 

This argument, or a variant thereof, is used repeatedly to estabhsh the 
differentiabihty of u, the formulae for its derivatives: 

t oo 

(7.100) 

xd'^u{x,t) = J J xd'^kt_s{x,y)[g{y,s) - g{x, s)]dyds, 



along with the fact that, for g E C^p(M+ x [0,T]), these are absolutely 
convergent integrals. 

We let u{x,t) = K^g{x). Prom the maximum principle it is evident that 

\u{x,t)\<t\\g\\L^ (7.101) 

The estimate in (|7.74p can be integrated to prove that 

\u{x, t) - u{y, t)\ < Cbt\\g\\wF,o,i\V^ - VvP ■ (7-102) 

Using ()7.105p and ()7.110p . proved below, and the equation dtu = L^u + g, 
we see that, for s < t, 

\u{x,t) - u{x,s)\ < C{l + t^)\\g\\wF,o,-f\^ - s\ 

2 7 7 ((.lOoJ 

Ct' 2(l + t2)||5f||wF,0,7l*-sh 



Note that (|7.10ip . (17.102j) and (|7.103|) show that there is a constant C so 
that 

lkllwF,o,7,T < CTi-l(l + ri)||5||wF,o,7,T- (7-104) 
Below we show that there is a constant Ch so that 

\xdlu{x,t)\ < C;,min{x^,t2}||fi(||wF,o,7; (7.105) 

Dividing by x and integrating gives the Holder estimate for the first spatial 
derivative: 

\dxu{x,t) - d^u{y,t)\ <Cb\\g\\wF,o,'y\x^-y^\- (7.106) 
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Lemma 17.1.21 then implies that 

\dxu{x,t) - dxu{y,t)\ < Cb\\g\\wF,o,f\Vx - y/y\"' ■ (7.107) 

To complete the analysis of dxU we need to show that there is a constant 
Ci) so that 

\dxu{x,t) - dxu{x,s)\ < Cb\\g\\wF,o,-r\^ - s\2 . (7.108) 

In Lemma [7.1.10l it is shown that there are constants Cb, uniformly bounded 
for b < B, so that, with A = x/t, we have 

\dMx,t)\ < C||/||wF,o,7 r = Cxi-i/||wFA7 r- (7-109) 

I + A2 I + A2 

It follows by integrating that 

\dMx,t)\ < Cb\\g\\wF,oM^, (7.110) 

and therefore, for any c < 1, there is a C so that if s < ct, then (j7.108p 
holds with Cb = C. We are left to consider ct2 < ti < t2, for any c < 1. For 
< ti < t2 we have: 

t2—t\ 00 



2ti— 12 00 

[dxk\^_Xx,y) - dxk\^_^{x,y)]{g{y,s) - g{x, s))dyds+ 



ti 00 

dxk^^_^{x,y){g{y,s) - g{x, s))dyds. (7.111) 

2ti-t2 

To handle the first term, we observe that, for j = 1,2 we have 



dxks{x,y)g{y,tj - s)dyds 



t2 — t\ 00 

u6 



dxk^{x,y)[g{y,tj - s) - g{x,tj - s)]dyds, (7.112) 
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which can be estimated by 

t2—t\ OO 

||5llwF,o,7 j j \dxkl{x,y)\\y/x - y/y\idyds. (7.113) 



Using Lemma [7.1. 101 we see that these terms are bounded by the right hand 
side of (j7.108p . In the third integral in (j7.11ip we use (|6.32p to estimate 
{g{y,s) — g{x,s)), and again apply Lemma [7.1.101 to see that this term is 
also bounded by the right hand side of (j7.108p . This leaves only the second 
integral in (I7.11ip . To estimate this term we use Lemma l7. 1.121 

We now establish (j7.105p . and then the Holder continuity of xd'^u{x,t). 
Because kf{x,y) integrates to 1 w.r.t. y, for any x, and t > 1 it follows 
from ^L9^i that: 

t oo 



xd^u{x,t) = J J xd^k^{x,y)[g{y,t - s) - g{x,t - s)]dyds. (7.114) 



Using the estimate 

\g{y,t - s) - g{x,t- s)\ < 2||5||wF,o,7l\/^- VyP (7.115) 

and Lemma l7.1.14i gives: 



t 00 

\xdlu{x,t)\ < ||5'llwF,o,7 j j \^9lklix,y)\\Vy - '/^I'^d.yds 



7 7 

< C6||fl'||wF,o,7min{t2 ,x2}. 



(7.116) 



This completes the proof of ()7.105p . and therefore the proof of the spatial 
Holder continuity of dxU. This argument also establishes that 

lim xdlu{x,t) = 0. (7.117) 

To verify the hypotheses of Lemma 16.2.21 need also to show that 

lim [\u{x,t)\ + \dxu{x,t)\ + \xdlu{x,t)\] = 0. (7.118) 

The claim for |n(x,t)| follows as in the proof of ()7.85p . To estimate the 
derivatives we need to split the integral defining u into a compact and non- 
compact part; though more carefully than before. 
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Let (f eC°° satisfy 

ip{x) = 1 for X < (fix) = for X > 1. (7.119) 
For R,m £ (0, oo) we let 

iPR,mix) = ip(^^] . (7.120) 

Using the mean value theorem we can easily show that there is a constant, 
C, independent of 7, R, m so that 

We let m = R,so that limR_^oo bfl,m]wF,o,7 = ^■ 
Define 

T 00 

u%{x, t) = j j kl{x, y)ipR,Riy)giy, t - s)dyds 

° ° (7.122) 

u'^{x,t) = J J kl{x,y){l- LpR^R{y))g{y,t - s)dyds. 


For any fixed R, it follows from Proposition [523] that 

lim [\d^u%^{x,t)\ + \xdlu^R{x,t)\] = 0. (7.123) 

a;— >oo 

Given e > we can choose R so that 

\\{l-^R,R{y))g\\L'^ <e. (7.124) 

Fix a < 7' < 7. Applying (fOT]) with (!7.12ip and (|7.124|) along with 
Lemma 16.2.41 we see that 

lim 11(1 - v9/j,R(t/))g||wF,o,7' = 0- (7.125) 

it— ^co 

It now follows from (|7.105p and (j7.110p . that for a possibly larger i?, we 
have the estimate: 

|5,tx^(x,t)| + \xdlu'^{x,t)\ < e (7.126) 
Combining this with (|7.123p we easily complete the proof of (j7.118p . 
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To finish the spatial estimate, we need only show that xd'^u is Holder 
continuous. As before, the estimate ()7.105p implies that for any c < 1, there 
is a constant C so that 

xi < CX2 =^ \x2dlu{x2,t) — xidlu{xi,t)\ < Cll^llwF.Oal ~ Vxi\'~'. 

(7.127) 

We are left to consider pairs xi,X2 with 



CX2 < Xi < X2- 



(7.128) 



Since we have already established the Holder continuity of the first deriva- 
tive, it suffices to show that L{ju{x, t) is Holder continuous, which technically, 
is a little easier. 

This is a rather delicate estimate; we need to decompose the integral 
expression for Li,u{xi,t) — Lhu{x2,t) as in (j7.77p . We use the notation 
introduced there, with J = [a, /3], etc. 



Lbu{x2,t) - Lbu{xi,t) 



Lbkl{x2,y){g{y, t - s) - g{x2,t - s))dy- 

J Lbkl{xi,y){g{y, t - s) - g{xi,t - s))dy- 
J 

j Lbkl{x2,y){g{x2,t - s) - g{xi,t - s))dy+ 
J'' 

{Lbk''^{x2,y) - Lbkl{xi,y)){g{y,t - s) - g{xi,t- s))dy 
= h+l2 + h + li- 



ds 



(7.129) 



In this formula the operator Lb acts in the x-variable. The justification for 
this formula is essentially identical to that given for (|7.114p . 

We begin by estimating Is. For this purpose we observe that, for t > 
we have: 

-t 



Lb,xkt{x,y) = dtkt{x,y) = Lf,ykt{x,y). 



(7.130) 



The operator L\ = dy{dyy — b), so we can perform the y-integral to obtain 
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that 

t 

h = J {dyV -b)k'l{x2,a) - {dyV -h)k\{x2,fi) {g{x2,t-s)-g{xi,t-s))ds. 



(7.131) 

As usual we use the estimate 

\g{x2,t -s)- g{xi,t - s)| < 2|^ - . (7.132) 

Lemma [7.1.16 [ therefore completes this step; it shows that there is a constant 
Cb so that 

l-^sl < C'b||5r||wF,o,7l\/^ - Vx^r- (7.133) 

We now turn to the compactly supported terms Ii and I2. These terms 
are estimated by 

t P 

||5l|wF,o,7 j j \I-bk\{x2,y)\\y/y - ^/x^^^dyds 
||5'l|wF,o,7 j j \Lbks{x2,y)\\^/y - ^/x{\'^dyds. 

a 

The needed bounds are given in Lemma l7. 1.171 This lemma shows that the 
terms Ii and I2 are estimated by 

Cfe||5llwF,o,7l\/^- \/^r- (7.135) 
This leaves only the non-compact term, I4. Recall that 



-^4 = y J {Lbk^{x2,y)-Lbk^{xi,y)){g{y,t-s)-g{xi,t-s))dyds, (7.136) 
j= 

and that = [0, a)U (/?, 00). We use ()6.32p to estimate \g{y,t — s)—g{xi,t — 
s)\, hence Lemma 17.1.181 completes this case. Using Lemma 17.1.181 we see 
that /4 also satisfies the bound in (j7.135p . which therefore completes the 
proof of the spatial part of the Holder estimate. To complete the k = case 
all that remains is to estimate \Lbu{x,ti) — Lbu{x,t2)\- 

The time estimate begins very much as the estimate for \v{x,t2) — 
v{x,ti)\; we first show that 

\Lbu{x,t)\ < Cfc||5||wF,o,7*^- (7.137) 
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This implies that for any M > 1, there is a Cjv/.fe so that if t2 > Mti, then 
\Lbu{x,t2) - Lbu{x,ti)\ < CM,6|bllwF,o,7l*2 - til 2, (7.138) 

which leaves only case that 1 < t2/ti < M. 

To prove (j7.137p we use Lemma [7.1.101 and Lemma [7.1.151 The estimate 
in (j7.110p shows that to prove (|7.137p it suffices to show that 

\xdlu{x,t)\ < Cb||5||wF,o,7^^- (7-139) 

To prove this we write 

t oo 

xdlu{x,t) = j j xdlks{x,y)[g{y,t - s) - g{x,t - s)]dyds, (7.140) 



which implies that 



t oo 



|a;5|u(x,t)| < 2||5f||wF,o,7 j j \xdlkl{x,y)\\^/x - y/y[< dyds 



t 



(7.141) 



The second hne follows from Lemma l7. 1.151 an elementary argument shows 

7 

that the last integral is bounded by a constant times , completing the 
proof of (f7T37]) . 

To complete the time estimate we need to show that, for M > 1, there 
is a constant CM,b-, so that xi < X2 < Mxi implies that 

7 

\Lbu{x,t2) - Lbu{x,ti)\ < CM,6||fi'l|wF,0,7|i2 - tl| 2. (7.142) 

The proof of ()7.142p . for the remaining cases, is broken into several parts, 
where we observe that, for ti < t2 < 2ti we have: 

t2—t\ OO 

Lbu{x,t2)-Lbu{x,ti) = j j Lbkl{x,y)[g{y,t2-s)-g{y,ti-s)]dyds+ 



2t\—t2 oo 

[Lbk\^_^{x,y) - Lbk\^_^{x,y)]{g{y,s) - g{x, s))dyds+ 





tl oo 



Lbkt^_^{x,y){g{y,s) - g{x, s))dyds. (7.143) 



2ti-t2 
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We denote these terms by Ii, I2 and I3. 

We start by estimating /i, which we spht into two parts, In — /12; each 
part we rewrite as: 

t2—t\ 00 

hj = j j ^bklix, y)[gix, tj - s) - g{y, tj - s)]dyds j = 1, 2. (7.144) 


Indeed this really explains the meaning of this term as a convergent integral. 
These are estimated, using the same argument, after we employ the estimate: 

liaiy^tj - s) - g{x,tj - s))\ < 2||g||wF,o,7llV^- Vvl^ ■ (7.145) 
This shows, using Lemma [?.l. 151 that 

t2—t\ 00 

lAjl < 2||5r||wF,o,7l j j \Lbkl{x,y)\\^ - y/y\^dyds 







(7.146) 







An elementary argument now applies to show that this is bounded by 

C||9'||wF,o,7l*2 — ill 2 . 

Essentially the same argument works to estimate I3, which, using (I7.145p . 
satisfies: 

t\ 00 

l-^sl < 2||5||wF,o,7 j j \Lbkt^-s{x,y)\\y/x - ^['dyds 

2ti-t2 

7.147 

2(i2-tl) 00 ^ ^ 

= 2||5r||wF,o,7 j j \Lbkl{x,y)\\^/x - ^[^dyds. 
t2-ti 

The last line is again estimated using Lemma l7. 1.151 

To complete the proof in the k = case all that remains is to estimate 
I2. This term is bounded by applying Lemma 17.1.191 This completes the 
proof of the Holder estimates for Lbu{x, t) in the A; = case. As 

dtu = LbU + g, (7.148) 
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the estimates on dfU are now an immediate consequence. Using equa- 
tions (I7.117P and (17.1180 we apply Lemma 16.2.21 to conclude that u G 
^WF^'^(^+ ^ [O'^]); which completes the proof of (j7.6p in the k = case. 

For the k > cases, we need to add the assumption that supp (7 C {(x, t) : 
X G [0, i?]}. To prove the higher order estimates we use Lemma 15.1.21 which 
is an extension of Corollaries 7.6 and 7.7 of [12j, and Proposition 16.2.2) to 
reduce the higher order estimates to the k = case and elementary estimates 
for functions in c!^l(R x [0,r]). 

All that remains is to consider what happens as 6 — t- 0. The estimates 
proved above hold uniformly for 5 > 0, with uniform bounds on the constants 
Cft for b in bounded subsets of [0, 00). If G C^p(M+ x [0,T]), then the 
solutions are uniformly bounded in C^p+^(M+ x [0,T]). Proposition [621] 
implies that if < 7' < 7, then there is a subsequence < u^" >, with 5„ — )■ 0, 
that converges to some u* in Cy^^^ (M+ x [0, T]). Since u* solves 

{dt- Lo)u* = g andu*{x,0) = 0, (7.149) 

the uniqueness of the solution implies that in fact u* = u^, and that 

^lim = in C^^p+^'(M+ x [0, T]). (7.150) 

We can therefore take limits in the estimates satisfied by for 6 > 0, to 
conclude that, in fact u° G C^p"^'^(M+ x [0, T]), and satisfies ([Tj]), with k = 0. 
The higher order estimates for the 6 = case follow from this argument 
and (I536D . 

As remarked above the final statements, about convergence to 0, as 
t — )• O'^, with respect to the C*^'^"'''^ -norms follow easily from these esti- 
mates. Proposition 16.701 and Lemma 17.0.61 This completes the proof of 
Proposition 17.0.41 □ 



7.3 Properties of the Resolvent Operator 

We conclude this section by proving the estimates for R{^)f stated in Propo- 
sition [7:03] 



Proof of Proposition 7.0.5. As in the proofs of the previous results, we begin 
by establishing these results for the A; = case, and arbitrary < 6. The 
cases of arbitrary A; G N are obtained using Lemma 15.1.11 As noted earlier, 
no assumption about the support of the data is needed for the resolvent 



7.3. PROPERTIES OF THE RESOLVENT OPERATOR 



125 



operator, since we do not have to estimate time derivatives. Hence we only 
require ^TMh with g = 0. We fix a < (/> < f . 

We begin by showing that if / G C^],(M+), then R{n)f e C^f(]R+). 
First we see that Lemma 17.1.31 implies that 



<a,<^^^. (7.151) 

The argument in the proof of Proposition 17.0.31 between ()7.69p and (I7.78P 
applies mutatis mutandis to show that there is a constant C^^^, so that if 
t £ S(f), then 

\v{x,t)-v{y,t)\ <Cb,4f\\wF,oMV^-Vyr- (7-152) 
Integrating this shows that there is a constant Cb,a,'y so that 

oo 

/ b(-,*)]wF,o,, l^-^'dt] < (7.153) 



completing the proof of (|7.12p . 

Next observe that, for t G So, we have the formulae: 



dxv{x,t) = J d^kl{x,y){f{y) - f{x))dy 



oo 

.a^,..t) = /.aMt...)(/fe)-/W)^.. 





(7.154) 



Using the first formula and the estimate in Lemma 17.1.101 we see that, for 



\d,v{x,t)\ < Cm||/||wf,o,7 , r^ - (7-155) 

1 + ^Jx/\t\ 

If I arg/i| < ^ + (p, then, by choosing an appropriate ray in the right half 
plane we see that there is a positive constant m^, so that 



\^,R{^l)f{x)\ < Cfe,^||/||wF,o, 



1 + Jx/s 
^ ' (7.156) 
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Using the estimate in Lemma 17.1.151 we can show that 



xdlR{^)f{x)\ < C,,4f\\ 

WF,0,7 



oo 



X + s 

(7.157) 



<CL^ 



WF,0,7 



("1</,|/^|)^ 



It is useful to note that by splitting this integral into a part from to x and 
the rest, we can also show that 

\xdlRii,)f{x)\ < C',Jf\\wF,o,yX-2. (7.158) 

These estimates show that R{fJ,)f G C|^p(M4.) and, by integrating (|7.158p . 
establish the Holder estimate on the first derivative: 

l[5xi?(/i)/]lwF,0,7 < a,^||/||wF,0,7- (7-159) 

With these estimates in hand, we can integrate by parts to establish that 

(/i - Lh)Rifi)f = / for G C \ (-00, 0]. (7.160) 

Below we show that R{fi)f G C^f+'^(M+). By the open mapping theorem, to 
show that R{fi) is also a left inverse for (n — Lb) is suffices to show that the 
null-space oi Lb — fi is trivial. For fi £ Sq, this follows immediately from the 
estimate in ()7.2p . and the uniqueness of the solution to the Cauchy problem. 
If, for some ^ £ Sq there were a solution / G C^^'^(M+) to L^f = fif, 
then the solution to the Cauchy problem with this initial data would be 
v{x,t) = e^*/. This solution grows exponentially, contradicting ()7.2p . Thus 
for G So, and / G C^^'^(M+) we also have the identity 

R{fi){fi-Li,)f = f. (7.161) 

The permanence of functional relations implies that this holds for ^ G C \ 
(-00,0]. 

We can also apply the observation in (j7.72p . along with the estimate 
in (17.158p . to see that if any < c < 1 is fixed, then there is a Cb,c,^ so that 
if y < cx, then 

\xdlR{f,)f{x) - ydlR{fi)f{y)\ < a,,,^||/||wF,o,7l\/^ " Vvl^ ■ (7-162) 

To complete the proof that R{fi)f G C^^'''(M+) we only need to show that 
there is a < c < 1, so that a similar estimate holds for cx < y < x. 
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This is accomplished, exactly as in the proof of Proposition 17.0.41 it 
suffices to estimate [LbR{fj,) f]-^p q ^ , and use a decomposition like that given 
in (rrT29]) : 

LbR{ii)f{x2) - LbR{p)f{xi) = 

I Lbkt,e{x2,y){f{y)-f{x2))dy- 



Lbkl^w{xi,y){f{y) - f{xi))dy- 



J Lbkl,o{x2,y){f{x2) - f{xi))dy+ 
J [Lbkl,eix2,y) - Lbkl,six2,y)]{f{y) - f{x{))dy 



Here we select 9 G (— f , f )) so that 



I arg | < 



TT 



e^'ds 

h+h + h + h- (7.163) 
(7.164) 



Fix a positive constant 1/3 < c < 1, and assume that CX2 < xi < X2, so that 
we can apply Lemmas 17. 1.16H7. 1.181 as in the earlier argument. We use the 
fact that Lb^xkt{x,y) = L\ yk\{x,y), to perform the y-integral in I^. As the 
estimate in Lemma l7. 1 . 161 holds uniformly for all |f|, it applies to show that 



l-^sl < C'b,0||/||wF,O,7l\/^- Vxi\ 



(7.165) 



The estimates in Lemmas 17.1.171 and (|7.1.18p also apply uniformly, for all 
and show that I/2I, and II4I each satisfy an estimate of the same 
form; thereby completing the proof that 



[xdlR{ij)f] 



WF,0,7 



<Cb, 



WF,0,7- 



(7.166) 



This completes the A; = case for 6 > 0. The case of 6 = is obtained 
by using the fact that the constants in the estimates are uniformly bounded 
for < 6 < 1, and Proposition 16.2.11 This shows that if we let / G C^p(M+) 
and set Wb = — Lb)~^f for < 6, then {wb : < b < 1} are uniformly 
bounded in C^^^(M+). Proposition 16.2. ll shows that for any < 7 < 7, this 
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sequence has a subsequence that converges in C^^^{M.j^). Any such limit 
t^o £ C^^'^(M+) and satisfies 

{^-Lo)wo = f. (7.167) 

The uniqueness result, Proposition 14.3.31 shows that wq is uniquely deter- 
mined, which imphes that {wb} itself converges in C^^'^(M+) to wq, and 
that Wo therefore satisfies the estimates in the statement of the proposition. 
Finally we use Lemma lS.l.ll to commute the x-derivatives past k^{x,y) and 
follow the argument above to establish this theorem for arbitrary A; G N. □ 

Remark 7.3.1. The solution to the Cauchy problem can be expressed as 
contour integral involving i?(/i) : 

v^x,t) = ^ I e^*i?(/x)/d/x, (7.168) 



where 



2m 



r«,i? := ■ I arg/i| < vr — a and \fi\ > R}. (7.169) 



Here the — sign indicates that Ta is taken with the opposite orientation 
to that it inherits as the boundary of the region on the right hand side 
in (I7.169p . Using this formula we easily establish the analytic continuation 
of f to t G as well as estimates of the form 

ll^^(-,t)llwF,fc,2+7 < '^WII/llwF,fc,7- (7-170) 

The constant C{t) tends to infinity as t —t- at a rate that depends on 7. 
As e'^* is exponentially decreasing along r^^^, we can also estimate the time 
derivatives d^v{-,t), for t > 0. 



Chapter 8 



Holder Estimates for Higher 
Dimensional Corner Models 



The estimates proved in the previous chapter form a sohd foundation for 
proving analogous results in higher dimensions for model operators of the 
form 

n m 
j=l k=l 

here b G M^. In this context we exploit the fact the solution operator for 
Lb^m is a product of solution operators for 1-dimensional problems. 
In 2-dimensions we can write 

u{xi,X2, t)-u{yi,y2,t) = [u{xi, X2,t)-u{xi,y2,t)]+[u{xi,y2,y)-u{yi,y2,t)], 

(8.2) 

and in n > 2 dimensions we rewrite u{x , t) — u{y , t) as 

n-l 

u{x,t) - u{y,t) = '^[u{x'j,Xj+i,y'^,t) - u{x'j,yj+i,y'^ ,t)], (8.3) 
i=o 

where: 

x'j = {xi,..., Xj) if 1 < j and if j < 0, 

x'j = (xj+2, . . . , Xn) if j < n — 1 and if j > n — 1. 

In this way we are reduced to estimating these differences 1-variable at a 
time, which, in light of Lemma 17.1.11 suffices. 

In the proofs of the 1-dimensional estimates the only facts about the 
data we use are contained in the estimates in (j6.2ip and (j6.32p . This makes 
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it possible to use these arguments to prove estimates in higher dimensions 
"one variable at a time." The only other fact we use is that if /(xi, . . . , Xn) 
is an absolutely integrable function, such that for some j we know that, for 
any x'j,x'j, the 1-dimensional integral 

oo 

jf{x'j,Zj+i,Xj)dzj = 0, (8.5) 



then Fubini's theorem implies that 

oo oo 

j f{z)dzi ■■■dZn = 0. (8.6) 



While we cannot simply quote the 1-dimensional estimates, using formula 
like that in (j8.3p , we can reduce the proof of an estimate in higher dimensions 
to the estimation of a product of 1-dimensional integrals. These integrals 
are in turn estimated in the lemmas stated here in the previous chapter. 

Using the "one-variable-at-a-time" approach we prove the higher dimen- 
sional estimates in several stages; we begin by considering the "pure corner" 
case where m = 0, and then turn to the Euclidean case, where n = 0. 
The Euclidean case is of course classical. In the next chapter we state the 
results we need for the case of general (n, m) and the estimates on the 1- 
dimensional solution kernel needed to prove them. Finally, in Chapter 
we do the general case, where n and m can assume arbitrary non-negative 
values. 

We first consider the homogeneous Cauchy problem 

Lbfiv{x, t) = in R*;: X (0, oo) and v{x, 0) = f{x). (8.7) 

Here 6 is a vector in M" . If / is bounded and continuous, then the unique 
bounded solution is given by 

oo oo ^ 

v{x,t) = /•••/ l[kt'{xj,zj)f{z)dz, (8.8) 
J=i 

from which it is clear that 



Hx,t)\<\\f\\cO(^^ny (8.9) 

For fixed x, v{x,t) extends analytically in t to define a function in Sq. 
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We next turn to estimating the solution, u, of the inhomogeneous prob- 



lem: 



N 



u = g, 



i.lO) 



vanishing at t = 0. Proposition 15 . 2 . 31 shows that the unique bounded solution 
is given by the integral: 



t oo 



u{x,t) = J J ■■■ J Y\_kl^ (xj, Zj)g{z,t — s)dzds. 
■5'=^ 



5.111 



It is quite easy to see that, for any /c G No and < 7 < 1, the oper- 
ator dt — LfjQ maps data with compact support in c!^^'^{W^ x [0,r]) to 
C^p(M!J: X [0,T]). Our aim, once again, is to prove that, for data with com- 
pact support in C^^(M!^ x [0, T]), the solution belongs to C^p+'^(M'[ x [0, T]). 
As in the 1-dimensional case, when A; = we do not need to assume that 
the data has compact support. 

8.1 The Cauchy Problem 

We begin with the somewhat simpler homogeneous Cauchy problem. 



Proposition 8.1.1. Fix k e Nq, < R, and b e W^. Let f G c!^l( 



and let v he the unique solution, given in ()8.8p . to 

{dt - Li,,o)v = v{x,0) = f{x). 
If k > 0, then assume that f is supported in 

B^{0) = {x: X and \\x\\ < R}. 

For < 7 < 1 there a constant Ck,'y,b,R so that 

ll^^llwF,fc,7 < Ck,j,b,R\\f\\wF,k,^- 

and, if f e C^p+^(M'^), then 

ll^^llwF,A:,2+7 < C'fc,7,fe,i?||/||wF,A:,2+7- 



.12) 



?.13) 



(8.14) 

For fixed 7, the constants Ck^^^b,R 0,'^^ uniformly hounded for < h < B. If 
k = 0, then the constants are independent of R. 
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Proof. Suppose that we have proved the estimates above with constants C 
which, for any B, are uniformly bounded for < bj < B . As shown in the 
proof of Proposition 17.0.3^ the case where bj = 0, for one or more values j, 
can treated by choosing a sequence < bn > so that 

bn i > for all n and Mm 6„ ? = bj. (8.15) 

We let Vh„ {x, t) denote the solutions with the given initial data /. Given that 
the estimates in the lemma have been proved for each 6„, Proposition 16.2.1] 
shows that the sequence < Vf,^ >, contains subsequences convergent with 
respect to the topology on C^p, for any < 7' < 7. If t > e > 0, then 
these solutions also converge uniformly in C"^, for any m > 0. Hence the 
limit satisfies the limiting diffusion equation with the given initial data; the 
uniqueness of such solutions shows that any convergent subsequence has the 
same limit. Thus < v^^ > itself converges in to Vfy, the solution in 
the limiting case. This implies that Vf, also satisfies the estimates in the 
proposition. This reasoning applies equally well to all the function spaces 
under consideration. Thus it suffices to consider the case where bj > 
for j = 1,. . . ,n, which we henceforth assume. In the sequel we use C to 
denote positive constants that may depend on 7 and b, which are uniformly 
bounded so long as < 7 < 1 is fixed and, for j = 1, . . . , n, < bj << B, 
for any fixed B. 

The solution is given by formula ()8.8p . We observe that 

v{xi, . . . ,Xn,t)-v{yi, ...,yn,t)= v{xi, . . . ,X„,t)-v{xi, . . . ,Xn-l,yn,t) + 
v{xi, . . . t) - v{xi, . . . ,Xn-2,yn-l,yn,t) 

H \-v{xi,y2...,yn,t) - . . . , y„, t). (8.16) 

Hence it is enough to show that for each 1 < A; < n we have: 

\v{xi, . . . ,Xk-.i,Xk,yk+i, ... ,yn,t) - v{xi,. . . ,Xk-i,yk,yk+i, ■ ■ ■ ,yn,t)\ < 

C\\f\\wF,o,fPs(.x,yy- (8.17) 

It suffices to assume that x and y differ in exactly one coordinate, which we 
can choose to be n. For an n-vector x we let 

x' = {Xi, . . . ,Xn-l)- (8.18) 

The proof is simply a matter of recapitulating the steps in the 1-dimensional 
case, and showing how the n-dimensional case can be reduced to this case. 
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We first do the k = case, which does not require additional hypotheses on 
/, and then do the A; > case assuming that / has bounded support. 

The first step is to consider the special case v{x' , Xn,t) —v{x', 0, t). Using 
the fact that 



kt{x,y)dy = 1, 



i.l9) 



we see that 

v{x' ,Xn, t) — v{x', 0, t) 



oo oo 



n-1 



Y\ {xj,Zj) X 
J=i 

(fc^(x„,zn) - k^t-i0,zn)){fiz',zn) - fiz',0))\ dz^dz' . (8.20) 



This follows because, for any z' we have: 



{k\-{Xn,Zn) - k^t"{0,Zn))f{z',0))dZn = 0. 



?.211 



Using the triangle inequality, the positivity of the kernels, and the obvious 
estimate: 

\f{x) - f{y)\ < 2||/||wF,o,7P^(^' (8-22) 
and (j8.19p . we obtain the estimate 

oo 

\vix',Xn,t) - V{x',0,t)\ < 2\\f\\^F,0,^ J \k^t"iXn,Zn) - k^t" {0, Zn)\z^ dZn 



(8.23) 

Lemma 17.1.41 shows that integral is bounded by Cxn , showing, as before 
that for any c < 1, there is a C so that if y„ < cXn, then 

\v{x', Xn,t) - v{x', yn, t)\ < C|| / 1| wF,o,7 1 " Vv^P ■ (8.24) 

For the second step we show that 

1-1 



\dri;„v{x ,Xn,t)\ < CXn 



WF,0,7: 



= (8.25) 
I + A2 



I + A2 

where A = Xn/t. Taking advantage of the fact that, for all x„ > and t > 0, 
we have 



dxnkf" [Xu) Zn)dZn — 0, 



^.26) 



134 



CHAPTER 8. HOLDER ESTIMATES IN CORNERS 



it follows that 



i=i 




oo 




){f{z',Zn)- f{z\Xn)) \ dZndz' . (8.27) 





As before it follows easily that 



oo 



\dx„v{x',Xn,t)\ <C\\f\\wF,o,'r / \^x„k^"{xn,Zn)\\^yz^ - ^/x^\'^dzn. (8.28) 



An application of Lemma [7. 1 . lU I suffices to complete the proof of (|8.25|) . In- 
tegrating ()8.25p . we can now verify that (|8.24p holds so long as A is bounded. 

For the last step we fix < c < 1, and consider cx„ < r/n < Xn, and 
A — )• oo. For this case we need to find an analogue of the rather complicated 
formula in (j7.77p . which is again straightforward: 







V 



{x',Xn,t) -V{x',yn,t) = J ' ' ' J Y]. h'i^ji^j)^ 

J=i 





f{z',Zn))dZn + 




J 




f{z',Xn))dZn + 



oo 




f{z',yn))dZn + 








[k^^"{Xn,Zn) - k\-[yn,Zn)]{f{z',Zn) " f{z',yn))dZn dz' . (8.29) 



Recall that J = [a,f3], where 







(8.30) 



2 
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Using the triangle inequality repeatedly, and (|8.19p . we see that each term 

reduces to one appearing in the Id-argument multiplied by 11^=1 ^t^ (^ji -^j)) 
From the fact that 



|/(z',x)-/(z',y)| <2||/||wF,o,7l^^-^/yr- (8-31) 

It follows immediately that the first four z„-integrals contribute terms bounded 
by a constant times ||/||wF,o,7l\/2?^~\/yriP- This leaves just the last integral 
over J^. This term is estimated by 

2||/||WF,0,7 J \kt"{Xn,Zn) - k'l"{yn,Zn)\\^/z^- ^/jM\^dZn■ (8.32) 
J'' 

For c > 1/9 we may apply Lemma 17.1.71 to this term, and the estimate 
in ()8.24p follows once again. This completes the spatial part of the A; = 
case. 

We now turn to the estimate of v{x, t) — v{x, s); we begin with the case 
ct < s < t, for a < c < 1. By definition we have: 



v{x, t)—v{x, s) 



n 



Xj , Zj I 



n 



f{z)dz (8.33) 



The difference of products can be represented as a telescoping sum: 



(xj ' ) ' 



n f n~l 



1=1 I j=l j=n-l+2 



kt-'+\Xn-l+UZn-l+l)-k''s-'+'{Xn-l+l,Zn-l+l) }, (8.34) 



with the convention that, if g < p, then Yl^ = 1. Recall that 

I z'i = {zi,...,Zn-i)iorO<l<n-l 
1 z'l = {zn-i+2, ■■■ ,Zn) ioi 2 < I <n + l, 
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with z'l and equal to the empty set outside the stated ranges. For 1 < 
I < n, we have: 



/ 



f{z'i,Xn-l+l, Zi)dZn-l+l = (8.36) 

Using these observations we can reexpress v{x, t) — v{x, s) as 



oo oo 



v{x, t) — v{x, s) 




n f n—l n 

1=1 I i=l j=n-l+2 



ifiz)- f{z\,xn-i+i,z[')]\dz (8.37) 



Inserting absolute values, and using (I8.19P repeatedly, we see that 
\v{x,t) — v{x, s)\ < 

2||/||WF,0,7 / Y\k\''~'*\Xn-l+l, Zn-l+l) - kl'^^'^^Xn-l+l, Zn-l+l) 

X \^Zn-l+l - yJXn-l+lVdZn-l+1 (8.38) 



1=1 



Applying Lemma 17.1.81 it follows that for any < c < 1 , there is a C, so 
that if ct < s < t, then 



\v{x,t) -v{x,s)\ < C||/||wF,07l* - 



(8.39) 



To complete the proof of the proposition we need to consider only v{x, t) 
f(a;,0), using (|8.19p this can be expressed as 



oo oo 



{x,t)-v{x,{)) = j ■■■ j \{k\'{x,,z,)[f{z)- f{x)]dz. (8.40) 
n n •?=i 
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We rewrite 

n-l 

f{z) - fix) = Y,[f i^l^'Ui) - /(^;+i,<+2)] (8.41) 

1=0 

Putting this expression into the integral above and repeatedly using (|8.19p . 
we obtain the estimate: 

n °9 

\v{x,t)-v{x,0)\ < 2||/||wF,o,7Z] / kt'i^j,z,)\V^-V^\^dx,. (8.42) 

i=i 

Applying Lemma 17.1.61 shows that there is a constant C so that 

|^;(a:,t)-^;(;r,0)| < C||/||wF,o,7*^- (8-43) 

As in the 1-dimensional case, this completes the proof that (I8.39P holds for 
all x,s,t, and thereby the proof of (|8.13p in the A; = 0. case. If we assume 
that / is supported in i?^(0), then the estimates in (j8.13p for k > follow 
from the A; = case by repeatedly applying Propositions 15.2.21 and 16.2.21 

Many of the estimates needed to prove (j8.14p with k = follow from (j8.13p , 
Lemma 15.2.11 and applications of Propositions 15.2.21 and 16.2.21 We can use 
these results to show that 

n 

||V3,'(;||wF,0,7 + l|5i^l|wF,0,7 + X] II^*^^,^IIWF,0,7 ^ C'll/llwF,0,2+7- (8.44) 

i=l 

To complete the proof in this case we need to similarly estimate the deriva- 
tives 

^XiXjd^^dxjV (8.45) 

in C^p(M" X [0, oo)). We can relabel so that i = 1 and j = 2. Using Propo- 
sition [522] we can express these derivatives are 



^/xiX2dx^dx2v{x,t) = 




oo oo _ 1 1 

^) ' k't'^\xi,zi) (^^) ' kt'+\x2,Z2)./^d,M{z)dz. (8.46) 
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Since / S C^^'' it is not immediately obvious that this is true, but can be 
obtained by a simple limiting argument. We let 

/, = f{xi + e,X2 + e,X3,. . . , Xn), (8.47) 

and the solution of the Cauchy problem with this initial data. For e > 
it follows easily from Proposition 15.2.2) that 

n 



y/XlX2dxidx2Ve{x,t) = j Y\^k\' {x j , Z j) 



n-2 i = 3 
+ 



OO OO 1 1 

/ /(f-)'^*^^'(^i'^i)(f)'^*'^'(^2,^2)^/ili^5,,5,,/,(.2)d.2. (8.48) 



For t > 0, the left hand side converges uniformly to y/xiX2dx^dx2V ■ Since 
the scaled derivative {zi + e)(z2 + ()dzidz2fe{z) is uniformly bounded and 
converges to ^/zlZ2^z-^^z2 f {z) , and the kernel 

1 1 
^) ' k't''-\x^,z,) ' k',-+\x2,Z2) (8.49) 

is absolutely integrable, we see that the limit can be taken inside the integral 
to give ^i8M\i . 

The following lemma is used to bound these integrals 

Lemma 8.1.1. /f < 7 < 1, and b > i' — ^ > 0, then there is a constant 
Cb^(f), bounded for b < B, and < b + ^ — u, so that, for t ^ S^, where 
< (p < ^, we have the estimate 



00 

^ X 



- \kt{x,y)\y2dy<Cb,^x2. (8.50) 

yj 


The lemma is proved in Appendix lAl 
Since / G C^p+^(M!^) it follows that 

WxiX2dx^dx2f{x)\ < ||/||wF,o,2+7min{xi^,3;2M}, (8.51) 
applying this lemma shows that 

\^/x~X~^x,^x^v{x,t)\ < C||/||wF,0,2+7- (8.52) 
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We need to now establish the Holder continuity of these derivatives. The 
argument used above for v applies directly to show the Holder continuity in 
the (x3, . . . ,Xn) variables, leaving only xi and X2. It clearly suffices to do 
the xi-case. We have the estimate: 

1^x1x28^^8^2'^ {x,t)\ < 

00 00 1 1 

||/||wF,o,2+7/ / A:^+i(x2,Z2)^?d^id^2. 


(8.53) 

Lemma IS.l.ll bounds both zi- the Z2-iiit6grals and therefore 

7 7 

yxiX28x^dx2v{x,t)\ < Cmin{x{',x|} 11/11 wF,o,2+7- (8-54) 
Note that this implies that 

lim \y/XiXjdxidx.v{x,t)\ = 0. (8.55) 

If c < 1, then this implies the estimate 



\^XiX2dx^d^2v{x,t) - ^^x[x28:rl^x2v{x',t)\ < C\,/x^ - yx'J'^||/||wF,0,2+7- 

(8.56) 

for x[ < cxi. 

Thus we are left to consider cxi < x\ < To simplify the notation we 
let z = (2:3,..., 2;„), h= (63,..., 6„), 

/i2(^) = a,,a,J(z), (8.57) 

and 

n 

k\{xrz) = ^k''^[x,,Zj). (8.58) 
i=3 

We have the formula 



^JxxX28x^d:^2'v{x,l) - x\x28x^8x2'^{x' ,t) = 

00 00 

1 I kf{x,z)k',-+\x2,Z2) (1 



|n-2 



/irA:^+^(xi,zi) - Jx[e,'+'ix[,zi) 



Z2fi2{zi,Z2,z)dzidz2dz. (8.59) 
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We assume that 



1 x\ 

4 xi 



and let 



^ = max r^7^ ,oi andv^=-^"^ 



^60) 



.61) 



2 'I ^ ' 2 

Note that ()8.60p imphes that a > x[/4:. We let J = [a,/3], and observe that 



\VxTz^fl2{xi,Z2,z) - \Jx\z2h2{x'i,Z2,z)\ < 2||/||wF,0,2+7l " Y^^- 

(8.62) 

This estimate implies that 



7-1 



Z2h2{xi,Z2,z)\ < 2C||/||wF,0,2+7ki^ • 



^.63) 



To estimate this difference we dissect the zi-integral in a manner similar 
to that used in (]7.77p : 



y/xiX2dx^dx2v{x,t) - \ x'^X2dx^dx2v{x' ,t) 



CO 
,n-2 



k^{x,z)k'l^+\x2,Z2) i—Yx 



Z2 



k\^^^{xi,Zi)^JXlZ2 [fl2{zi,Z2,z) - fi2{xi,Z2,z)]dzi- 



A;^ ' + ^ {x'l ,Zl)\J X[ Z2 [fl2 {zi,Z2,z) - fi2{x[,Z2,z)]dzi + 



k\^^^ {Xl, Zl)^ XlZ2[fl2{x'i, Z2., Z) - fl2{xi,Z2,z)]dzi + 



[k^''^'^ {xi, zi)^JxiZ2-k\''^'^ {x'l, zi)^J x']^Z2\[fi2{zi, Z2, z)-fi2{x'i,Z2, z)]dzi + 

dz2dz. (8.64) 



Wxi^2fl2{xi,Z2,z) - \ x[z2fl2{x'i,Z2,Z 



We denote the terms on the right hand side by /, II, III, IV, and V. The 
terms /, II, III, and V can be estimated fairly easily. For V we apply the 
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estimate in ()8.62p and Lemma 18.1.11 to conclude that 



1^1 <2ii/iiwFo,2+7i\/^- v^'ir 



.65) 



To handle / we observe that 

\V^lZ2[fl2{zi,Z2,z) - fl2{xi,Z2,z)]\ 
< \ VziZ2fl2izi,Z2,z) - ^X\Z2f\2[xx,Z2,Z)\ + \ ^ Z\Z2 - ^ X\Z2\\h'l{zx, Z2,Z)\ 



< 2 



WF 0,2+7 



7-1 



We note that 



7-1 



1-7 



For zi £ J the ratio 



zi 



< 16, 



(8.66) 

(8.67) 
(8.68) 



and the differences \^/zl — and \^/zl — \/ x[\ are bounded above by a 
multiple of | ^/xi — \/x^\ . Once again we can use Lemma 18.1.11 to see that 



|/| < 2C||/||wF0,2+7l\/iT- V^'iT (8.69) 
The same argument applies with minor modifications to show that 

\II\ < 2C||/||wF0,2+7l - (8.70) 
This argument also shows that 

WxiZ2 [fl2ix'i,Z2,z) - fl2ixi,Z2,z)\ < 2||/||wF,0,2+7l - \/x[\'^ , (8.71) 

which implies that 

\III\ < 2C7||/||wF0,2+7l^/^ - (8.72) 
This leaves only the term of type IV. We rewrite this term as 
IV = 



k^^^'^{xi,zi).l— - k^^^\x\,zi)\l 



yJziZ2\fi2{zi,Z2, z)-fi2{x'i,Z2, z)\dzi. 

(8.73) 
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Arguing as in (|8.67p we see that 

WziZ2[fl2{zi,Z2,z) - fl2{x[,Z2,z)]\ < 



WF,0,2+7 



, 7 — 1 / 



i.74:) 



We complete the estimate of IV with the following lemma: 

Lemma 8.1.2. If J = [a,P], with a,f3 are given by (j8.6ip . assuming that 
x'i,xi satisfy (j8.60p . and 6 > 0, < 7 < 1, and < (f) < ^, there is a Cb,(j, 
so that if t G Ss, then, 



I 17 



\ Zl y Zl 



\^-\/x'irdzi < Cb,4,\^/x^-yx'l 

(8.75) 

Applying the lemma to the expression in ()8.73p completes the proof that 

\^/x~x~dcc^dx^v{x,t) - yjx'-x'jdr,^d^^v{x',t)\ < C||/||wF,o,2+7/Os(a3, a?')"^- 

(8.76) 

We now consider the Holder continuity in time for these derivatives. We 
re- write this difference as 

y/xiX2dx^dx2 [v{x,t) -u(a;,0)] = 



^/xlxi I J J (a^i,-zi)fct {x2,Z2)[fi2{z)-fi2{x)\dzidz2dz, 

-2 



^.77) 



where /12 = dzidz2f- We re- write the difference fi2{z) — fuix) as 

/l2(z) - fl2ix) = 



Z1Z2 



Z1Z2 ^ „ 
J=3 



Y_,\f^i{A^^uA) - /i2(2hXi,a;'/)] + 



[712(2:1,22,0 - /i2(2i,X2,a;^)] + [/i2(2i,2;2,0 - /i2 (a^i , , <)] • (8.78) 



Substituting from the sum in (j8.78p into (|8.77p . we see that the terms for 
/ = 3, . . . , n are each bounded by: 

oo oo oo 

WF,0,2+7 J J J kt'^^{^l^^l)^\'^^^i^2,Z2)^j^^^k\\xuZl)\y^^ 


(8.79) 
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From Lemma 18.1.11 and Lemma 17.1.61 we see that these terms are bounded 

'y 

by C||/||wF,0,2+7t2. 

We re-write [fuizi, Z2,x'^) - fi2{zi,X2,x'^)] as 

[iV^l^2-Vzl^2)fl2{zi,Z2,x'^) + {^ZiZ2fl2{zi,Z2,x'l^)-y/ZiX2fl2{zi,X2,x'^)]. 



y/ziX^ 

(8.80) 

The right hand side is estimated by 



WF,0,2+7 



7-1 



^-^1^2^ +\^/^-^/^^■ (8.81) 



y/ziX^ 

The contribution of this term is therefore bounded by 

oo oo 

||/||wF,o,2+7 J J y^fc^+^(xi,2;i)A;i2+^(x2,2;2)[|\/^-\/i2r+|\/i2-\/i2k2' ]dzidz2. 



(8.82) 

Lemmas 18.1.11 and 17.1.61 show that the \^/x2 — y^l'^-term is bounded by 

C\\f\\wF,0,2+jt^- 

To bound the contribution of the other term we apply 

Lemma 8.1.3. For < 6, < 7 < 1, there is a constant Cb^tf,, bounded for 
b < B, so that for t G Ss, 



00 



\k'+\x,y)\\^ - V^\y'-^dy < Ch,^\t\"2 . (8.83) 





The last term is re-written as 

Vx^[fl2izi,X2,x'^) - fl2{xi,X2,x'^)] = 
[^/ZlX2fl2iZl,X2,x'^)-^XlX2fl2iXl,X2,x'^)] + {^yXlX2-^yZlX2)fl2{Zl,X2, x'^) , 

(8.84) 

which is estimated by 

7-1 

WF 0,2+7 [i \/5r - v^Ni ^ + - Vxir]- (8.85) 
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These terms are estimated as in the previous case, showing that altogether 
there is a C so that: 

\^/xJx]^x,^:^^v{x,t) - .yx~X~dx,dx^v{x,0)\ < C\\f\\wFfl,2+yt2, (8.86) 

which implies that for a c < 1, there is a C so that, if s < ct, then 

\^XiXjdx^dx^v{x,t) - ^XiXjda;^d^^v{x,s)\ < C||/||wF,o,2+7l^ - ■sl ^ . (8.87) 

This leaves only the case ct < s < t, for a c < 1. We begin with the 
analogue of (|8.37p 



oo oo 



//I /fc 1'^ — '' 

• • • / y/xTx^^ < k^'{Xj,Zj) 

'=1 ^j=^ 

k^" '^^ (Xn-l+l, Zn-l+l) — ks" ''^^ {Xn-l+1, Zn-l+l) 

[fl2iz) - fl2iz[,Xn-l+l,z'l)] \dz, (8.88) 



n ^'^( 

j=n-l+2 



where 

bi = bi + 1, 62 = 62 + 1, and bj = bj for j > 2. (8.89) 
Each term in this sum with 1 < / < n — 2 is estimated by 

oo oo oo 1 1 

WF,0,2+7/ / / (^) ' k',^^Hxi,Zl) (^) ' k^-+\x2,Z2) 




X\k^" '+''{Xn-l+l,Zn-l+l) - ks" '+\Xn-l+l, Zn-l+l] 



X \ V^n-l+l - yJXn-l+iy' dZn-l+ldZ2dzi. (8.90) 

Lemmas 18.1.11 and 17.1.81 show that these terms are bounded by 

C||/||wF,o,2+7li-s|2. (8.91) 

We now turn to / = n — 1, and n. These cases are essentially identical; 
we give the details for I = n — 1. The contribution of this term is bounded 
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by 



WFA2+7 j j j y/XiX2k\^^'^{xi,Zi)x 

i = 3 

k\'^^{x2, Z2) - k''/^^{x2, Z2) 1/12(2) - fi2izi,X2, z'^_i)\dz2dzidz'l^„i. 

(8.92) 

Proceeding as in (j8.84p and (j8.85p . we see that 

^/XlX2\h2{z) - fl2izi,X2,z'^_^)\ < 



7-1 



WF,0,2+7 



Applying Lemma 18.1.11 shows that we are left to estimate 

kt'^\x2,Z2)-k'/-^\x2,Z2) 

x[\V^- Vz^\z^ + - Vz^r]dz2. (8.94) 

Lemma 17.1.81 shows that 

^^+'(^2,^2) - A:,'^+'(2;2,^2)| \V^-V^\^dz2 < C\t-s\"^, (8.95) 
leaving only 

k1'+Hx2,Z2)-k'/ + \x2,Z2) 



2^ 

X2 - \fz2\Z1 ^ dZ2. 



(8.96) 



This term is bounded in the following lemma: 



Lemma 8.1.4. For < 7 < 1, 1 < 6, and < c < 1, there is a constant 
Ch, so that if ct < s < t, then 



k^{x,z) — k\{x,z) \\fx — \fz\z'' dz < Ch\t — s\''i . 



(8.97) 
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The proof of the lemma is in Appendix |3 Applying this result completes 
the proof that 

\y/xiX2dr,^d^^[v{x,t) - v{x,s)]\ < C||/||wF,o,2+7l* - (8-98) 

The fact that dtv = Lh^v allows us to deduce that dtv G C^p(M" x [0,oo)) 
and satisfies the same estimates as the spatial derivative. This finishes the 
proof of (j8.14p in the A; = case. 

We can now proceed as we did in the proof of (|8.13p for A; > 0, apply- 
ing Proposition 15.2.2] to commute derivatives past the kernel functions. We 
now assume that / has support in B^{0), which allows the use of Proposi- 
tion 16.2.21 to estimate the resultant data. This reduces the proof of (|8.14p 
for /c > 0, to the A; = case, which thereby completes the proof of the 
proposition. □ 



8.2 The Inhomogeneous Case 



We now turn to estimating the solution of the inhomogeneous problem in 
a n-dimensional corner. Let g G Cwf,o,7(I^+ x [0,7"]), and let u denote the 
solution to 

N 

i=i 

which vanishes at t = 0. According to Proposition 15.2.31 it is given by the 
integral: 



u = g, 



i.99) 



t oo 



u{x,t) = j j "' j Wk^s" {xj, Zj)g{z,t — s)dzds. 
•'=^ 



^.100) 



Proposition 8.2.1. Fix < 7 < 1, < i?, A; € No, and {hi,.. . ,b„) G M^f.. 
Let g G Qf(M!| x [0,T]), and let u he the unique solution, given in (18.1ip 
to (I8.99p . with n(£C,0) = 0. If k > 0, then assume that g is supported in 
5+(0) X [0,T]. The solution 



ueC'^f^{Rlx[0,T]y, 



there is a constant Ck^y^^R so that 

ll'"llwF,fc,2+7,T < Ck,'y,b,R{^ + wF,fc,7,T- 



.101) 



.102) 



For fixed 7, the constants Ck,'y,b,R are uniformly bounded for < b < B. If 
k = 0, then the constants are independent of R. 
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Proof. As before it suffices to assume that bj > for j = l,...,n. The 
estimates we prove below have constants C, which, for any B, are uniformly 
bounded ii < bj < B . The case where bj = 0, for one or more values j, is 
again treated by choosing a sequence < b„ > so that 

bn i > for all n and lim 6„ = bj. (8.103) 

We let < Ub„ > denote the solutions with the given data g. Given that the 
estimates in the lemma have been proved for each we see that, Proposi- 
tion [62]T] and uniqueness imply that for < 7' < 7, the sequence < Ub„ >, 
converges, in C^^^ , to Uf,, the solution in the limiting case. This implies 
that Uh also satisfies the estimates in the proposition. This reasoning applies 
equally well to all the function spaces under consideration. It therefore suf- 
fices to consider the case where bj > for j = 1, . . . , n, which we henceforth 
assume. 

As in the proof of Proposition 17.0.41 we note that with 

Ue{x,t) = j j--- j {xj,Zj)giz,t - s)dzds, (8.104) 

00 J=i 

the solution u is the uniform limit of u^. The functions are smooth where 
t > 0, and we can show as before that, for < e < i, we have 

t—e 00 00 ^ 

j n (^i' ^j)i9{z, t- s) - g{z'j,,xk, z'l)]dzds 
00 

t—e 00 00 ^ 

j ^/x^id^id^^ kl' {xj,Zj)[g{z,t - s) - g{z';^, Xk, z'l)]dzds. 

00 -^=1 

(8.105) 

Assume that g G C^],(M!^ x [0, T]), for a < 7 < 1. Using Lemma EXJU] for 
the first derivatives, and the mixed derivatives where k ^ I, and Lemma [7.1.15^ 
when k = I, we can again show that these derivatives converge, as e — >■ 
0"*", uniformly on x [0, T]. This shows that u has continuous first par- 
tial a;-derivatives on x [0,T], and continuous second a;-derivatives on 
(0,00)" X [0,r], with 

lim y/x^l^x^^x^u{x,t) = (8.106) 
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This also shows that we can allow e — )• 0"*", in the expressions for these 
derivatives in (IS.lOSp to obtain absolutely convergent expressions for the 
corresponding derivatives of u. Finally we argue as before to show that 

dtu = Lb,ou + g, (8.107) 

and therefore the t-derivative of u is continuous and u satisfies the desired 
equation. 
Note that 

t 

u{x,t) = J v'{x,t - s)ds, (8.108) 



where v^{x,t) is the solution to 

[dt - Lhfi]v' = with v'{x, 0) = g{x, s). (8.109) 

This relation allows us to use estimates on the solution to the Cauchy prob- 
lem to derive bounds on u. 

From the positivity of the heat kernel and (j8.19p it is immediate that 

\u(x,t)\ < ||5'||wF,o,7*- (8.110) 

To establish the Lipschitz continuity of u we integrate (j8.25p to conclude 
that, for 1 < J < n, we have the estimate: 

\d,^u{x,t)\ < C||5||wF,o,7*^ (8-111) 

and therefore 

\u{x'j,Xj,Xj,t) - u{x'j,yj,x'-,t)\ < C\\g\\wF,o,-yt^\xj - yj\. (8.112) 

Thus we can also integrate the estimate in (|8.24p with respect to t to see 
that 

\u{x'j,Xj,x'j,t) -u{x'j,yj,x'j,t)\ < C||5||wF,o,7*l\/^- \/yjr- (8.113) 

The estimates, proved below on the first and second derivatives, show 
that 

\Lhfiu{x,t)\ < C||c/||wF,o,7*^ (8.114) 
thus the equation [dt — Lt,fi]u{x, t) = g{x, t) implies that, for ti < t2 we have 

\u{x,t2)-u{x,ti)[ < C(l + t|)||g||wF,o,7l*2 -til- (8.115) 
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Our next task is to establish the Holder estimate for the first spatial- 
derivatives. There is a small twist in the higher dimensional case: we use one 
argument to estimate \dxjU{x'j,Xj,Xj,t) — dxjU{x'j,yj,Xj ,t)\, and a rather 
different argument to estimate \dxiU{x'j,Xj,Xj,t) — dxiu{x'-,yj,x'-,t)\, for 
/ 7^ j. The former follows exactly as in the 1-dimensional case, we show that 
there is a constant so that for 1 < / < n, 

\xidl^u{x,t)\ < C||5(||wF,o,7min{t^,X;2}. (8.116) 
This estimate implies that 



lim xid^u{x,t) = 0. (8.117) 



The proof of (j8.116p follows simply from: 



t oo 



xidl^u{x, t) = j j ■■■ jflks' (xj ,zj)x 



xidlk'i'{xi,zi)[g{z,t - s) - g{z'i,xi,z[',t - s)]dzds. (8.118) 
Putting absolute values inside the integral, and using the estimates 



\gix, t) - g{y, s)\ < 2||5||wF,o,7[P«(^' v) + V\t-s\]\ {8.119) 

and ()8.19p . we see that (I8.116P follows from Lemma 17.1.141 
Integrating dx.u and applying (j8.116p . we see that 

\dx^u{x'j,Xj,x'j,t)-dx^u{x'j,yj,x",t)\ < C||s'||wF,o,7l\/^- \/y7r- (8-120) 
To do the "off-diagonal" case we use Lemma l7.1.51 To estimate 

\dxiU{x^, Xrm •^mi ^) ^xiU{Xj^, y-mj •^mi 01) ^ 7^ ^i 

we observe that 

i oo °° n 

dxiu[Xjyi, Xmj x^,t) dxiui^x^, y^n, Xjji) = J" J J TT ks {Xj,Zj)x 

i^''™ 

[ks"" {xm, Zm)-ks"' {Vm, Zm)]5x,^s' {xi, zi)[g{z ,t-s)-g{zi, xi, z'/ , t-s)\dzds. 

(8.121) 
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Putting absolute values into the integral and using (j8.119p . and (|8.19p . gives: 



\dxiU{x^, Xm, Xj^,t) dxiU{Xj^^ym-,X^)\ < ||5||WF,0,7X 
t oo oo 

\kl'"{Xm,Zm) - kl'^{yrn,Zrn)\\dxikl^{xuZi)\\^i - y/¥i\^dZradzids. 


(8.122) 

If 2/m = 0, then applying (I7.32j) we see that this is estimated by 



c|bllwF 



z 

,0,7 /^'~\ 



ds, 



.123) 



which is easily seen to be bounded by C||g||wF,o,73;m- Applying (j7.72p we 
see that, if < c < 1, then there is a constant C so that for < cxm, we 
have 

\9xiU{x^, Xfn, Xj^j t) dxiUix^, Vmi •^m)\ — C'H^H WF,0,7 1 \/ \/ Vm \ ^ ■ 

(8.124) 

We are therefore reduced to considering cxm < Vm < Xm, for a c < 1. If we 
use ()7.33p it follows that 

\dxM^'m^Xm,x'^,t) - dxiU{x'^,ym,x'^)\ < C|| C/|| WF,0,7 X 

ds. (8.125) 



/ 111 v^"^ yVm 

\l + — Ts — , 



We split this into an integral from to [yJXm — \/ymf' and the rest, to 
obtain: 



\dx{U.(x^^ Xm, X^, t) — dxiU{x^, l/m, X^, t)\ < C|| (^H WF,0,7 X 



2_1 
S2 ^ + 



2-_i / V -^m 



ds 



^.126) 



Performing these integrals shows that (|8.124p holds in this case as well. 

To complete the analysis of dxju{x,t) we need to show that there is a 
constant so that 



\dx^u{x,t2) - dx,u{x,ti)\ < C||5'||wF,0,7l*2 - ill 2 . 



^.127) 
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This follows immediately from the 1-dimensional argument. Using (jS.llip . 
we see that for any c < 1, there is a C so that this estimate holds for 
ti < ct2. As in the 1-dimensional case, we now assume that ti < ^2 < 2ti. 
Without loss of generality we can take j = n; use (IT.llip to re-express 

d^„u{x,t2) - dx^u{x,ti) as 

dx^u{x, t2) - dx„u{x, ti) = 

/ / ■ ■ ■ / n {Xj^^3)dx„k^s" i^n, Zn)[g{z'n, Zn, s)- g{z'^, Z^, h- s)]dZndz'^ds+ 



■5'=1 

2ti— 12 oo oo 



d,. 







3=1 i=i 



ti oo oo^_^ 



2tx-t2 



g{z'^, Zn, s) - g{z'^,Xn, s)]dzndz'^ds+ 
kp^__g{xj, Zj)dx„ki^_g{xn, Zn)[g{z^, Zn, s)—g{z^, Xn, s)]dzndz^ds. 

(8.128) 



J=i 



In the first integral we replace g{z'^,Zn,tj — s) with g{z'^,Zn,tj — s) — 
g{z'^,Xn,tj — s), for j = 1,2, and then apply Lemma [7.1.101 as in the 1- 
dimensional case, to show that this term is bounded by the right hand side 
of ()8.127p . A similar argument is applied to estimate the third integral. 
To handle the second term we use formula ()8.34p to conclude that 



dx 



.1=1 



n (3^' ' ^0 - n ' ' 
1=1 

n ( n—m 



m=l 



1=1 



l=n—m+2 



(s^n— m+1 ) ^n— m+l) k^_^ {Xfi—m+liZn—m+l, 



^.129) 



To estimate the contribution to the second integral coming from the term 
in (|8.1'29p with m = 1, we observe that 



\g{z'^,Zn,s) - g{z'^,Xn,s)\ < 2||g||wF,o,7l\/^- \/^r, 



^.130) 
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and apply Lemma [7.1.12I The contributions of the other terms are bounded 
by 

2ti—t2 oo oo 

C||5l|wF,o,7 j j j \kt2^si^j^^j) - ktl-siXj,Zj)\x 




\dx„k^'^_siXn, Zn)\\^/X^ - ^/z^\^dZjdZnds. (8.131) 

We use Lemma [7.1.101 and Lemma [7. 1.91 to see that, upon setting a = ti — s, 
this integral is bounded by 



7-1 



C 5 WF,0.7 / / r- I / — \u : — ; r < 5 WF,0,7 *2 - il h ■ (8.132) 

t2-tl 

This completes the proof that there is a constant C so that 

\dx^u{x,ti) - d,j:^u{x,t2)\ < C||5||wF,o,7l*2 - (8.133) 

The fact that there is a constant C so that 

\Vj;u{xi,ti) - Vj;u{x2,t2)\ < C||5(||wF,o,7[Ps(a;i,a;2) + 1*2 - ^il^]'^ (8.134) 

now follows from the foregoing estimates and Lemma 17.1.1 1 

An estimate showing the boundedness of \xjd'^.u{x, t)\ is given in (j8.116p . 
We can use Lemma 17.1.101 to prove an analogous estimate for the mixed 
partial derivatives. Arguing as above, we easily establish that, for j / k, Xj 
and Xk both positive, we have 



t oo oo 



\^x,^a:^:U{x,t)\ <\\g\\wF,0,T / / l^a;;, /c/ (Xfc, Zfc)| X 




.bi 





6,- 



\dxj ks' {xj ,Zj)\ \g{z'j , Zj ,Zj,t- s) - g{z'j , xj ,z'-,t- s)\dzjdzkds (8.135) 
Lemma [7 . 1 . 1 1 applies to show that this quantity is bounded by 



S2 ^ds 



C||5l|wF,o,7 / , (8.136) 

^XjXf^ 







which implies that 

\^/xJx^^x^^x^:U{x,t)\ < C||5(||wF,o,7*^ (8.137) 
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which is our first indication that these mixed derivatives are "smah" per- 
turbations of the principal terms in Lb Q. All that remains to complete the 
estimate of spatial derivatives is the proof of the Holder continuity of the 
second derivatives of u. 

We begin by proving the Holder continuity of Xjd'^M. The estimates 
in (j8.116p and (|7.72p show that for any c < 1, there is a C so that if yj < cxj, 
then 

\xjdlM{x'j,Xj,Xj,t) -yjdl^u{x'j,yj,x'-,t)\ < C\\g\\wF,o,^\^/xj - . 

(8.138) 

Thus in the "diagonal" case we only need to consider cxj < yj < xj. The 
proof in this case follows exactly as in the one dimensional case; we establish 
the Holder continuity of Li,. j..u, which is sufficient, as we have already done 
so for the first derivatives. To do this we express the difference: 

Lbj,x,u{x'j,Xj,x'-,t) - Lb^^x,u{x'j,yj,Xj,t), (8.139) 

using ()7.129p in the j-variable, much like the formula in (18.290 . The estimate 
for each term in (j7.129p carries over to the present situation to immediately 
establish that ()8.138p holds for a suitable C, for all pairs {xj ,yj)- 

To finish the spatial estimate in this case we need to consider the "non- 
diagonal" situation. With j ^ m, we express this difference as 

•^j^Xj^i'^mi "^rm X,^,t) Xjd^.uiXjy^^y^^X^^t) 
t oo oo 

'5^-?'™ 

[g{z'j,Zj, z", t-s)- g{z'j,Xj,Zj, t - s)]dzds. (8.140) 
From this formula it follows that 

I'^j^Xj^i'^rm •^m-i X^,t) Xjd^_.u{x^, y^n, X^, t)\ < 
t oo oo 



2||5||wF,o,7 / / I \xj9Lks'{xj,Zj)\\^ - 







IK'^ixm, Zm) - K^{ym,z„,)]\dzjdz„,ds. (8.141) 
This case is completed by employing Lemmas 17.1.51 and I7.1.15[ 
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We begin with case that ym = 0; Lemmas 17.1.51 and 17.1.151 in (|8.14ip 
show that 

t 

2||5l|wF,o,7 / si- y"^''. ds. (8.142) 



2. 

This is easily seen to be bounded by C||(7||wF,o,72;m- We are therefore left to 
consider the case cxm < Um < Xm, for any c < 1. We now use the second 
estimate in Lemma l7.1.5l to see that 

\XjdxjU{Xjj^,Xm: Xj^,t) — Xjd^M{Xjyi^, l/m,, t)\ < 

||9l|wF,o,7 / # ^ ds. (8.143) 

Vs 

An elementary argument shows that the right hand side is bounded by 

C||fi'l|wF,o,7l\/^- \/y^r- (8.144) 

This completes the proof of the spatial part of the Holder estimates for 
Xjd'^.u{x,t). We next turn to the time estimate. 

From (|8.116p it follows that 

\xjd'^.u{x,t)\ < C||5f||wF,o,7i2. (8.145) 

This shows that Xjd'^ .u{x, t) tends uniformly to zero like 1 2 . Applying (1772]) 
we see that for c < 1, there is a C so that, if s < ct, then 

\xjdlM{x,t) - XjdlM{x,s)\ < C||5(||wF,o,7l* - ■^l^ (8.146) 
We are therefore left to consider the case ti < ^2 < 2ti. To handle this case 
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we begin with the formula from (j7.143p 
Lh^u{x,t2) - LbM{x,ti) = 

t2—t\ OO OO 

j j "' j Wkl'{xi,zi)Lb^k\' {xj,Zj)[g{z,t2 - s) - g{z,ti - s)]dzds+ 







OO 


OO 


/■■ 











.1=1 



1=1 



X [g{z,s) — g{z'j, Xj , z'j , s)]dzds+ 



tl OO OO 



Jl kt!,.-si^h zi)Lb^k^'^^si^jiZj)[9iz, s)-g{z'j, xj, z", s)]dzds. 
2ti-t2 b b '^-J' 

(8.147) 

In the first integral, as in the 1-dimensional case, we use the estimates 

\g{z,tg - s) - g{z'j,Xj,z'-,tg - s)\ < 2||g||wF,o,7l\/^ - (8.148) 
here g = 1, 2. In the last integral in (I8.147P we use the estimate 

\9{z,s) - g{z'j,Xj,z'-,s)\ < 2||c/||wF,o,7l\/^- \/^r- (8.149) 



This immediately reduces these cases to 1-dimensional case, and these terms 
are therefore bounded by C||(7||wf,o,7 

To handle the second term we use formula (j8.34p to conclude that 



.1=1 



n ^t2 ixi,zi) -'[lkt[{xi,zi) 

1=1 

n ( n—m 



m=l 



1=1 



l=n—m+2 



t2 \'^n—m+lT^n—m-\-lJ \''^n—m+l: ^n—m+1 J 



^.150) 



There are now two types of terms: those with n — m + 1 7^ j, and the 
term with n — m + 1 = j. In all cases we use the estimate in (I8.149p . With 
this understood, the term with n — m + 1 = j immediately reduces to the 
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1-dimensional case. Terms where n — m + 1 ^ j are bounded by: 

2ti—t2 oo oo 

= lls'l|wF,o,7 j j j \k\[^s{xhzi)-k\[_^{xuzi)\x 



\Li)^k\^^_g{xj, Zj)\\^/xj — yfzj^* dzidzjds; (8.151) 
here g = 1 or 2. Using Lemmas 17.1.10^ 17.1.91 and 17.1.151 we see that 

/7 

(s + ((?-l)r)i-i^, (g_^52) 
S + T 

with T = t2 — h. The case q = I clearly produces a larger value. In this case 
we set w = s/t, obtaining 

T 

I < C\\g\\wF,o,^T2 / -, (8.153) 
1 

which completes the proof that, for j = 1, . . . , n, we have: 

\Lb^u{x,t2) — Lh^u{x,ti)\ < C||5(||wF,0,7 1*2 -til 2 (8.154) 

To finish the proof of the Proposition we need to show that the mixed 
derivatives y/xJxidx^dxiU are Holder continuous. Here there are two cases 
depending upon whether the variable that is allowed to vary is one of Xj,xi 
or not. The latter case is immediate from Lemmas we have already proved. 
Let m ^ j or /, then we easily see that 

\^XjXidxjdxiU(^X^, XjYi, Xj^, t) yJlCjXldxjdxiU{Xjy^,yYrnX^^t)\ ^ 

t oo oo oo 

hWwFfl,^ j j j j \ks"'{Xm,Zm) - kl'^iym,Zm)\x 


l^dx^ks' {xj, Zj)\\^/x'idxik''J {xi, zi)\\^/zi - ./yiV dzmdzidzjds. (8.155) 

We first let Dm — and use the first estimate in Lemma 17.1.51 to bound the 
Zm-integral, and Lemma [Y. 1.101 to estimate the other two. This shows that 
this expression is bounded by 

t 

lbllwF,o,7 I [ ] s^'^ds. (8.156) 

/ \ S + Xm I 
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This is bounded by C||(7||wF.o,73;m, which allows us to restrict to the case that 
cxm < Urn < Xm, for a c < 1. Applying the other estimate in Lemma [7.1.51 
we easily deduce that 

I \/ XjXldxj dxiV,{Xjj^, Xmi •^m > ^) \/ XjXidx^ dxiU{Xj^, Umi •^mi 1 — 

C||5'||wF,o,7l\/^ - \/y^r- (8.157) 
Now suppose that m = I and = 0. In this case we see that 

\y/xjxldx^dxiu{x[,xuxi ,t)\ < 

t oo oo 

||5||WF,0,7 j j j \y/Xjdxjkl' {Xj,Zj)\\^idxikl^{xuZi)\\^i-^i^ 


(8.158) 

We apply Lemma 17.1.101 to see that this is bounded by 

ds. (8.159) 



XlS ■i- \ y/XjS 2 



An elementary argument shows that 







2 7 

This estimate implies that 



\y/XjXidxjdxiU\ < C\\g\\wF,o,-i'aim{x^ ,x^ ,t2}. (8.160) 



lim ^XjXidxjdxiU{x,t) = 0. (8.161) 

In light of (|7.72p all that remains is to consider cxi < yi < xi, for a 
< c < 1, for which we require an estimate of the quantity: 

oo 

j \V^dxk^tixi,y) - V^dxk^tix2,y)\\V^ - Vvl^dy. (8.162) 



We now show how to use ()7.40p . and the estimate in Lemma [7.1.11|, to prove 
the spatial Holder estimate for ^XjXidx^dxiU, with respect to Xj and xi. 

\y/xjxidxjdxiu{x'i, xi, x'l' ,t) - y/xjyidx^dxiu{x'i,yi,xi ,t)\ < 



t oo oo 



2||5llwF,o,7 J J J \V^dx^kl'{xj,Zj)\x 



^idxikl' {xu zi) - ^idxik^} {yu zi)\\y/z'i - dzidzjds. (8.163) 
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We apply Lemmas 17.1.101 and 17.1.111 to see that this integral is bounded by 

'iv^-y^r 



C si' 



< 



c 



S2 ^ + 



S 2 



yi\ds 



\V^-Vw\ 



i.l64) 



Here we implicitly assume that t > \ ^/xl — ^/yi\ ^ ; if this is not the case then 
only the first integral on the right side of (I8.164P is needed. In either case 
we easily see that the right hand side is bounded by C\^/xi - 



To finish the proof of the proposition all that is remains is to show that 
these derivatives are Holder continuous with respect to time. The estimate 
in (|8.137|) and (1772]) show that if < c < 1, then there is a C so that for 
< ii < ct2, we have the estimate 

I ^XjXidx^ u{x, t2) - ^/XjXidxj dxiu{x, ti ) \ < C||5(||wF,o,7|t2-ti| ^ , (8.165) 

thus we are left to consider on the case ti < ^2 < 2ti. To that end we express 

^XjXidxjdxi[u{x,t2) -u{x,ti)] = 

t2—t\ OO OO 

Zj)^/xldxikJ'{xi,zi)yi 







[{g{z,t2-s)-g{z'j,Xj,z'-,t2-s)) + {g{z'j,Xj,z'-,ti-s)-g{z,ti-s))]dzds+ 

2t\—t2 oo oo 

Xj Xi dxj 







ti oo oo 



.m=l m=l 

g{z, s)dzds+ 

j /■■■/ n ^t^-si^m, z„^)^dxjk^'^_,{xj, Zj)^idxik^l_^{xi, zi)x 

2ti-t2 

[g{z,s) — g{z'j,Xj,Zj,s)]dzds. (8.166) 
In the first integral, as in the 1-dimensional case, we use the estimates 
\g{z,tg - s) - g{z'j,Xj,z'-,tq - s)\ < 2||g||wF,o,7l\/^ - \/^r; (8.167) 
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here (; = 1, 2. In the last integral m (|8.166p we use the estimate 

\9{z,s) - g{z'j,Xj,z'-,s)\ < 2||c/||wF,o,7l\/^- \/^r- (8.168) 
Applying Lemma 17.1.101 we see that these terms are bounded by 

2{t2-ti) 

/,/x7xiS2 ^ J 



All the remains is to estimate the second integral in ()8.166p . where once 
again we employ formula (|8.34p . In each of the terms which arise, we can re- 
place 5(z,s) with either [g{z, s)-g{z'j,Xj, z'^ , s)], or [g{z, s)-g{z'i,xi, z'^' , s)], 
without changing the values of these integral. With this understood, there 
are only five essentially different cases to consider, depending upon which 
terms in the products on the right hand side of (I8.34p are differentiated. We 
let T = t2 — ti] the cases requiring consideration are integrands with terms 
of the form 



I. 



II. 



Xjdccjks' {xj, Zj)^idxi[k''^\si^i^ ^i) - k\^{xi,zi) 



■J I ' 
(8.170) 



Xjd:,^kl\^{xj,Zj)^idx,[k^^^^{xuzi) - k^' {xi, zi)]\\^j - , 



III. With m j OT I 



.171) 



kg'' {xj , Zj ) y/xidxi kg' [xi, zi)x 

[k-j-"lg {Xmj Zm) ~ kg"^ {Xrm Zm)] \ \ \/xJ — yfz'iV ■, (8.172) 



IV. With m j or I 



X j dx^ V+s i^j^^j) V^idxi kj{xi,zi)x 

[k^"^g{Xm, Zra) ~ kg"^ {Xm, Zm)] \ |\/^ ~ "v/^Pi (8.173) 



V. With m ^ j oi I 

[^7-4^5 {Xmj Zm) ~ kg"^ {Xm, Zm)] \ \ \/Xj — ^JzTj^^ . (8.174) 



Xj dxj kj^g {xj , Zj ) \fxidxi ^T+s (^h ) X 
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Applying Lemmas 17. 1 . 101 and 17. 1 .91 we see that the integrals of types III, IV 
and V are all bounded by 



oo ^ _ oo ^ 



c 



-^ = C-y-rT^<Cr^ (8.175) 



leaving just the terms of types I and II. These are estimated using Lemma 
17.1.101 and Lemma 17.1.131 Both of these terms are bounded by 

oo 7 1 ^ 



C / , ^ V w V- ^ < C / s2-'Tds < Ct2. (8.176) 

J (^+^)(^ + Vi)(r + s) J 

T T 

This completes the proof that 

\^/xJiridx^dxiu{x,t2)-^/xJTidxjdx^u{x,ti)\ < C||fi(||wF,o,7|t2-ti| ^ . (8.177) 

Using the estimates on the spatial derivatives, and the differential equa- 
tion (|8.99p . we easily establish that dtu G C^p(M" xM+), satisfies the desired 
estimates. The estimates in (|8.117p and (j8.161|) show that the appropriate 
scaled second derivatives tend to zero along portions of 6M". The argu- 
ment applied in the 1-dimensional case to show that (see equations (|7.118|) 

to fnm ) 

lim [\u{x,t)\ + \dxu{x,t)\ + xdlu{x,t)\] = 0, (8.178) 

X— ^-oo 

applies mutatis mutandis to show that 

lim [\u{x,t)\ + \Va,u{x,t)\ + y^\,/^id^^d^^u{x,t)\]=0. (8.179) 

||a,||->oo ^ 

One merely needs to observe that, if 

n 

'^R{x) = '[{^R,R{^j)^ (8-180) 



then 



1. [1 - <^R{x)]g tends to zero in C%VRI x [0, T]), as ^ oo. 



■-WF 

2. For any fixed R the solution 

t oo oo „ 



u%{x,t) = j J ... jYlkl'{xj,yj)<!>R{y)g{y,t-s)dyds (8.181) 
■' = 1 

along with all derivatives, tends rapidly to zero as ||a;|| — )• oo. 
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These observations and the various Holder estimates estabhshed above imply 
that we can apply Lemma 16.2.51 to conclude that 

ueC'^l+^M.lx[0,T]). (8.182) 

This completes the proof of the proposition in the A; = case. As in the 
1-dimensional case, we can use Proposition 15.2.31 to commute derivatives 
dfd^ past the kernel function in the integral representation. Assuming that 
g has support in B^{0) x [0, T] allows us to apply Proposition l6.2.2l to bound 
the resultant data in terms of ||5||wF,fc,7- Hence we can apply the estimates 
in the k = case to establish the estimates in ()8.102p for all fc £ N. □ 



8.3 The Resolvent Operator 

As in the 1-dimensional case we can define the resolvent operator as the 
Laplace transform of the heat kernel. For G 5*0, we have the formula 

1 

e oo OO ^ 

Rip) f (x) = \im^ j j ■■■ j '[lk^'{xj,Zj)f{z)dze-^^'dt. (8.183) 

e •'=1 

Using the asymptotic expansion for the 1-dimensional factors it follows easily 
that for each fixed x S M" , R{^)f{x) is an analytic function of /x. Applying 
Cauchy's theorem we can easily show that, so long as Re[/ue*^ > 0], we can 
rewrite this as: 

1 

e oo OO ^ 

R{li)f{x) = ^li^m / j jt{ ^ «(^^' z,)f{z)dze'-"'^^'e''ds. (8.184) 

e 

This shows that R{^)f{x) extends analytically to C \ (— oo, 0]. We close this 
section by stating a proposition summarizing the properties of R{^) as an 
operator on the Holder spaces C^p(M"). The proof is deferred to the end 
of Chapter [10] where the analogous result covering all model operators is 
proved. 

Proposition 8.3.1. The resolvent operator R{fi) is analytic in the com- 
plement of (—00,0], and is given by the integral in (|8.184p provided that 
Re(/ue*^) > 0. For a G (0, vr], there are constants Cb,a so that if 



a — TT < arg jj. < ir — a, 



(8.185) 
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then, for f e CP(M") we have 



Cb,c 



^.186) 



with Cb.TT = 1. Moreover, for < 7 < 1, there is a constant Cb^a.-y so that if 
feC'^^{Rl),then 



I|-R(^)/I|WF,0,7 < |'"'^ ll/IIWF,0,7- 



^.187) 



If for a /c E No, and < 7 < 1, / G C'^liRl), then R{fx)f G C'^f^iRl), 
and, we have 

{fi-Lb)R{fi)f = f. (8.188) 

IffeC^f^iRl), then 

R{fi){fi-Lb)f = f. (8.189) 
There are constants Cb^k,a so that, for fj, satisfying (|8.185p . we have 



l|-^(^)/llwF,A:,2+7 < Cb,k,a 



1 



WF,fc,7- 



^.190) 



For any B > 0, these constants are uniformly bounded for < b < B. 



Chapter 9 

Holder Estimates for 
Euclidean Models 



The Euclidean model problems are given by 



i=i 



uiy, t) = g{y, t) with u{y, O) = f{y). (9.1) 



The one dimensional solution kernel is 



e 4t 



(9.2) 



and the solution to the equation in ()9.ip . vanishing at t = 0, is given by 

uiy,t) = j j ■■■ j \[kl_,{yj,Zj)g{z,s)dzds. (9.3) 



— oo — oo 



The solution to the homogeneous initial value problem with v{y,{)) = f{y) 
is given by 



oo oo 



v{y,t) 



-oo — oo 



(9.4) 



For fixed y, v{y,t) extends analytically in t to define a function in Sq. The 
Holder estimates for the solutions of this problem are, of course, classical. In 
this chapter we state the estimates and the 1-dimensional kernel estimates 
needed to prove them. 
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9.1 Holder estimates for Solutions in the Euclidean 

Case 

The solutions of the problems 

m 

i^t - *) = ^iti^ = fiy)^ c^'^i^n (9.5) 

and 

m 

I9t - J2 ^vMy^ = 9iy, t) e C^'^O^"" X with u{y, t) = 0, (9.6) 
i=i 

are well known to satisfy Holder estimates. These can easily be derived 
from the 1-dimensional kernel estimates, which are stated in the following 
subsection, much as in the degenerate case, though with considerably less 
effort. 

For the homogeneous Cauchy problem we have: 

Proposition 9.1.1. Let k £Nq and < 7 < 1. The solution v to (j9.5p with 
initial data f E C^''^(M"'), given in belongs to C'=''^(M™ x M+). There 

are constants C so that 

\\v\\k,^ < CWfWk,^. (9.7) 

For the inhomogeneous problem, with zero initial data, we have: 

Proposition 9.1.2. Let /c G Nq and < 7 < 1. The solution, u, to (j9.6p 
with g e C^''^(M"" x M+), is given in ([93]); it belongs to C^+2''^(M™ x M+). 
There are constants C so that 

\\u\\k+2a,T<C{l + T)\\g\\k,^^T- (9.8) 

The proofs of these propositions are in all essential ways identical to 
the proofs of Propositions 18.1.11 and Proposition 18.2.11 respectively, where 
the 1-dimensional kernel estimates from Chapter 17.11 are replaced by those 
given below in Chapter 19.21 The Euclidean arguments are a bit simpler, as 
there is no spatial boundary, and hence the special arguments needed, in the 
degenerate case, as Xj — t- are not necessary. The A; > estimates follow 
easily from the /c = estimates using Proposition 15.2.21 in the n = case. 
The details of these arguments are left to the interested reader. As noted 
above, these results are classical, and complete proofs can be found in j22] . 
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We can also define the resolvent operator R[^)f, as the Laplace trans- 
form of the heat kernel. For fi £ So, we have the formula 



1 

,00 00 



R{fi)f{y)= lim^ I j ■■■ j\{kl{yj,w,)f{w)dwe-'^dt. (9.9) 

Using the asymptotic expansion for the 1-dimensional factors it follows easily 
that for each fixed y G M"^, R{fi)f{y) is an analytic function of Applying 
Cauchy's theorem we can easily show that, so long as Re[//e*^ > 0], we can 
rewrite this as: 

1 

R{fi)f{y)= lim^ 1 1 ■■■ ll{kl,o{yj,w,)f{w)dwe-'^"'^^'e''ds. (9.10) 

e 

This shows that R{fi)f{y) extends analytically to C\ (—00, 0]. We close this 
section by stating a proposition summarizing the properties of -R(/u) as an 
operator on the Holder spaces C^''^{W^). The proof is deferred to the end 
of Chapter [10] where the analogous result covering all model operators is 
proved. 

Proposition 9.1.3. The resolvent operator i?(/i) is analytic in the com- 
plement of (—00,0], and is given by the integral in (j9.10p provided that 
Re(/xe*^) > 0. For a G (0, vr], there are constants Ca so that if 

a — IT < arg fj, < n — a, (9-11) 

then for f G C^(]R'") we have 

\\Rii^)f\\L^<^\\f\\L^; (9.12) 

with Cj^ = 1. Moreover, for < 7 < 1, there is a constant Ca,'y so that if 
f e C°'i'(M™), then 

||i?(/^)/||o,7<Tfll/l|o,7. (9.13) 

For k £ No, andO <-f < I, if f £ C'''^{R"'), then R{n)f E C^+'''^{R"'), and, 
we have 

{fl-Lo,m)R{l^)f = f- (9.14) 

Iffe C2'T(]R'"), then 

R{fi){fi-Lo,m)f = f. (9.15) 
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There are constants Ck,a so that, for satisfying (|9.1ip . we have 

ll/IU,r (9-16) 

Remark 9.1.1. As before the solution v{y,t) to the Cauchy problem can be 
expressed as a contour integral: 

From this representation it follows that v extends analytically in t to Sq. 
Moreover, for t €z So we see that v{-,t) belongs to C^''^{W^). Hence by the 
semi-group property v{-,t) G C°°(]R™'). 



I|B(m)/IU+2,t < Ci,, 



9.2 1-dimensional Kernel Estimates 

The 1-dimensional kernel estimates can easily be used to prove the Holder 
estimates stated in the previous subsection. They form essential compo- 
nents of the proofs of the Holder estimates for the general model problems, 
considered in the next chapter. The proofs of these estimates are elemen- 
tary, largely following from the facts that the kernel, kf{x,y), is a function 
of {x — y)'^ /t, which extends analytically to x 5*0. As in the degenerate 
case, we have 

oo 

j kf{x, y)dy = 1 for x G R, t E Sq. (9.18) 

— oo 

The proofs of the following classical results are left to the reader. 



9.2.1 Basic Kernel Estimates 

Lemma 9.2.1. For 0<7<1, O<0<^, there is a C(f, so that, for t G S,^, 



\kl{x,y)\\x-yVdy<C^\t\2. (9.19) 
Lemma 9.2.2. For < </) < ^, there is a constant so that for t & S^j, 



\kl{x2.,z) - kl{xi,z)\dz < C^ 



I \x-2-X\\ 



1 I \xi-xx\ 



(9.20) 
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We set 

ae = and /3. = (9.21) 

Lemma 9.2.3. Let J = [ae,Pe], as defined in (I9.2ip . For < 7 < 1, 

< 4> < there is a so that for t = |t|e*^ G 

\k'tix2,y)-kfixuy)\\y-xi\'rdy<C^\x2-xi\-ye-'''''^^ (9.22) 
J" 

Lemma 9.2.4. For < 7 < 1 and c < 1 there is a C such that if c < s/t < 
1, then 

00 



\ktix, y) - ktix, y)\\x- y^dy < C\t - sl^ . (9.23) 
Without an upper bound on < t/ we have the estimate 

\kt{x,y) - kt{x,y)\ dy<C (^^Zf^zl^) . (9.24) 



9.2.2 First Derivative Estimates 

Lemma 9.2.5. For < 7 < 1, and < < ^, there is a so that for 
t £ Ss we have 



\d,kf{x,y)\\^-V^\^dy < C^\t\^. (9.25) 



Lemma 9.2.6. For 0<7<1, O<0<^, there is a constant so that 
for t £ Sd,, 



J \d^kl{xi,y) - d^kl{x2,y)\\y/xl- ^\^dy < 



\sf^-\fx\\ 

\ (9-26) 
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Lemma 9.2.7. For < 7 < 1, and < t, we have for s G [r, 00) that there 
is a constant C so that 

7-1 

\d^K^,{x,y) - d.Kix, y)\\x - y\^dy < Ct^^- (9.27) 

(T + S) 



9.2.3 Second derivative estimates 

Lemma 9.2.8. For 0<7<1, O<0<^, there is a so that for t £ S(j, 
we have the estimate 

00 

J \dlktix,y)\\x-y\'^dy<C^\t\i-\ (9.28) 



This implies that, if ^ > 0, then 
\t\ 00 

\dlkl,o{x,y)\\x-y\^dyds< (^^^ \t\-2. (9.29) 

-00 

Lemma 9.2.9. For < (p < ^, there is a so that for t £ S,/, 
1*1 

/. . —cose '■'^2-^1) 

\dykl^^e{x2,ae) - dykl^,e{x2,l3e)\ ds < C^e ^ , (9.30) 



where Og and (3e o,Te defined in (j9.2ip . 

Lemma 9.2.10. For 0<7<1, O<0<^, there is a C^ so that for 
\6\ < ^ — (j) and J = [ae,f3e], with the endpoints given by (|9.21|) . we have 

1*1 A 

\dxKe^e{x2,y)\\y - X2['dyds < C^\x2 - xiP 

(9.31) 

dtKe^e{xi,y)\\y - xil'^dyds < C^\x2 - xi\^ . 

Qe 

These estimates follow from the more basic 



Q-e 
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Lemma 9.2.11. For 0<7<1, O<0<^, there is a so that for 
\6\ < ^ — (p and J = [ae,(3e], with the endpoints given by ()9.2ip . we have 

f I S2 ^ if S < {X2- XlY 

\dxKe^o{x2,y)\\y - X2\'^dy <C^\\^^_^^\-,+i .... x2 (9.32) 

J 3 V S ^ [X2 — Xi) . 

Lemma 9.2.12. For 0<7<1, O<0<f, there is a so that for 
\6\ < ^ — (f) and J = [ae,(3e], with the endpoints given by (|9.21|) . we have 

\t\ 

\dlkl^ie{x2,y) - dlkl^i0{xi,y)\\y - xi\'^dyds < C^\x2 - xi\^ . (9.33) 



This follows from the more basic: 

Lemma 9.2.13. For 0<7<1, 0<(^<^, there is a so that for 
\9\ < ^ — (j) and J = [ae,Pe], with the endpoints given by (j9.2ip . we have 

J \dlKe^e{,X2,y)-dlkl^,e[xi,y)\\y-xiY'dy < C^si~^ 

(9.34) 

Finally we have: 

Lemma 9.2.14. For 0<7<l,0<r and t < s, there is a constant C so 
that 

oo 

J \dX+,{x, y) - dlkl{x, y)\\x- y^dy < C\t\s"^-^ (9.35) 

— oo 

9.2.4 Large t behavior 

To prove estimates on the resolvent, and to study the off-diagonal behavior 
of the heat kernel in many variables, it is useful to have estimates on the 
derivatives of kf{x,y) valid for t bounded away from zero. 

Lemma 9.2.15. For j G N and < < ^ there is a constant Cj^fp so that 
if t £ S^, then 

oo 

/ |5^fcf(x,y)|dy<%. (9.36) 

J \t\2 
— OO ' ' 

The proof of this lemma is in the Appendix. 




X2 - Xi 
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Chapter 10 

Holder Estimates for General 
Models 



We now turn to the task of estimating solutions to heat equations defined 
by the operators of the form: 

n m 

j=i k=i 

The general model operator on x W^, denoted L^^m, is labeled by a non- 
negative n- vector b = (61, . . . , and m, the dimension of the corner. We 

use x-variablcs to denote points in and y-variables to denote points in 
M"*. If we have a function of these variables f{x,y) then, as before we esti- 
mate differences f{x'^, y^) — f{x^,y^) 1-variable-at-a-time. We first observe 
that 

fix^y') - f{x\y') = ifix^y') - f{x\y')] + [f{x\y') - f{x\y')]; 

(10.2) 

each term in brackets can then be written as a telescoping sum: 
fix\y')-fix\y') = 

' n-l 



Y,[f{xf,x]^„x]",y') - f{xf,x]^„x]",y')]^ + 

m-l "I 



j=0 

( m—l 



1=0 
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where x'j and x'j are defined in (j8.4p . We say that terms in the first sum have 
a "variation in an x-variable," and terms in the second have a "variation in 
a y-variable." We only need to deal with terms that have a variation in one 
or the other type of variable, and this simplifies the proofs for the general 
case considerably. 

In this chapter we prove Holder estimates for the solutions on M" x M'" x 
M-|_ to homogeneous Cauchy problem 

[dt - Lb^rn]v{x, y,t) = with v{x, y, 0) = f{x, y), (10.4) 

and the inhomogeneous problem 

[dt - Lb,^]u{x, y, t) = g{x, y, t) with u{x, y, 0) = 0. (10.5) 

The solution to the homogeneous initial value problem with v{x,y,0) = 
f{x,y) is given by 



CXJ OO 

••• / '[].kt'{xi,wi)Y[ktiyj,Zj)f{w,z)dzdw 
^ 1 1 ^ — 1 



— oo — oo 
6,m 



l=\ j=l 



[10.6] 



o.rn n 

i^t J- 



For fixed (x,y), v{x,y,t) extends analytically in t to define a function in 
So. 

The solution to the inhomogeneous problem is given by the operator 
K^'"^ defined by 



t oo 



u{x,y,t) = j j ■■■ j \\k\'_^{xuwi)']\kl_^{yj,Zj)g{w,z,s)dzdwds 

-oo -oo i—^ 

(10.7) 

As before, for i > 0, this expression should be understood as 

u{x,y,t) = Mm. u^{x,y,t), (10.8) 

e-S>0+ 

where 

/ ••• / Yl^t-sixhWi)Y[kf_,{yj,Zj)g{w,z,s)dzdwds. 

-oo -oo '=1 

(10.9) 
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We also note that if we let v^{x,y,t) denote the solution to the Cauchy 
problem: 

[dt - Lb,mV = with v'{x, y, 0) = g{x, y, s), (10.10) 

then 





The resolvent operator R{^j)f is defined, for / € C^{W\_ x M™-), and 
H £ So, by 

1 

e 

R{li) f {x,y) = lim e-^'^v{x,y,t)dt. (10.12) 

e-S>0+ J 
e 

As in the earlier cases, this is an analytic function of £ Sq. By deforming 
the contour we can replace this representation with 

1 

€ 

R( fi)f(x,y) = lim [ e-'''^'\(x,y,se'^)e'^ds, (10.13) 

e 

which converges if Re[/xe*^] > 0. This analytically extends R{^)f{x,y) to 
/U G C \ (—00,0]. As in the previous two chapters, the estimates herein are 
all proved by reduction to 1-variable kernel estimates. 



10.1 The Cauchy Problem 

We begin with estimates for the homogeneous Cauchy Problem. 

Proposition 10.1.1. Let A; G No, < i?, (6i, . . . , 6„) G M!;, and < 7 < 1. 
The initial data f e C^p{Wl xM'"); ifk>0, then assume that f is supported 
in B^{0) X W^. The solution v to (110.41) . with initial data /, given in (110. 6p . 
belongs to C^p(M!J: x M."^ x M+). There are constants C^^^^r so that 

ll^llwF,fc,7 < C'6,7,i?||/||wF,A;,7- (10.14) 

If f ^ C^F^^(IS+ X M™), then v belongs to C^^'^ {W\_ x M" x M+). There 
are constants Cb^j^ji so that 

lbllwF,fc,2+7 < C'6,7,R||/||wF,fc,2+7- (10.15) 

For B > 0, these constants are uniformly bounded for b < Bl, and if k = 0, 
then the constants are independent of R. 
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Proof of Proposition 1 1 0. Ll[ For the A; = 0, 6 > 0, the estimates in (|10.14p 
fohow as in the proof of Proposition 18.1.11 via the 1-variable-at-a-time 
method. The cases where two "x" (or parabolic) variables differ follow, 
essentially verbatim, as in the proof of Proposition I8.1.H from the lemmas 
in Chapter 17.11 The new cases in the proof of this proposition are those 
involving the "y"- (or Euclidean) -variables. As noted after the statement 
of Proposition I9.1.H these cases follow, mutatis mutandis, via the argu- 
ments used in the proof of Proposition 18.1.11 The estimates for the kernel 
k'l must be replaced with estimates for the 1-dimensional, Euclidean heat 
kernel. These are stated in Section 19.21 As these cases also arise in the 
proof of Proposition 110.2.11 to avoid excessive repetition, we forego giving 
the details now, and leave them for the proof of the next proposition. 

As before the constants in these estimates are uniformly bounded for 
bounded < b < B. Applying the compactness result. Proposition 16. 2.1] we 
can allow entries of b to tend to zero, obtaining the unique limiting solution 
with all the desired estimates for these cases as well. If we assume that / 
is supported in B^{0) x M*", then the estimates in ()10.14p for the Holder 
spaces with k > 0, follow from the k = results, and Propositions 15.2.21 
and [6X21 

As in the proof of Proposition l8. 1 . ll some additional estimates are needed 
to establish (110. ISp . We begin with the k = case. Applying Proposi- 
tion 15.2.21 to commute derivatives through the integral kernel, we see that 
estimates for C^p-norm of VxV, VyU, xjd'^^v, j = l,...,n and dyf,dyjV, 
1 < k,l < m follow from (jl0.14p . To establish (|10.15p . we need only esti- 
mate the Cwc'-norm of 



To estimate ^/xidx^dy^v, we can relabel so that i = n, and k = m; this 
derivative is given by 




(10.16) 




oo oo 



// 




ki'^^^iXn, Wn)k^{ym, Zm)V^9w„dz^f{w, z)dWndZmdw',^_^dz[ 



-oo 



(10.17) 
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where 



6'm— 1/ / 



n-1 



m—1 



<-l>'^n-i;2/m-l>2m-l) = H ^t{Xj,Wj) JJ kf{yk,Zk)- (10.18) 

i=l fe=l 

Applying Lemma 18.1.11 we see that 

\V^d^„dy^v\ < C||/||wF,o,2+7- (10.19) 
Since / G C^^'^, we know that 

7 

\V^d^„dyrr.fix,y)\ < ||/||wF,0,2+7^n- (10.20) 

Using this estimate in p0.17|) and applying Lemma 18.1.11 shows that 

7 

\V^9xndy„,v\ < C||/||wF,0,2+7^n> (10.21) 

establishing that 



hm ^d^„dy^v = 0. 

x„-s>0+ 



(10.22) 



The Holder continuity of this derivative in the y-variables follows by 
re-expressing the difference, 

V^d:,^dy,„v{x,y,t) - ^/x:;^d^„dy^v{x,y,t) (10.23) 

as a sum of terms like those appearing in (|8.29p . We then apply esti- 
mates from Lemmas 19.2.21 and 19.2.31 to the terms in this sum, along with 
Lemma 18.1.11 to conclude that 

\V^dxndy,^v{x,y,t) - y/x;id^^dy^v{x,y,t)\ < C||/||wF,o,2+7Pe(y, y)"^- 

(10.24) 

The argument to establish the estimates 

W^dx„dy^v{xj,x^^i, Xj,y,t) — \/'x^dx„dy^v{xj,x'j^i, Xj,y,t)\ < 

7 



c\\f\\ 



WF,0,2+7 



4+1 



4+1 



, with j <n-2, (10.25) 



is essentially identical, with Lemmas l9.2.2l and l9.2.3l replaced by Lemmas l7.1.5l 
and lTTTl 

The only remaining spatial estimate is (|10.25p with j = n — 1. The 
estimate in (I10.21jl implies that for any c < 1, there is a C so that, if 
xi < cxH, then 



^x^dx„dy^v{Xji_i, xli,y,t) — ^/x^dxndy^v{x,^_i,x'^,y,t)\ < 

C||/||wF,0,2+7 



, (10.26) 
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leaving only the case cx^ < < x^. Using an obvious modification of (j8.64p . 
and essentially the same argument as appears after (I8.64p , we can prove this 
estimate as well. To complete the estimates of this derivative we need to 
show that it is Holder continuous in the time variable. The proof of this 
estimate is a small modification of that used to prove (j8.98p . We begin with 



OO OO 







(10.27) 



where fnm = du,^dz^f. We rewri te th e difference, [fnm{w,z) - fnm{x,y)] 
as a telescoping sum like that in (110.31) : 



fnm{'W,z)-fnm{x,y) = < ^[fnm{'w'j,Wj+i,Xj,z) - fnmiw'j , X j +i , x'- , z)] \ + 



j=0 



{m— 1 ^ 
ix,z'i,zi+i,yi) - fnmix,z'i,yi+i,yi)] )■ (10.28) 

Each term in the second sum is estimated by 

./x^\fnm{x,z'i,Zi+i,y'i') - fnm{x, z'l, yi+i, y'i')\ < || / 1| WF,0,2+7 1 ^i+l - yi+i\^ . 

(10.29) 

Each term in the first sum, except for j = n — 1 is estimated by 



^/x^\fnm{w'j,Wj+l, Xj, z) - fnm{w'j , X j +i , x'- , z)\ < || / 1| WF,0,2+7 1 ^a^j+l - V^j+l T ■ 

(10.30) 

The remaining case is estimated by 

^/Xnlfnmit^n-l^ '^nj fnmit^n-l^ -^n' ^)\ — \ V-^n~^/Wn\\fnm{f^n-lJ "^ni •^)| + 
\y/Wnfnm{f^n—l^ ^) ~ V Xnfnmk*^n-\^ -^rn ^)\ 

< ||/||wF,o,2+7|[|\/i^ - \/u^|^«n^ + \/u^r]- (10.31) 

Using these estimates in (jl0.27p we apply Lemmas 17.1.61 18.1.31 and 19.2.11 
to deduce that 

\V^dx„9y^['"{x,y,t) - v{x,y,0)]\ < C||/||wF,o,2+7*^- (10.32) 
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As usual, this shows that for < c < 1, there is a C so that if s < ct, then 

\V^dxndym[v{x,y,t) - v{x,y,s)]\ < C||/||wF,o,2+7|i - s| ^ . (10.33) 

We are left with the case ct < s < t, which again closely follows the pattern 
of the proof of (|8.98p . As before we use an analogue of (|8.37p : 



Xndx„dy^ [v{x, y, t) - v{x, y, s)] 



n ( n- 



1=1 I j=l j=n-l+2 



[fnmiw,z) - fnmiw'i,Xn-l+l,w'i',z)] \ + 



m ( m-q 



q=l I jr = l j=m-q+2 
[f^tiym-q+li Zm-q+l) ~ (ym-g+1 j )] ^ 



1 q+1 ) ^q ) 



dwdz, (10.34) 



where 

bj = bj for J = 1, . . . , n and b^ = bn + 1- (10.35) 
Each term in the second sum is estimated by an integral of the form 

oo oo 

||/||wF,0,2+7 / [ .[^k'-+Hxn,Wn)x 


\kf{y, z) - ktiy, z)\\y- z^^dzdwn- (10.36) 
Lemmas 18.1.11 and 19.2.41 show that these terms are bounded by 

C||/||wF,o,2+7l*-s|^- (10-37) 

Every term in the first sum, with / 7^ 1, is bounded by an integral of the 
form 

00 00 



WF,o,2+7 j j y^A:3"+^(xn,'u;„) 





\k^ {xj.,Wj)) — ks^ {xj,Wj)\\y/xj — y/wjy dwjdwn- (10.38) 
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Lemmas 18.1.11 and 17.1.81 show that these terms are bounded by 

C||/||wF,o,2+7l*-s|^- (10.39) 
This leaves just the I = 1 case, which is bounded by 



oo 






1-7 

\/«^r + IV^- V^l""^"^ ]dwn- (10.40) 

Lemmas 17.1.81 and 18.1.41 show that this is also bounded by C||/||wF,o,2+7|i — 
s| 2 , thereby completing the proof that 

\V^dx„dy^ {v{x,y,t) -v{x,y,s)]\ < C||/||wF,o,2+7|i - s| ^ . (10.41) 

This brings us to the Holder estimates for ^XiXjdx^dx^v. The proofs here 
are quite similar to the analogous result in Proposition 18. l.ll The proof that 

\^XiXjdx,dx^v{x,y,t) - y/xiXjda:,dx^v{x,y,t)\ < Cps{x,xy, (10.42) 

follows exactly as before. Using Lemma 18.1. H working one-variable-at-a- 
time, we also easily establish 

\^/xJx]^x,^x^v{x,y,t) - ^/x^jdx,dx^v{x,y,t)\ < Cpe{y,yy'. (10.43) 

The Holder continuity in time follows as in Proposition 18.1.11 while incor- 
porating the Euclidean variables as in the previous case, i.e. ^/xj^Xj^y^v. 
Finally we observe that, as dfV = L^^^v, and we have established that 
Lh,mV € C^p(M" X M™ X [0,oo)), the same is true of dtv. This completes 
the proof of (jlO.lSp in the A; = case. Assuming that / is supported 
in B^{0) X M™, applying Propositions 15.2.21 and 16.2.21 we can easily de- 
duce (jlO.lSp when A; > from the A; = case. □ 



10.2 The Inhomogeneous Problem 

We now turn to the inhomogeneous problem. 

Proposition 10.2.1. Let A: G No, {h, . . . ,bn) e W^, < R, andO <j <1. 
Let g G C^'T(M!^ X X M_|_). If < k, then assume that g is supported in 
B^{0) X M™' X [0,T]. The solution u to (jlO.Sp . with right hand side g, given 
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in (fTOTll . belongs to C''''^+^{Rl x R"" x R+). There are constants Ck,b,'y,R so 
that 

lkllwF,A:+2,7,T < C'fc, 6,7,^(1 + 7") ll^ll WF,fc,7,T- (10.44) 

The tangential first derivatives satisfy a stronger estimate, there is a con- 
stant C so that if T < 1, then 

||Vj;U||wF,0,7,T < CTa ||g||wF,0,7,r- (10.45) 

The constants are uniformly bounded for b < Bl, and independent of R if 
k = 0. 

Proof of Proposition \10.2.1\ As before we begin by assuming that < 5, 
and A; = 0. Using the 1-variable-at-a-time method, any estimate of the vari- 
ation in an x- variable of a derivative in the x- variables alone, or the variation 
in a y-variable of a derivative in the y-variables alone, follows easily from 
the lemmas in Chapters 17.11 and 19.21 

The maximum principle and (jlO.lip show that 

\u{x,y,t)\ < t||5'||L->(R!;:xR'"x[o,i])- (10.46) 

We use the representation in (jlO.lip and Proposition 110.1. Ti to deduce that, 
for t < T, 

\u{x\y\t) - u{x^,y\ t)\ < Ctp{{x\y^), {x^ ,y^))''\\g\\wFfi,'r,T- (10.47) 

As before, estimates of the second derivatives (see equations (I7.105P and 
(|7.110p and Lemma [MS]) show that 

\Lb,niu{x,y,t)\ < C||5||wF,o,7*^- (10.48) 

Integrating the equation, dtu = Lh^mU + 5) in ^ we can therefore show that 
there is a constant C so that, if ti,t2 << T, then 

r 2+1 2+1 

\u{x,y,t2) - u{x,y,ti)\ < C\\g\\wFfi,'r,T - t^ \ + \t2 - h\ ■ 

(10.49) 

These results show that there is a constant C so that 

||u||wF,o,7,r < CTi-i(l + rl)||5||wF,o,7,T. (10.50) 
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10.2.1 First derivative estimates 

Using the estimates proved above, we can easily show that 

\dxju{x,y,t)\ < C||5||wF,o,7*^ and \dy^u{x,y,t)\ < C||5(||wF,o,7i^ 

(10.51) 

The first estimate follows by the argument used to prove (jS.llip . We in- 
dicate how the second estimate is proved. The standard limiting argument 
shows that: 



t oo oo oo 

^ It 

..... Jx 

-oo -oo -7 = 1 ^^"^ 

dymKiVm, Zm)[g{w , z,t - s) - g{w , z'^_^, ym, z'^^-^^, t - s)]dwdzds. 

(10.52) 



t oo oo oo °° n 

dyn,u{x,y,t) = j j -j j ■■■ j \\_k\'{xj,wj)j\_kl{yuzi) 

nr. n ^ ^ .7 = 1 l^m 







* 7+1 



Putting in absolute values we see that 

t oo 

\dy^u{x,y,t)\ <2\\g\\^^Yfl,'y J J \dy^kl{y^, z^)\\ym- ZmV dz^ds. (10.53) 

Lemma l9.2.5l shows that 

\dy^u{x,y,t)\ < CWgWwFfia / s 2 ds = C\\g\\wF,o,y^-^- (10.54) 



We note that by integrating these estimates for Vx^yU we obtains a 
Lipschitz estimate for u itself: 

\u{x^,y\t)-uix\y\t)\ < C7||(7||wf,o,7*^ (1 + Vi)\\{x^,y^) - ix\y^)l 

(10.55) 

though these estimates are not directly relevant to estimating ||ti||wF,o,2+7,T- 
The arguments used to prove ()8.120p and ()8.124p apply, essentially ver- 
batim to show that 

\da;^u{x^,y,t) - dx^u{x^,y,t)\ < C\\g\\wF,o,'yPs{x'^,x^y (10.56) 

provided ps{x^,x^) is bounded by 1. For Peiv^iV'^) < 1 we have 

\^y^u{x,y'^,t) - dy^u{x,y'^,t)\ < Ct^ \\g\\Y^F,o,jPe{y'^ ,y'^y ■ (10.57) 
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To prove this we can assume that — has exactly one non-zero entry. 
If y^ and y^ differ in the /th entry, then 

\dyju{x,y^,t) - dy^u{x,y^,t)\ < 

t oo 



lbllwF,o,7y J \dyi[KhJi^zi)-K{yi^zi)]\\yl - zi^idzids. (10.58) 

-oo 

Applying Lemma 19.2.61 we see that this integral is bounded by 

' \yl-y]\ 
1 + 



An elementary calculation shows that if Pe{y^, y"^) < 1, then this integral is 
bounded by a constant times p^{y^ ^y'^)'^ . If y^ and y^ differ in a coordinate 
other than the /th, then Lemmas 19.2.21 and 19.2.51 show that the estimate for 
\^y^u{x,y'^ ,t)—dyiu{x,y'^ ,t)\ reduces again to the integral in (110. 59p . We are 
therefore left to consider the off-diagonal cases: \dxjU(x, y^ ^ t)—dxjU{x, y^,t) 
and \dy^u{x'^,y,t) - dy^u{x^,y,t)\. 

We can again assume that x'^ — x^ and y^ — y^ each have exactly one 
non-zero entry, which we can assume is the first. We first consider 

t oo oo 

\dx^u{x,y^,t) - dxju{x,y^,t)\ <2\\g\\y^F^o,'r j j j {xj,Wj)\x 

-oo 

\y/xj — y/wj\'^\kl{y\, zi) — kl{y\, zi)\dwjdzids. (10.60) 
Applying Lemmas 19.2.21 and 17.1.101 shows that this is bounded by 

\dx^u{x,y'^,t) - dx^u{x,y^,t)\ < C||5(||wF,o,7 / s^'^ I ^fZ^ ) 

\^~^ 7s~ / 

(10.61) 

An elementary estimate and Lemma 17.1.11 shows that therefore 

\dxju{x,y^,t) - dx^u{x,y^,t)\ < C||5||wF,o,7/Oe(y\ y^)^- (10.62) 
To estimate \dy^u{x^,y, t)—dy^u{x^,y, t)\, first bound \dxqdyiu{x, y,t)\. 



182 CHAPTER 10. HOLDER ESTIMATES FOR GENERAL MODELS 



By relabeling it suffices to consider q = 1, for which we use the expression 



t oo oo oo oo 



dxidy^u{x,y,t) = J j ■■■ j j ■■■ j Wkl'{xj,Wj)Wkl{yuZi)x 

-oo -oo i^l 't^™ 

dx^kl^{xi,wi)dy^kl{ym,Zm)[g{w,z,t - s) - g{xi,WQ, z,t - s)]dwdzds. 

(10.63) 

Putting in absolute values and using the standard estimate for the difference 
(^(w, z,t — s) — g{xi, Wq, z,t — s), gives the bound: 

\dxidy^u{x,y,t)\ < 

t oo oo 



2||g||wF,oo 




-oo 



Applying Lemmas 17.1.101 and 19.2.51 we see that 



(10.64) 



\dxidy^u{x,y,t)\ < C||fif||wF,o,' 



< C'll^llwF.O,' 



s2 ^ds 



(10.65) 



t 2 



/Xl 



By integrating the last expression we see that 

\dy^u{xl,x'^,y,t) - dy^u{x\,XQ,y,t)\ < C||5||wfa7*^ 



(10.66) 



This estimate implies that, for x^,x'^ with ps{x^,x'^) < 1, we have 

\dy^u{xl, xl, y, t) - dy^u{x\,xl, y,t)\< C\\g\\wF^Q^^ti psix^ ,x'^)'^ , (10.67) 

completing the proof of the spatial part of (jl0.45p . 

To complete the estimates of the first derivatives we need to bound 
\Vu{x,y,t2) — Vu{x,y,ti)\. From the estimates in (|10.5ip . we see that for 
ti,t2 < T, and any < c < 1, there is a Ct so that if ti < ct2, then 

\V-j;u{x,y,t2) - V-j;u{x,y,ti)\ < CT||5'||wF,o,7|i2 - ii| ^ 
\Vyu{x,y,t2) - Vyu{x,y,ti)\ < CT||g||wF,o,7l^2 - iil^- 
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As usual, this reduces us to consideration of the case that ct2 < h < t2. 
For this argument we fix a ^ < c < 1, and use a shghtly different argument 
depending upon whether we are estimating an x-derivative or a y-derivative. 
The x-derivatives are done very much hke the estimates in Chapter [8] be- 
ginning with (j8.128p . For example, to estimate the x^-derivative we use the 
representation 

dx„u{x, y, t2) - dx„u{x, y, h) = 

t'i—ti oo 



oo oo oo 



n-1 



-oo -oo -J^^ 

[g{w'^,Wn, z, t2- s) - g{w'^, Wn, z, ti - s)]dwndw'^dzds+ 



2ti— i2 oo 



-oo -oo 



ti oo 



2ti—t2 — oo 



°° °° °° m n-1 

n K-siVj^Zj) Yl k/^_,{Xj,Wj)d^„k^t^_,{Xn, Wn)- 

m n—1 

n kti-siVj^Zj) Yl K-s{Xj,Wj)d,^^k\^^^{Xn, Wn) 

i=i i=i 

[g{w'^,Wn, z, s) - g{w'^, x„, 2, s)]dwndw'^dzds+ 

J °^ J m n-1 

■ / / ■ ■ ■ / n kt2-s{yj,zj) n kti-s{xj,Wj)d^„kt;_^{xn,Wn) X 

-00 

[g{w'^, Wn,z, s) - g{w'^, x„, z, s)\dwndw'^dzds. (10.69) 



The first and last terms are estimated exactly as before. To estimate the sec- 
ond integral we use the analogue of the expression in (|8.129p , first observing 
that 



dx^ { n kt^-siVj^Zj) Yl k\l_^{xuwi) - JJ kl_,{yj,Zj) JJ k^l^^ix^wi) 
i=i 1=1 j=i 1=1 



m 



Yl kt^_s{yj,Zj) - Y\ kl_,{yj,Zj 
i=i i=i 



Ylkt'^_sixhWi) - Ylkt[_s{xi,wi) 
1=1 

n 

Ylkt[.s(.xi,wi) 



.1=1 

m 



+ 



(10.70) 



1=1 



We use the expansion in (j8.34p to replace the differences of products on the 



184 CHAPTER 10. HOLDER ESTIMATES FOR GENERAL MODELS 



right hand side of (jl0.70p with terms containing a single term of the form 

(10.71) 



[ktl_,{xi,wi) - kt[_^{xi,wi)] or 
[kf^-s iVj kl_^{yj ,Zj)]. 



If we always use the estimate 

\g{w'n,Wn,z,s) - g{w'^,Xn,z,s)\ < 2||fi(||wF,o,7l\/i^- \/^r, (10.72) 
then we see that there are three types of terms that must be bounded: 
I. 

2t\—t2 CO oo 

Lbi „.. \ lb, / Min i,b„ 







(10.73) 



II. 



2ti— 12 oo 







\k^'^_,{xi,wi)-k^[_^{xi,wi)\\d^^k^;_^{xn,Wn)\ 



^ - y/w^\'^dwidWnds, 



(10.74) 



III. 



2ti—t2 oo oo 



I k^2 {yj , Zj )-kl {yj ,Zj)\\ k^'^_^ {xn ,Wn)\ 



-oo 



Xn — ^/WnpdWldZjds. 



(10.75) 



Terms of types I, and II were shown, in the proof of (|8.133p . to be bounded 
by C\t2 — ti| 2, leaving just the term of type III. Using Lemma [7.1.101 and 
Lemma 19.2.41 we see that these terms are bounded by 



1-1 

j it2-h)a^-^da <C\t2-ti\i. 



t2-tl 



The argument for estimating the differences 

\dy^u{x,y,t2) - dyM(x,y,ti] 



(10.76) 



(10.77) 
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is essentially identical, though the results are a bit different. We can assume 
that j = m and use the analogue of (I10.69P with dx„ replaced with dy,„ and 
g{w'^, Wn, z, s) - g{w'^, Xn, z, s) replaced by 

g{w, z'^, Zm, s) - g{w, z'^, ym, s). (10.78) 

The contributions of the first and third integrals are then bounded by 

2(t2— ti) oo 

2||5||WF,0,7 j j \dy^Kiym,Zm)\\ym- Zml^dZmds. (10.79) 

-oo 

Applying Lemma ()9.2.5p we see that this integral is bounded by 

2{t2-ti) 

C I s^ds = [2|t2 (10.80) 

J 1 + 7 



which suffices to prove the desired estimate. 

This leaves the analogue of the second integral in (|10.69p . which we 
expand using the analogue of (jl0.70p and (j8.34p . replacing dx^ with c?y„^. 
We need to estimate three types of terms: 

I. 

2t\—t2 oo oo 



-oo 



(10.81) 

II. 

2t\~t2 oo 

[•-^J/m [^t2— s(ym' ~ ^ti— s(2/m) ^m)]| |ym ~ ZmpdZmds, 

(10.82) 

III. 

2t\—t2 oo oo 

\^t2-s{yji Zj)~ki^_g{yj, Zj)\\dy^ kf-^_g{ym., Zm)\\ym~ ZmV dzmdzjds . 

(10.83) 



-oo 
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Lemma 17.1.91 and Lemma 19.2.51 show that terms of type I are bounded by 
bounded by 

2tl— 12 7-1 2ti—t2 

f (t2 — ti)(ti — ds f , , ^, 1^+1 

j {t2-s) - J (^2-tl)(tl-s) — ds<C|t2-tl|~. 



(10.84) 

Using Lemma 19.2.71 we see that the terms of type II are bounded by 

C\t2-ti\^. (10.85) 

The second estimate in Lemma 19.2.41 and Lemma 19.2.51 show that terms of 
type III are also bounded by 



7-1 



C I '—^^^^<C\t2-t,\^. (10.86) 

J t2—ti+S 
t2-tl 

Thus we see that there is a constant C so that we have: 

7 + 1 

\Vyu{x,y,t2) -Vyu{x,y,ti)\ < C\\g\\wF,o,'y\i2 -hi 2 . (10.87) 
If ti < t2, then (110. 86p also gives the estimate 

\Vyu{x, y, 12) - Vyu{x, y, ti)\ < Cq ||c/||wF,o,7l*2 - ^il 2 , (10.88) 



completing the proof of ()10.45p as well as the proof that, if ti,t2 < T, then 
there is a constant C so that the first derivatives satisfy 

\Vx,yu{x^,y'^,t2) - Vx^yu{x^,y^, ti)\ < 

C7(l + Tl)||5||wF,o,7[P«(^'.^') + Pe{y\y^) + v'l*2-tiir. (10.89) 

10.2.2 Second derivative estimates 

This brings us to the second derivatives. As it is essentially the same as the 
1-dimensional case, Lemma 17.1.141 suffices to prove the bounds 

2 - 2 

\xid^^u{x,y,t)\ < C||5||wF,o,7™Ma;f (10.90) 

for / = 1, . . . , n. The calculations between (18.158P and (18.160p suffice to prove 
that for 1 < /, A; < n, we have the estimates 

777 

\y/xixAid^^u{x,y,t)\ < C\\g\\wF,o,'r'aim{xj' ,t2} (10.91) 
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Using Lemmas 19.2.51 and 19.2.81 we easily derive the estimates 

\dy^dy^u{x,y,t)\ < C||5-||wF,o,7*^' (10.92) 
where 1 < j,k < m. Using Lemmas 17.1.101 and 19.2.5] we can also show that 

\^/xid^^dy^u{x,y,t)\ < C\\g\\wF,o,-y'aim{xi^ ,t2}, (10.93) 



for 1 < I < n and 1 < j < m. 

To complete the spatial part of the estimate, we need to show that the 
second derivatives are Holder continuous. As before, the earlier arguments 
suffice to show that 



(10.95) 



'xfxld^id^^u{x'^,y,t) - x\xl^^^^^^u{x^ ,y,t)\ < 

C\\g\\wF,o,'rPs{x'^ , x'^r and 
\dy^dy^u{x,y'^,t) - dy^dy^u{x,y'^,t)\ < C\\g\\wF,o,'yPeiy^,y'^V- (10.94) 

Thus we are left to estimate 

\^xiXkdxidx,^u{x,y'^,t) - ^JxiXkdxidx^u{x,y^ ,t)\ and 
I dy, dy^u{x^ ,y,t)- dy^ dy^u{x^ , y , t)\ , 

and the mixed derivatives y/xldxidy.u. 

We begin with the quantities in (|10.95p . by considering 

\y/xiXkdxidxkU{x,y'^ ,t) - ^xiXkdxidxkU{x,y^ ,t)\, 

with k ^ I. Without loss of generality we can assume k = 1,1 = 2 and 
y^ — y^ = (yf — y|, 0, . . . , 0). With these assumptions, using the observation 
that 

oo 

j dx^k^/{xi,wi)g{xi,WQ,z,t - s)dwi = 0, (10.96) 



for all values of {wq, z,t — s), we get the estimate 
\^xiX2dx^dx2u{x,y^,t) - ^/xix^da:^dx^u{x,y^,t)\ < 

t oo oo oo 



2|bllwF,o,7 j j j j \V^(^xikl'-{xi,wi)^/x^dx.2kl^{x2, 



-oo 

IKiVi^ zi) - kl{yl,zi)\dwidw2dzids. (10.97) 
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Applying Lemmas 17.1.101 and 19.2.21 we see that the integral is estimated by 

* ^ - ^ / \yl-yl\ \ i I \y\-y\\ 



C 



^-1 



X2S 



-1 







1 + 7^^1 + 7^ 1 1 + i^i-j^ii 

V s 



ds<C s2-'^ 



1 + 



\yl-y\\ 



ds, 



(10.98) 



and that 

t 



S2 



\yf-yl\ 



\yi-yl\' 



1 + 



\yi-yl\ 



ds < 



s2 '-ds + 



7-3 



\yi -yi\s 2 ds 



\yi~yl\^ 



< 



7(1-7) 



\yl-y\\\ 



(10.99) 



which completes this case. 

We next consider this situation with k = I; we can take k = I = 1, with 
— as before. Using the fact that 



(10.100) 



d^^kl^{xi,wi)g{xi,WQ,z,t — s)dwi = 0, 

for all values of {wq, z,t — s), we get the estimate 
\xidl^u{x,y'^,t) - xidl^u{x,y^,t)\ < 



t 00 00 



2|bllwF,0o 




\xidlkl^{xuwi)\\ 



xi — v^il ^ 



-00 



\kt{yl zi) - kt{yl,zi)\dwidzids. (10.101) 

We now apply Lemma 17.1.151 and Lemma 19.2.21 to see that this integral is 
bounded by 



C 



XiS 



-1 



ds 



< C 



\yl-yl\' t 

X 



S2 / \yl - y\\s'' 2^ ds 



\yl~y\? 



< 



2C 

\yl-y\r. (10.102) 



7(1-7) 
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We have implicitly assumed that t > \yf — ylP; if this is not the case, then 
one gets a single term in ()10.99p and (I10.102p . Otherwise the argument is 
identical. This completes the spatial-part of the Holder estimate for the 
second x-derivatives. 

We now turn to \dy^dy^u{x^ ^ y, t) — dy^dy^u{x^ ,y, t)\; by considering j ^ 
k. We can assume that j = 1, k = 2, and x"^ — = {xf — x\,0, . . . ,0). We 
first need to consider the case where x\ = 0. We use the fact that 

oo 

j dyXiyi,ziMw,zi,zlt-s)-giw,yi,zlt-s)]dzi=0 (10.103) 

— oo 

to see that 



\dy.dy^u{x'^,y,t) - dy^dy^u{x\y,t)\ < 



t oo oo oo 



2||9l|wF,o,7y J J j \dyrkl{yi, zi)dy^kl{y2, Z2)\\yi - zi\"' X 

— oo — oo 

\kl^{xl,wi) - k''/{0,wi)\dwidzidz2ds. (10.104) 



Applying Lemma 19.2.51 and the first estimate in Lemma 17.1.51 we see that 
the integral is estimated by 



S2 ^xfds 
xj + s 



< 



7(2 - 7) 



(x?)i. 



(10.105) 



Applying (j7.72p . this estimate implies that for any < c < 1, there is a 
constant C so that if x\ < cx\, then 



\9y,dy^u{x^,y,t) - dy^dy^u{x^,y,t)\ < C||5f||wF,o,- 



^2 



(10.106) 



We are therefore reduced to the case cxf < < In this case we have 
\9y,dy^u{x'^,y,t) - dy^dy^u{x\y,t)\ < 



t oo oo oo 



2||£/||wF,0,7y J J J \dyiKiyi^Zl)dy2Kiy2,Z2)\\yi - ZipX 
— oo — oo 

\k'',^{xl,wi) - kl^{x\,wi)\dwidzidz2ds, (10.107) 
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which can be estimated using Lemma 19.2.51 and the second estimate in 
Lemma l7.1.5l These lemmas show that the integral is bounded by 



C 



ds < 



C 



< 



7-3 
S 2 



ds 



7(1-7) 



(10.108) 



The case j = k = \ follows exactly the same pattern. We use the fact 



that 



j dlk',iyi,zi)giw,yi,zlt-s)dzi=0 (10.109) 

—00 

for any values of (tu, Zq, t — s), and the estimate (j9.28|) to see that 



Kktiyi,zi)\\yi-zi\^ <Cs^ 



(10.110) 



From this point the argument used for the case j ^ k can be followed 
verbatim. We have again implicitly assumed that t > (^\/xi — \/^^ • 
If this is not the case, then we get only the first term in the second line 
of (|10.108p : otherwise the argument is unchanged. 

To complete the spatial estimates we need only show that the mixed 
partial derivatives ^Jxidxidy^u{x,y,t) are Holder continuous. Without loss 
of generality we can take j = Z = 1. As usual we can assume that the points 
of evaluation differ in a single coordinate. We start by considering variations 
in the x- variables. There are two cases to consider: 1. The x-variable differs 
in the first slot, 2. The x-variable differs in another slot. 

For case 1, we first need to take x\ = 0. In this case we see that the 
second estimate in (jl0.93p and (j7.72p imply that, if < c < 1, then there is 
a C so that, for x\ < cx\ we have the estimate 



Xidxidy^u{x'^,y,t) - \ x\dx^dy^u{x^ ,y,t) 



< C'llS'llwF I 



0,7 



(10.111) 
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We are therefore left to consider cxf < x\ < x\. For this case we see that 



< 



t oo oo 



ClbllwF, 



0,7 




-oo 



xldx^k'^^{xl,wi) - Jxldx^k'^^{xi,wi) 



dy^kl{yi,zi)\dwidzids. (10.112) 



XI - y/Wl 



Applying Lemma 19.2.51 and 17.1.111 we see that this integral is bounded by 



c 



1 + 



■ds 



(10.113) 



As before we easily establish that, when \\/xl — \/xl\ < 1, this is bounded 

7 

by C* y — yx} . 

We now turn to the case that x'^ — is non-zero in the jth entry where 
j > 1. As in the previous case, we need to first consider xj = 0. In this case 
the difference is estimated by 



xldx^dy-^u{x'^,y,t) - Jx\d^^dy^u{x'^,y,t) 



< 



t oo oo oo 



2||g||wF,o,- 



-oo 



xldx^k''/{x\,wi] 



I ks' {x'j , Wj ) - k7 {0,Wj)\\dy^k^,{yi, zi)\dzidwjdwidt (10.114) 



Applying Lemmas 17. 1.101(9.2.51 and the first estimate in Lemma [7. 1.51 we see 
that this integral is estimated by 



7 -, x'^ds 



S2 



-1 3^ 



s + xj 



< C{xl 



(10.115) 



Applying (|7.72p we are reduced to consideration of the case cx'j < x] < > 
for a < c < 1. In this case we use the second estimate in Lemma 17.1.51 to 
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see that the replacement for (jl0.115p is 



c si-i- 



1 + 



-ds < C 



(10.116) 



This completes the proof that 



< C\\g\\wF,o,-yPs{x^ , x'^y ■ 
(10.117) 

We are left to consider \^,/xidxj^dy^u{x,y'^,t) — ^yxl^Xl^y^u{x,y'^,t)\ , 
where, as before, we need to distinguish between the case that the y- variables 
differ in the first coordinate and in other coordinates, li y^ — y^ = {y\ — 
yj, 0, . . . , 0) then this difference estimated by 

4 oo oo 

2||9||WF,0,7 III \V^^l^{xi,Wi)\x 
-oo 

\dy^kl{yl,zi) - dy^kl{y\,zi)\\y\ - zi\'^ dzidwids . (10.118) 

Lemmas 17.1.101 and 19.2.61 show that this integral is estimated by 
t 



I 



S2 



-1 



\y'^-y]\ 



1 + 



Trrds <C\y^- y^ 



117 



(10.119) 



If the y-variables differ in another coordinate, then the difference of second 
derivatives is estimated by 



t oo oo oo 




xik''/{xi,wi)\x 



2||fl'l|wF,0,7 

— oo — oo 

\dy^k''^{yl,zi)\\yl - (y|, z^-) - k^iy] , Zj)\dz,jdzidwids. (10.120) 

We now apply Lemma 17.1.101 19.2.51 and 19.2.21 to see that the integral is 
bounded by 



S2 ^- 



1 + 



\ytyj\ 



Wds<C\y^-y^ 



117 



(10.121) 
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This completes the proof that 

llc\dxidy^u{x,y'^,t) - ^Jxl^x^^y^u{x,y^,t) < C||5(||wF,o,7/Oe(2/\ y^)^ 

(10.122) 

To finish the proof of the proposition we need to estabhsh the Holder 
continuity in time of the second spatial-derivatives of u. Using (j7.72p along 
with the estimates in (|1U.91|) . (|1U.92|) . and (|lU.93p . we see that for any 
< c < 1, there is a constant C so that, if ti < ct2, then 



\^/x'l^Xl^y^u{x,y,t2) - y/x'idxidy^u{x,y,ti)\ < C||s'||wF,o,7|i2 - ill 2 
\dyidy^u{x,y,t2) - dyidy^u{x,y,ti)\ < C||5||wF,o,7|i2 - ti| 2 . 



(10.123) 

We are left to consider these differences for ct2 < ii < ^2) where we assume 
that I < c < 1. For all these cases we use an expansion like that in ()10.69p . 
with the operator dx„ replaced by the appropriate second order operator. 

We first treat the pure x-derivatives, ^/xiXkdxidx^u, where I / k. With- 
out loss of generality we can assume that k = n. By replacing g{w'^,Wn, z, t2 — 
s) - g{w'^, Wn, z, ti - s) with 

g{w'^, Wn, z, t2-s)-g{w'„, x„, z, t2-s)+g{w'^, Xn, z, ti-s)-g{w'^, Wn, z, h-s) 

(10.124) 

in the first integral in the analogue of (j8.128p , we see that it is estimated by 

t2—t\ 00 00 

C|bllwF,0,7 III V^^n^/ 1 dx,, kl" {Xn,Wn)dxik''J{xi,Wi)\x 


\\/vihi — ^/s^P dwidwnds (10.125) 
Using Lemma 17.1.101 the integral in this term is estimated by 

t2—t\ 2_1 

C [ fff'^l <C\t2-t,\^. (10.126) 
The last integral in the analogue of ()8.128p is easily seen to be bounded by 

C I ^ ^ff^y'r^l ^ <C\t2-t,p. (10.127) 
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This leaves only the second integral in the analogue of (|8.128p . which we 
replace by a sum of terms using the analogue of (I10.70p and (I8.34p . All the 
possible terms that arise from the analogue of the first term on the right 
hand side of (llO.TOp are enumerated in (18.170^ - (|8.174p . and shown to be 

7 

bounded by C||5(||wF,o,7l^2 — ti\^ ■ The second term on the right hand side 
of (110. 70p produces an additional type of term: 

2ti—t2 oo oo oo 
-oo 

V^nXi] dx^ fej {xn.,Wn)dxik\[_^{xuwi)\\ yjw^ - dwi dWn dzj ds 

(10.128) 

Lemma 17.1.101 and the second estimate in Lemma 19.2.41 show that this inte- 
gral is bounded by 

tl 




/ — , i=rr^ : \^ / F2-ii S2 ds<C\t2-ti\ 



^JXiXn{t2 -tl)s'i ^ds 

iy/xi + \/s){^/x; + ^/s){t2 - h + s) 

t2—t\ t2—t\ 

(10.129) 

Now we need to consider the case k = I = n. For these cases we are free 
to replace Xnd"^^ with Li,^ .j.„- Most of the terms that arise in this case have 
been treated in the proof of Proposition 18.2.11 The only new type of term 
arises from expanding the second term on right hand side of the analogue 
of (|10.70p in the second integral. These are of the form 

2ti—t2 oo oo 

I k^2_^ (yj ,Zj)- k^ _^ {yj ,Zj)\x 

-oo 

\Xn^l^k^^_^{Xn,■Wn)\^/w^ - y/x^\^ dWndZjds (10.130) 

Lemma 19.2.41 and Lemma 17.1.151 show that this term is bounded by 

J {S + Xn){t2 - tl + S) 
t2-tl 

This completes the proof that 

yxiXkdxid3,^[u{x,y,t2) - u{x,y,ti)]\ < C||fi(||wF,o,7l*2 - (10.132) 
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The verification that dy.dyi^u{x, y, t) satisfies the same estimate is essentially 
identical, simply interchanging estimates for kg with estimates for kg and 
vice versa. We leave the details to the interested reader. 

To conclude the proof of Proposition 110.2.11 in the k = case, we verify 
that 



xidxidy^[u{x,y,t2) -u{x,y,ti)]\ < C||fi(||wF,o,7|i2 - ii| ^ . (10.133) 



To prove this estimate we use the expression in (j8.128p with dx„ replaced 
by y/x^dx„dy^. The first and third integrals are estimated by 



2{t2—ti) oo oo 



I ^t/m kt {ym 1 Zm ) V Xndx„ kg"{Xn, Wn ) \ X 







-oo 



— ^/w^\"' dZmdWnds (10.134) 

We use Lemma 17.1.101 and 19.2.51 to see that this integral is bounded by 

C I t <C\t2-t,\^. (10.135) 







Two cases arise in the estimation of the contribution of first term on the 
right hand side of ()10.70p . In the first case we get terms of the form: 



2t\—t2 oo oo 




\9yTnkt2~s{ym, Zm)\x 



-oo 



/uJ^P dzmdwnds (10.136) 



Applying Lemma 19.2.51 and 17.1.131 we see that this term is bounded by 

^{t2-tl)s2-^ds . f , N 2_2 , ^ ^1 , , |2 

[y/Xn + \/ S){t2 - ti + S) J 

(10.137) 

For the second case we have terms of the form 



2ii— 12 oo oo oo 




'^ymkt2-siym, Zm)\\y/x^dx„kf"_g{Xn,Wn)\ X 

k1l_g{xuwi) - k\[_g{xi,wi)\\y/x:^ - ^/vi^^ dzrndwidwnds (10.138) 



-oo 
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and 



2ti~t2 oo oo oo 



-00 

f If , /111, A hJ^i 



k^l_g{xuwi) - k^[_^{xuwi)\\^/x^ - y/w^l'^ dzmdwidwnds (10.139) 



Applying Lemmas 17.1.101 19.2.51 and 17.1.91 shows that these terms are esti- 
mated by 



C 



t2-tl 



tl 7—1 _ 1 

^/x^S~{t2 - tl + S)~2(t2 - tl)ds 

^+ \/^)(*2 -tl + s) 
ti 



< 



C J {t2-ti)s2-^ds <C\t2-ti\2. (10.140) 



t2-tl 



Two cases also arise in the estimation of the contribution of second term 
on the right hand side of (|10.70p . For the first case we get 



2ti—t2 00 00 




-00 



\9ymf^t2-s{ym, Zm) dym^ti-siVm, Zm)\x 

\Vx^dx„k'l^-s{xn,Wn)\\\/x^ - ^/vihi\"' dzmdwuds . (10.141) 



Lemma 17.1.101 and Lemma 19.2.71 show that this integral is estimated by the 
expression in (jl0.137p . For the second case we get 

2ii— 12 oo oo oo 

\^ym^t2-siym, Zm)\\\/Xndx„k^"_g{Xn, Wn)\ X 

-oo 

{ki^-siVk, Zk) - kt^-siyk,Zk)\\^/x^ - y/w:^[^ dzmdzkdwnds (10.142) 




and 



21x^-12 oo oo oo 

f^ti-siVm, Zm)\\\^^dx„ k^^_^{Xn, Wn)\ X 
-oo 

\kl^_s{yk,Zk) - kl^_g{yk, Zk)\\y/X^ - y/uQ^ dzrndzkdwnds. (10.143) 
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Using Lemmas 17.1.101 19.2.51 and 19.2.41 we see that these terms are estimated 
by 



c 



7-1 _ 1 

XnS 2 s 2 (t2 — ti)ds 



<C / {t2-ti)s2-^ds <C\t2-ti\ 



+ \/s)(t2 -h + s) 

t2—ti i2— il 

(10.144) 

This completes the proof that the second derivatives satisfy the ap- 
propriate Holder estimates: there is a constant C uniformly bounded for 
< b < B so that: 



max 

l<k,l<n; l<i,j<m 



xjxld.j,id^^^u{x\y^ ,t2) - x]xldx^dx^u{x\y\ti] 
xfdxidy^u{x'^,y'^,t2) - Jxjdxidy^u{x^,y'^,ti) , 



\dy^dy^u{x^,y^,t2) - dy^dy^u{x^,y^,ti] 



<C\\g\ 



WF,0,7 



p,{x\x^)+p,{y\y^) + ^\t2-h\ . (10.145) 



To prove the Holder continuity of dtu{x, y, t) we simply use the equation 

n m 

dtu = Y,Lb,,x,u + Y,dlu + g, (10.146) 

1=1 j=i 

and the Holder continuity of the expression appearing on the right hand 
side of this relation. Arguing as before we can use Proposition 16.2.11 to al- 
low components of h to tend to zero, and thereby extend these estimates 
to the case that < 5. Using the estimates for scaled second deriva- 
tives (|10.90p . (|10.9ip . and (|10.93p . along with Proposition [031 we argue 
as before to apply Lemma[623]and show that u E C^p+'^(M!^ x x [0, T]). 
This completes the proof of the proposition in the A: = case. 

For the A; > cases we assume that g is supported in 5^(0) x x 
[0, T]. Using Propositions I5.2T3] and [6.2.21 as before, we easily obtain the 
desired conclusions for all A; S N, and thereby complete the proof of the 
Proposition 110. 2. 1[ □ 



10.3 OfF-diagonal and Long-time Behavior 



We next consider a general result describing the off-diagonal behavior of 
the solution kernel for (|10.5p . This result is important in the perturbation 
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theory that follows in the next chapter. 

Proposition 10.3.1. Let 93, £ x M™), and assume that 

distwF(supp(/7,supp'0) = rj > 0. (10.147) 

Let < B and < bj < B. For any k G No, the map KL^^i ■ g i->- 
ilj{w)K^[ip{z)g{z,-)] defines a bounded operator 

/Cj^^^j : C°(M!^ X X [0,T]) ^ C^{Rl x M" x [0,T]). (10.148) 

There are positive constants Cr^,C, where C depends on k,ri and B so that 
the operator norm of this map is bounded, as T ^ 0~^, by Ce t . 

This proposition is a consequence of estimates on the 1-dimensional ker- 
nels. For the degenerate models we have: 

Lemma 10.3.1. Let rj > and for x G M+ define the set 

Jx,r^ = {j/ G M+ : I - Vy| > ri]. (10.149) 

For 0<6<i?, 0<(/)<|, and j G No there is a constant Cjjj^b,cI> so that if 
t = \t\e''^, with |6I| < f - (f>, then 



I 



~2 
— nns fi - 

e 

~\t\ 



\dikt{x,y)\dy < Cr,,j,B, i 1,,^. ■ (10.150) 



For the Euclidean models we have 
Lemma 10.3.2. Let rj > and for x G M define the set 

Jx,v = {y&'^-\x-y\>v}- (10.151) 

For j G Nq, < (j) < ^, there is a constant Cjjj,,/, so that if t = \t\e^^ , with 
|6'| < f - 4>, then 



I 



\dikt{x,y)\dy < Cr,,j,^ — . (10.152) 

\t\2 



The Lemmas are proved in the Appendix. 
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Proof of Proposition \10. 3.1\ We need to consider integrals of the form 

„ n m 

I{{x,y),t)= J \d^d^l{k',^{xi,w,)llkf{yi,ziMw,z)f{w,z)\dwdz, 

(10.153) 

for (a;, y) £ suppV', with \a\ = q, = p. For such {x, z) we let 

U(x,y),j = {i'W,z) e suppcp : \^/x] - ^/w]\ > — ■ } for I < j <n, 

U{x,y),j = {{w, z) e SUPP99 : |yj_„ - Zj-n\ > ^ _^ ^ } for n + 1 < j < n + m 

(10.154) 

Since 

n m 

distwF((a;,y), {w,z)) = ^ l^/xj - ^/uJJ] + ^ |y« - zi\, (10.155) 

i=i 1=1 

and distwF(supp V', supp y?) > r/, it follows that 

m+n 

supp(/7C [J U(x,v),j- (10.156) 
i=i 

and that these sets are measurable. Thus we have the estimate 

m+n „ 71 m 

I{{x,y),t) < yfU^ / \d^d^l{k'i{x,,w^)l[kt{m,zi)\dwdz. 

j=i jj Z 1=1 1=1 

(10.157) 

Let Ij{{x,y),t) denote the integral in this sum over U(^x,y),j- We observe 
that 

U(x y) C Mi"^ X 4 , ^ X M""^' X M"" for 1 < j < n 



Uu V) i C M" X MJ'-"-i X , .X M™+"-J for n + 1< j < n + m. 

(10.158) 

Applying the 1-dimensional estimates we see that, if 1 < j < n, then 
l3{{x,y),t) < 



oo oo 



II I \d^tlkH^i,m)d^YlKiyi,zi)\dwjd^jdz. 



J 

' nH-m 



i=l /=! 

(10.159) 
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Where, as usual, dwj is the volume form in M" with dwj omitted. Lem- 
mas 110.3.11 IIU.3.21 17.1.211 and 19.2.151 show that 



-cose , ''^ 

2(n + m)''t 



Ij{{x,y),t) < Cyfh^- . (10.160) 

A similar estimate applies for n + 1 < j < n + m, which, upon summing 
shows that: 

-cose— ^1^-^ 

g 8(n + m)^t 

I{{x,y),t)<Cyf\\L^ . (10.161) 

The estimate on the right hand side is independent of {x,y) G suppV', so 
we can integrate it to obtain 

^ 2 

J I{{x,y),t)dt < C\\ipf\\Looe~"°"'^<^(-+^y'^. (10.162) 



Coupling this with the Leibniz formula, the proposition follows easily from 
these estimates. □ 

For each t > 0, we have defined the map / i— )• K^'"^f, where 

„ n m 

K^^"'f{x,y)= J l[k'i{xi,w,)l[kf{yi,zi)f{w,z)dzdw. (10.163) 



i=l 1=1 



For any t > and / G L°°(Mf: x M"*), it is clear that i^f'""/ G C°°(M^ xM"^). 
The 1-dimensional estimates (|7.52p and (|9.36p imply the following result: 

Proposition 10.3.2. For multi-indices a G Nq and f3 G N[J*, there are 
constants Ca^fs so that 



If we let {\/x) = (y^, . . . , v^x^), then we also have 



\{V^rd^d^K^''^f{x,y)\ < C^,^^^. (10.165) 

t^— 

This proposition follows easily from (j7.52p . (17.53P and (19.36p . We leave the 
details to the interested reader. 
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10.4 The Resolvent Operator 

We close this section by stating a proposition summarizing the properties of 
the resolvent operator, as an operator on the Holder spaces C^p(]R" x 

M™). As contrasted with the case of the heat equation, we do not need 
to assume that the data has compact support in the x-variables to prove 
estimates when A; > 0. As before we use Proposition 15.2.31 to commute 
differential operators of the form d^dy past the heat kernel. Since we are 
only proving spatial estimates we do not need to commute past the kernel, 
and hence do not encounter the needed for weighted estimates on the data. 

Proposition 10.4.1. The resolvent operator R{fj.) is analytic in the com- 
plement of (—00,0], and is given by the integral in (|10.13p provided that 
Re(//e*^) > 0. For a £ (0, vr], there are constants Cb^a so that if 



then for f £C^( 



O/mn 



a — TT < arg fi < n 
) we have 



a, 



< 



1^1 



(10.166) 



(10.167) 



with Ch.TT = 1. Moreover, for < 7 < 1, and A; G Nq, there are constants 



Ck,b,an SO that iffe C'^liWl X 1 

l|-R(/^)/l|wF,fc,7 
We also have the estimates 

||Vyi?(^)/||wF,fc,7 < Ck 



< 



I 1 2. 



), then 

1 

+ 



WF,A;,7- 



I 7 + 1 



WF,fc,75 



(10.168) 



(10.169) 



\\^/x ■ Va,/?(/U)/||wF,0,7 ^ Ck,c 



I 1 1 



X)X ■ Va;-R(/i)/||wF,fc,7 < yXCk 



+ 
1 

'. TT 



1^1 2 



+ 



WF,0,7; 



WF,fc,7- 



(10.170) 



Here ip{x) is a smooth function with |V^/'(a;)| < 1 and supp';/; C [0,X]"'. 
If for a k e no, and < J < 1, f € Cwf(^+ x I^"")' ^^en R{p)f G 
X M™), and, we have 



/^fc,2+7. 



•"WF 



(/^ - Lb,m)Rif^)f = /• 



(10.171) 
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///eC^F^^(M!^ xM-), then 

R{fi){l^-Lh,m)f = f. (10.172) 
There so that, for fj. satisfying ()8.185p . we have 



ll-R(/^)/llwF,fc,2+7 < Cb,k,, 



1 

\^J'\. 



WF,fc,7- (10.173) 



For any B > 0, these constants are uniformly bounded for < b < Bl. 

Proof. This proof of this proposition, with A; = 0, is almost immediate from 
the proof of Proposition 110.2711 If Kf'"^{x, z;y,w) denotes the heat kernel 
for Lbm, then this proof estimated the integrals 



K;g'''"(ic, z; y, w)g{z; w,t - s)dzdwds. (10.174) 

R^R"^ 

The only estimate on g that is used in these arguments is 

\g{x\y\t)-g{x^y^t)\ < \\g\\wF,o,^pi{x\y^), ix^y^)^ . (10.175) 
To prove the present theorem we consider integrals of the form 

oo 

III K''^'^o{x,z-y,w)f{z-wy-"'''^dzdwe"f'ds, (10.176) 



where = |//|e~*'^, with |^| < vr — a, for an < a < vr. We can choose 
|(/>| < ^ so that 

-i+2<^-^<2-2' ^^^-^''^ 
leading to an absolutely convergent integral. All the arguments used in 
the proof of Proposition 110.2.11 apply with the modification that the time 
integrals now extend from to oo and include a factor of g"™'^^'^, where 
9 = (j) — a.ln light of this we only give a detailed outline for the proof of the 
current proposition, with references to formula in the previous argument. 

As in the proofs of the previous results it suffices to establish these results 
for the A: = case, and arbitrary < 6. The case where some components 
of h vanish and arbitrary A: G N are then obtained using Proposition 16.2.11 
and Lemma [5T]T] respectively. We fix a < a < vr. 
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We begin by showing that if / G C^'^(M!^ xM™), then R{fi)f G C^p( 
First we see that Lemma 17.1.31 imphes that 



\\R{f^)f\\L^ < C5,„^^. (10.178) 

To prove the estimate on ||-R(/u)/||wF,fc,7) for A; = 0, we observe that the 
argument in the proof of Proposition llO.l.ll showing that v{x,y,t), with 
initial data / G C^p(M" x M"^), satisfies Holder estimates applies equally 
well to complex times t £ S^. Thus we know that there is a constant Cb^,^ 
so that, for t G S^, we have 

\v{x\y\t)-v{x^y^,t)\<CbM\v^F,oMpii^\y'),i^^y^W- (10.179) 

Integrating the estimate that this implies for [f (•, •, i)]wF o 7 ' shows that 
there is a constant Cb,a,'y for which 



I|i?(/X)/||WF,0,7 < Cb,a,7 "''| (10-180) 

l/^l 

We obtain this estimate for A; > by using the formula in Proposition 15.2.2] 
to commute the derivatives d^dy through the heat kernel and onto the data, 
/. As noted above, in this context there is no need for time derivatives, hence 
we do not need to assume that / has compact support in the x- variables. 

Next observe that we can use the single variable estimates in formula 
analogous to those in (jS.lOSp to show that 



\d,Mif,)fix,y)\ < Cf,,,^L^^ and \^d,^R{fi)f{x,y)\ < Cb. J'^"™'^ 



and 



(10.181) 



dy,R{f^)f{x,y)\ < Cm '";™'^ (10.182) 

2 



The simple 1-dimensional estimates also suffice to prove that: 



x,^t^R{^Ji)f{x,y)\<C^, 



(10.183) 

\xjd^^R{fi)f{x,y)\ < C6,o||/||wF,o,7^/' 



and 



\dlRi^^)f{x,y)\ < (10.184) 
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Using a formula like that in (|8.158p we can show that 



\^/x~x~da:M^.R{n)f{x,y)\ < Cb,, 



WF,0,7 



I I 2 

(10.185) 

\dy,dy^R{^.)f{x,y)\ < Cb. J'^ 
Finally, using an expression like that in ()10.64p . we can show that 



/r,d^^dy,R{f,)f{x,y)\ < (10.186) 

This estabhshes that R{fi)f G C^^piRl x M™). 

We can now use a standard integration by parts argument, see (15.520 - 
(j5.53p . to show that 

{fi-Lt,m)R{l^)f = f. (10.187) 

As in the 1-d case, we demonstrate below that, if / G Qf(^+ ^ ^™)' t^^n 
RilJ.)f G C^^^{R% X M*"), and therefore, by the open mapping theorem, to 
show that R{n) is also a left inverse it suffices to show that the null-space 
{jjL — Lb^m) is trivial for fx €z Sq. If there were a non-trivial eigenfunction /, for 
such a ^, then e^^f would solve the Cauchy problem, and grow exponentially 
with t. As this contradicts (110. 14p . it follows that this null-space is empty. 
We can therefore conclude that if / G C^^'^iR^ x M™), and fi e Sq, then 

R{fi){l^ - Lb,^)f = f. (10.188) 

As the left hand side is analytic in G C \ (— oo,0], it follows that this 
relation also holds in the complement of the negative real axis. 

It remains to establish the Holder continuity of the first and second 
derivatives of R{^)f. Equation (jl0.184p implies that if y and y' differ only 
in the /th coordinate then 



\dy,R{i,)f{x,y)-dy,R{i,)f{x,y')\ < Cb,. - j/^l- (10.189) 



As observed earlier, if y — y' is supported in the mth place and m ^ I, then 
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Lemmas 19.2.21 and 19.2.51 show that we have the bound: 

\dyiR{fJ')f{x,y) - dy,R{iJ,)f{x,y')\ 

°° ( \y^-y'm\ \ 

<C5,.||/||wF.o,7 / \|"^ I e-'°''\^\'ds 

i (10.190) 

oo 


from which it follows easily that, for Pe{y,y') < 1 we have: 



\d^^R(^^)f(x,y)-dyMf^)f{x,y')\<C,,.^l^^^^^^^ (10.191) 



1,7 L. 



To complete the estimate of the first ^/-derivatives, we need to bound the 
difference \dyiR{fi)f{x, y) — dy^R{fj.)f{x', y)\. We can assume that a; — a;' is 
supported in the first slot. The derivation of (|10.65p implies that 

\d,,dy,R{fi)f{x,y)\ < a,a\\f\\wF,o,i J ■ (10-^92) 



Splitting the integral into the part from to xi and the rest we see that 

\d^,dy,R{fi)f{x,y)\ < c. J'^'l^^'V , (10.193) 
which upon integration implies that 

\dy,R{^^)f{x,y)-dyM^)fi^',y)\ < C,^ J'^"WFA7P^(^'^0 ^ (io_^94) 
As we only require an estimate when ps{x,x') < 1, this shows that 

|^,,i^(M)/(^,y)-^,,i^(/u)/(^^l/)l<a, J'^"™"f.^^''''"^^' • (10.195) 

By commuting spatial derivatives past the kernel using Proposition 15.2.21 
we obtain (|10.169p for ah A; G Nq. 

To obtain an estimate for \\,^^/XjdxjR{lJ-)f\\wF,o,-y, we integrate the esti- 
mate of \y/XjdxjV{-,t)\ afforded by Lemma lY. 1.101 to conclude that 

2 

\^dx^Rifi)fix,y)\ < (10.196) 
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As usual this implies that for < c < 1, there is a C so that if x'- < ex -, and 
a; — a;' is supported in the jih place, then 



x-d,^R{^i)f{x,y) - Jx'A^R{fi)f{x',y)\ < C . (10.197) 

To obtain a similar estimate when cxj < x'j < Xj , we use Lemma IA.142I 
Integrating the estimates in (jlO.lSSp and (jl0.186p we easily complete the 
proof that, for p{{x,y), {x',y')) < 1, we have that 

\^d,^R{f^)f{x,y) - < cM^44?^^^' 

(10.198) 

finishing the proof of the first estimate in (jl0.170p . The second estimate is 
proved by using Proposition 15.2.21 to commute derivatives past the heat 
kernel, and applying the first estimate in (jl0.170p and the Leibniz for- 
mula, (|6.62p . to terms of the form: 

ip{x)^^d^^R{fi)d^d^f. 



This explains the appearance of the \/X. All other terms are of lower order 
and easily estimated. This completes the proof of the estimates in (jl0.170p . 

We still need to establish the Holder continuity of the unsealed first 
derivatives in the x-variables. By integrating the second estimate in (|10.183p 
we can show that if x and x' differ only in the jth coordinate, then 



\d,^R{fi)f{x,y)-d,^R{^,)f{x',y)\ < Ct,a\\f\\wFfl,^\V^-^x'.p. (10.199) 

To do the off-diagonal cases, we assume that a; — a;' is supported in the mth 
slot, with j / m. If x'jn = 0, then by arguing as in (|8.124p we see that 



\dx,R{fJ')f{x,y) - dxjR{n)f{x',y)\Cb,a\\f\\wF,o,'y 

oo 

X / si-i^I!l/^e-^°^^l'^l^ds, (10.200) 

J 1 + Xm/ S 



7 

which is easily seen to be bounded by Cb^a\\f\\wF,o,'yXm- Applying (|7.72p we 
see that, if < c < 1, then there is a constant Ch^a so that for cxm > x'^, 
we have 



\dxiRifJ')fix,y) - dx,R{i^)f{x',y)\ < C6,„||/||wF,o,7l\/^ " 



I 17 
m I • 



(10.201) 
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We are therefore reduced to considering cxm < x'^ < Xm, for a c < 1. If we 
use (I7.33P it follows that 



\d^jR{fi)f{x,y) - d^.R{n)f{x',y)\ < (76,^.11 /IIwf.o.tX 

f ^ e-^'^l^l'^ds. (10.202) 

We split this into an integral from to i^^fx^ — y^x^)^ and the rest, to 
obtain: 

\d^^R{n)f{x,y) - d^^R{n)f{x',y)\ < C6,„||/||wF,o,7X 

(10.203) 



2-1 / 2- 

S2 ^ + / 



Performing these integrals shows that this term is also estimated by 

\dx,R{f^)f{x,y) - d^^R{ji)f{x' ,y)\ < C6,a||/||wF,o,7l\/^ - V^P- 

(10.204) 

We now estimate \dxjRifi)fix,y) - dxjR{p)f{x,y')\, with y - y' sup- 
ported at a single index, which we label 1. Arguing exactly as in the deriva- 
tion of (]10.6ip . we see that 

\dx^R{^x)f{x,y)-dx^R{p.)f{x,y')\ 

°° / \yl-yl\ \ 
< CmII/IIwfat / s'^'' e-™^^l^l^d.. (10.205) 

The same argument used to prove (|10.204|) can be employed to show that 

\dx^R{fi)f{x,y) - dx^R{fi)f{x,y')\ < Cb,a\\f\\wF,o,-yPe{y,y'y. (10.206) 

All that remains is to prove the Holder continuity of the second deriva- 
tives. Using the second estimate in (|10.183p and the argument used in the 
proof of (|7.162p we can show that 



Xjd^.R{fi)f{x'j,Xj,Xj,y) - yjd.j.^R{ii)f{x'j , yj , Xj , y ) 



< 



C6,a||/||WF,0,7IV^-V^r- (10.207) 
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Arguing as in the derivation of (|8.142p . we see that 

oo 

a,a||/||wF,o,7 / 5i-ie-^°-^l^l % -f'"/" ds. (10.208) 

J i + Xm/ S 



As before the integral is bounded by a constant times Xm, which suffices to 
prove the Holder estimate for < cxm, for a fixed < c < 1. If we fix such 
a c, then for cxm < x'^ < Xm, the argument leading to (|8.143p gives 



\^j^Xj'^{f^)f{'^mi-^rmXjj^,y) Xjd^^R{fl)f{x^,X^,Xj^,y)\ < 

oo \/3?m ^ ^'m 

a,„||/||wF,o,7 / = e--^''\^\'ds. (10.209) 

The argument used to estimate the integral in (I10.202P applies to show that 



a,a||/||wF,0,7lV^- V^r- (10.210) 

To estimate \xjd'^.R{fi)f{x,y) — Xjd'^_.R{fi)f{x,y')\, we argue as in the 
derivation of (jl0.102p to see that, '\i y — y' is supported in the first ar- 
gument, then 

\xjdlM{fj.)f{x,y) - Xjd'^M{fi)f{x,y')\ 

^si-i / \ I (10.211) 



< a,«ii/iiwFA7 / e—^'\^\^ds. 

\ / 

As before, this integral is estimated by a constant times I''', completing 

the proof that 

\x,dlRiii)fix,y) - x,dl^R{^i)f{x\y')\ 

< Cfe,„||/||WF,0,7[P((^> y)^ (^'' y'W- (10.212) 

The argument between (j8.155p and (j8.164p applies with small modifica- 
tions (largely replacing the upper limit in the s-integrations with oo and the 
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measure ds with e ^^^I'^'^ds), to show that, with j ^ k, we have: 



\y/XjXkd^^d^^R{fi)f{x, y) - ^x'jx'f^d^^d^^R{n)f{x',y)\ 

< a,a||/||wF,o,7[/'^(^.^')]^- (10.213) 

Similarly, the derivation of the estimate in (|10.97p - (|10.98p shows that, if 
y — y' is supported in the first slot, then 



\^XjXkdx^dx^R{li)f{x, y) - y/xJx^dxjdx^R{fj,)f{x,y')\ < 

y / \yl~yl\ \ 
Ct,a\\f\\wF,o,, J si^' e-™^^l^l^d., (10.214) 



which completes the proof that 



1 + ^ 



\./^J^d^^dcc^R{p)f{x,y) - ^x'jx'j^d^^d^^R{fi)f{x',y')\ 

< a,a\\f\\wF,o,Mix, y), i^'^ y')W- (10.215) 

As before we can use the analogous estimates for the Euclidean kernel 
to show that 

\dy.dy^R{n)f{x,y) - dy^dy^R{fi)f{x,y')\ 

<a,a||/||wF,0,7[Pe(y,2/')]^. (10.216) 

The argument between ()10.104p and (jlO.llOp applies with the usual small 
changes to show that 

\dy.dy^R{fi)f{x,y) - dy^dy^R{fi)f{x',y)\ 

<Cb,a\\mF,0MPs{x,x')P. (10.217) 

To estimate the mixed derivatives ,yxjdxjdy,,R{fi)f{x, y), we slightly modify 
the argument between (llO.llip and (I10.122p . In each case we are reduced 
to estimating an integral of one of the following two forms: 

— OO 

S2-1 — or / . 10.218 

^/s + D J S + D 



7 

The first integral is estimated by C^D'^ and the second by C^D^. Using 
these estimates we complete the proof that 



Xjdx,dy^R{fi)f{x,y) - ^ x'jdx^dy^R{fj,)f{x' ,y')\ < 

CmII/I|wf,o,7[p((*, y), i^', y')W (io.2i9) 
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This completes the k = case for 5 > 0. The constants are again uni- 
formly bounded for < b < Bl, and so we can apply Proposition 16.2.1] to 
extend this results to < b. 

Finally, to treat k > 0, we use Proposition 15.2.2] to commute the spatial 
derivatives past the heat kernel and follow the argument above to establish 
this theorem for arbitrary k £ N. The only terms that require additional 
consideration are contributions to the left hand side of (|10.170p from terms 
of the form: 

||5^5^x,9,^fl(/x)/||wF,o,7, for / G C^l, (10.220) 
where aj / 0. In all other cases 

and the estimate follows easily using Proposition 15.2.2] If aj ^ 0, then 

d^d^xjd,^ = x.d^^d^d^ + a.d^d^, (10.221) 

which shows that 

\\d^d^Xjdx^R{fl)f \\wF,0,-y < lkj9x,5"9^-R(/i)/||wF,0,7 + \\R{f^)f\\wF,k,^ 

(10.222) 

It now follows from Proposition 15.2.21 and the A; = case that this term is 
bounded by 

ll/llwF,fc,7- (10.223) 
This completes the proof of the proposition. □ 
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Chapter 11 

Existence of Solutions 



We now return to the principal goal of this monograph, the analysis of a 
generalized Kimura diffusion operator, L, defined on a manifold with corners, 
P. The estimates proved in the previous chapters for the solutions to model 
problems, along with the adapted local coordinates introduced in Chapter[3l 
allow the use of the Schauder method to prove existence of solutions to the 
inhomogeneous problem 

{dt - L)w = g in P X (0, T) with w{x, 0) = /. (11.1) 

Ultimately we will show that if 

/GC^^p+^(P) 5GC^"F(^x[0,r])) (11.2) 

then the unique solution w S C^-^^{P x [0,T]). In this chapter we prove 
the basic existence result: 

Theorem 11.0.1. For A; E No and < 7 < 1, if the data f,g satisfy (|11.2p . 
then equation (jll.ip has a unique solution w G C^^^{P x [0,T]). There is 
a constant Ck^-y so that 

ll^llwF,fc,2+7,T < Cfc,7(l + 7')[||5||wF,fc,7,T + ||/||wF,fc,2+7]- (H-^) 

Remark 11.0.1. The hypothesis that / G C^^^{P) is not what one should 
expect: the result suggested by the non-degenerate case would be that for 
/ G C'^liP), there is a solution in c!^^p^{P x (0,oo)) n C'^l{P x [0,oo)). 
This is true for the model problems. For basic applications to probability 
theory. Theorem 1 1 1 . . 1 1 suffices . We return to this question in Chapter 1121 
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As we have done before, we write the solution w = v + u, where v solves 
the homogeneous Cauchy problem with v{x,0) = f{x) and u solves the 
inhomogeneous problem with u{x,0) = 0. Each part is estimated separately. 
In the early sections of this chapter we treat the A; = case, returning to the 
problem of higher regularity at the end. The issues with the support of the 
data that arose in the analysis of higher regularity for the model problems 
does not arise in the present context. This is because whenever a model 
solution operator appears as part of a parametrix it is always multiplied 
on the right by a smooth compactly supported function. Hence it can be 
regarded as acting on data with fixed compact support. 

With A; = 0, we begin by proving the existence of u for t G [0, Tq], where 
To > is independent of u. A similar argument establishes the existence of 
V. Using these arguments together, we obtain existence up to time T, and 
the estimate given in the theorem in the k = case. Before delving into the 
details of the argument, we first give definitions for the WF-H61der spaces 
on a general compact manifold with corners, and then a brief account of the 
steps involved in the existence proof. 



11.1 WF-Holder spaces on a manifold with cor- 
ners 

We now give precise definitions for various function spaces, C^p(P), C^p(Px 
[0, T]), etc. which we need to use. For the (0, 7)-case we could use an intrin- 
sic definition, using the singular, incomplete metric, ^WF, determined by the 
principal symbol of L, to define a distance function, d-wFi^^y)- We could 
then define the global (0, 7)-WF-semi-norm by setting 

/ WF,o,7 = sup r— , 11.4 

and a norm on C^p(P) by letting 

II/I|wF,0,7=II/IIl-(P)+[/]wF,0,7- (11-5) 

For computations it is easier to build the global norms out of locally defined 
norms. 

By Proposition I3.0.H there are coordinate charts covering a neighbor- 
hood of bP in which the operator L assumes a simple normal form. At a 
point q £ bP of codimension n this coordinate system {xi, . . . ,Xn',yi, ■ ■ ■ ,ym) 
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is parametrized by a subset of the form 

C"^'-(0 = [0,/2)-x(-l ^r, (11.6) 

where q -H- (0„;Oto). Let U denote the open set centered at q covered by 
this coordinate patch and (j) : C"''"(Z) — > U, the coordinate map. We call 
this a normal cubic coordinate or NCC patch centered at q. The parameter 
domain, C"'™(/) is called a "positive cube" of side length I in M" x M™. In 
these coordinates the operator L takes the form 

n n 

L = Y^ Xidl. + c'ki {x, y)dy^ dy^ + ^ 6^ (a;, y)d^. + 

i=l l<k,l<m i=l 

n m m 

XiXja'ijix, y)d^,d^^ + XI XI ^i^'u^^^ y)Qxidyi + X ^)^?/!- 

(11.7) 

The principal part of L at g is given by 

n n 
^ = Y^^^l+ X c'„i{On,Om)dyA+YbiiOn,Om)d.,. (11.8) 

i=l l<k,l<m i=l 

The matrix c^j(0ri,0m) is positive definite and the coefficients {bi{0n,0m)} 
are non-negative. The estimates in the previous chapter show that L — Lq 
is, in a precise sense, a residual term. 

If £ C^{U), and / is defined in U, then we can use the local definitions 
of the various WF-norms to define the local WF-norms: 



ll^/llwF,fe,7 = IIW) O </>||wF,fe,7 
ll^/llwF,fe,2+7 = IIW) O </>||wF,fc,2+7 



If y is defined in i7 x [0, T] then we similarly define the local (in space and 
time) norm: 

WF,fc,7,T = \\{i^9){(p, •)llwF,fc,7,T 
WF,fc,2+7,T = ll(^5)(<A, •)llwF,A;,2+7,r 

Definition 11.1.1. Let W = {{Wj,(l)j) : j = I, . . . , K} he a cover of bP by 
NCC charts, Wq CC int P, covering P \ uf^iWj, and let {ipj : j = 0,...,K} 

be a partition of unity subordinate to this cover. A function / G Q'^(P) 
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provided {ipjf) o g C^'p{Wj), for each j. We define a global norm on 
Cwf(^) by setting 

K 

There are analogous definitions for C^p+'^(P), C^^(Px [0, T]), and C^^p+'^(Px 
[0,T]). The corresponding norms are denoted by 

WF,A:,2+75 ll^ll WF,fe,7,T) ||9||wF,fc,2+7,r- 

It is straightforward to show that different NCC covers define equivalent 
norms and therefore, in all cases, the topological vector spaces do not de- 
pend on the choice of NCC cover. Once we have fixed such a cover, then 
the definitions of the norm on 

Cf(^) in mM and (fTTTTI) are also equiv- 
alent. In fact, if U is an NCC coordinate patch of codimension n, with local 
coordinates {xi, . . . ,Xn',yi, ■ ■ ■ ,ym), then there is a constant C so that, for 
{x^ ,y^), {x'^ ,y'^) G [/, we have 

CdwF{{x\y^),{x^y^)) < [Ps{x\x^)+pe{y\y^)] < 

C-U^F{{x\y'),{x^,y^)). (11.12) 

In the remainder of this chapter we fix the cover 2H. 
11.1.1 Properties of WF-H61der spaces 

The details of the construction of the parametrix rely on some general results 
about the local function spaces C^'^(M+ x M™), C^],{Rl x M'" x [0,r]), for 
which it is useful to recall the local semi-norms 



rfl - ^ \fix^,y^) - fix^,y^)\ ION 



in 1 \g{x\y\e)-g{x\y^t^) 

b]wF,o,7= . sup 



ir / 5 

(a;i,yi,il)^(cc2,y2,t2) [ps{x\ X^) + Pe{y\ y'^) + V\t^ - t^p 

(11.14) 

and the Leibniz formula: 

Lemma 11.1.1. Suppose that f,g £ C^liMl x M™) or C^],(M!^ x M™ x 
[0,T]). The semi-norm of the product fg satisfies the estimate: 

[/5]wF,0,7 ^ b]wF,0,7 + I[/]WF,0,7 (11.15) 
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Proof. These estimates follow easily from the observation that, with wj 
{xj,yj), or Wj = {xj,yj,tj), j = 1,2, we have 



\f{wi)g{wi) - f{w2)g{w2) 



< 



[p{wi,W2)Y' 

|[/(wi) - /(W2)]g(wi)| + |/(w2)[g(wi) - g{w2) 

[p{wi,W2)P 

from which the assertions of the lemma are immediate. 



-, (11.16) 
□ 



We also have a result about the behavior of WF-norms under the scaling 
of cutoff functions. 

Lemma 11.1.2. Suppose that f £ C^(M" x M™) has support in the positive 
cube [0,/^]"- X [-1,1]"^. //e > and we define 

/,(^,^) = /(J,|), (11.17) 
then there is a constant Ci depending on the support of f so that 

mwF,o,j<Ci[e-^ + l]\\f\y. (11.18) 
Proof. First observe that ||/e||L°° = so we only need to estimate 



eJWF,0,7 



. This estimate follows from the observation that 



p{{xi,y^), {X2,y2)), 



and therefore 

\f.{x2,y2) - fe{xuy,)\ _ ^ , \f (t, ^) - / (t. ^) 



[p{{xi,y-^),{x2,y2))P 
; Wj = Xj/e"^, Zj = 

\fe{X2,y2) - fe{Xl,yi) 

[p{{xi,yi),{x2,y2))V 



Letting Wj = Xj/e^^ Zj = yj/e, for j = 1, 2, this becomes: 



= 1,2, this becon 



(11.19) 



(11.20) 



[p{{w2,Z2),{wi,Zi))X' 
||V/||l-'[|w2 - Wi\ + |Z2 - Zi\ 



(11.21) 



[p{{w2,Z2),{wi,Zi))]^ 

where we used the mean value theorem on the right hand side of (jll.2ip . 
The second line in (lll.2ip is estimated by 



e-^l|v/lh 



\Z2 - Zi 



'W2l - JWil 



1-71 



1=1 



(11.22) 
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Taking the supremum of the quantity in the brackets in (jll.22p for pairs 
{wi,zi), {w2, Z2) lying in [0, 4/^]" x [—2/, 2/]™-, shows that there is a constant 
Ci, so that for such pairs: 

|/.(..,^,) - /.(.,^^,)| ^ (n.23) 

This covers the case where both {xi,yi) and (032,2/2) ™ certain neigh- 
borhood of the supp/e. If neither point hes in supp/, then the numerator 
is zero. Hence the only case remaining is when {wi,zi) S [0,/^]" x [—1,1]"^, 
and {w2, Z2) ^ [0, 4Z^]" x [—21, 2/]™. In this case the denominator in the first 
line of (jll.2ip is bounded below by and the numerator is bounded above 
by 2 11/11^00, which completes the proof of the lemma. □ 

Lemma 11.1.3. Suppose that f € C^{Rl x R*") and a G C^M!^ x M™) 
with support in a positive cube of side length I, and a(0, 0) = 0. There is a 

constant C, depending on I and the dimension, so that, if m = 0, then we 
have 

[afe]^F,o,,<C\\f\\c4a\ye'-''- (11-24) 

// m > 1, then 

lafeUF,0n^C\\f\\c4a\y^'-''- (11-25) 

If a is a -function of the variables {\/x, y) = {^/xi, . . . , y/x^, yi, . . . , ym), 
that is 

a{x,y) = A{y/^,y), where A ^ C^{Wl xW^), (11.26) 
then the estimate in (jll.25p holds for a f^, with ||a||ci replaced by \\A\\qi. 
Proof. We begin with the case m = 0. The triangle inequality shows that 

\a{x^)f,{x^)-a{x^)f,{x^)\ 



[p{x\x'^)ri 



< 



\a{x^) - a{x'')mx^)\ , \a{x^)mx^) - f,{x 



2\ 



[p{x\x^)]'r + [pix\x^)p ■ ^^^-^"^^ 

We first assume that x^,x^ £ supp/^. In this case the second term on the 
right hand side of (jll.27p is bounded by 

Ze2||Va||i^|[/JwF,o,7 < Cze'"^ll«llci|l/llci, (11-28) 
where we use Lemma flLLlI lll.l.ll to bound |/e]-wp g ^ - 
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The first term is bounded by 

^^(^r^2j]^ <Ce m\\L^\\a\y. (11.29) 

This proves (jll.24p when both x^,x'^ G supp/^. Essentiahy the same argu- 
ment apphes if x"^ G supp fe, and x^ /e^ G [0, 4/^]" \ supp fe, though only the 
second term on the right hand side of (jll.27p is non-zero. The final case 
we need to consider is x"^ G supp/e, and x^ /e^ ^ [0, 4^^]". For this case, the 
denominator in 

is bounded below by {le)~^ , the numerator is bounded above by 

e'l|a|lci|l/llL-, (11-31) 

thus completing the proof of (|11.24p in case m = 0. 
For the case m ^ 0, observe that 

\aix\y')Mx\y') - a{x\y^)Mx^y^)\ ^ 



[p{{x\y^),{x\y^W 
\a{x\y')-a{x^,y^)U{x\y^)\ + \Ux\y^)-Ux^y^)\\a{x\y^)\ 

[p{{x\y^),{x\y^))p 

(11.32) 

Note that supp/^ C [0,e^P]"- x [—el, el]"''-. If both points again belong to the 
supp/g, then the quantity on the right hand side of (jll.32p is bounded by 

(^e)i-^||a||ci||/||L^ +e|[/,]wF,o,7 < Cie'~^\\a\y\\f\y. (11.33) 

If now {x'^,y^) G supp/,, but ix\y^) G [0,4e2/2]" x [-2e/, 2e/]'" \ supp /„ 
then only the second term on the right hand side of (jll.32p is non-zero; it 
is estimated by 

|[/e]wF,o,7 ^ Cie''^\\a\y\\f\y. (11.34) 

Finally, if {x^,y^) G supp/,, but {x\y^) ^ [0,4e2/2]« x [-2e/,2eZ]™, then 
the denominator is bounded below by (le)'^, and the numerator is bounded 
above by e||a||ci 11/11 > which completes the proof in this case. 
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The argument if a is a C^-function of {y/x,y) is again quite similar. 



\AiV^,y^) - AiV^,y^)\\Mx\y^)\ + \AiV^,y^)\\Mx\y^) - f.jx^y^) 

M{x\y^),{x\y^))]^ 

We observe that 

\A{^,y^)-A{V^,y^)\ < \\VA\\l 



(11.35) 



VA\\L^p{{x\y^),{x\y'')). 



(11.36) 



If both points are in supp/^, then the right hand side of pi.35p is bounded 
by 

IIVAII^^ [[p{{x\y'),{x^y'))f~^\\fU^+em^^^,^^] (11.37) 



Since both points are in supp/^, Lemma 111. 1.11 shows that this is bounded 
by 

Ce^-^\\A\\cA\f\\c^ (11.38) 



The other cases follow similarly. □ 

11.2 Overview of the Proof 

The domain P is assumed to be a manifold with corners of dimension > 1. 
The boundary of P is a stratified space with 



M 



(11.39) 



where is the (open) stratum of co-dimension j boundary points. From 
the definition of manifold with corners it follows that 



M 
j=k 



(11.40) 
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To prove the existence of a solution to the equation, (jll.ip we use an induc- 
tion over M the maximal codimension of a stratum of bP. 

The argument begins by assuming that P is a manifold with boundary, 
i.e. M = 1. Using the estimates proved in the previous chapter we can easily 
show that there is a function ip G C^{P), equal to 1 in a neighborhood of 
bP and an operator 

Qi : Ci^liP X [0,r]) ^ C^f^iP X [0,r]), (11.41) 

so that 

(dt - L)Q\g = ^g + + El'')g, (11.42) 

where 

El\ El'' : C^liP X [0, T]) ^: C^HP x [0, T]), (11.43) 

are bounded and -E^'*, is a compact operator on this space, which tends to 
zero in norm as T tends to zero. If A; = 0, then we can arrange for E^''' to 
have norm as small as we please. 

Let [/ be a neighborhood of bP so that bUCiint P is a smooth hypersurface 
in P, and U CC ip~^{l). The subset Pu = P Ci is a smooth compact 
manifold with boundary, and L fp,^ is a non-degenerate elliptic operator. We 
can double Pu across its boundary to obtain Pu , which is a manifold without 
boundary. The operator L can be extended to a classically elliptic operator 
L defined on all of Pjj- The classical theory of non-degenerate parabolic 
equations on compact manifolds, without boundary, applies to construct an 
exact solution operator Uj = Q'[{1 — (p)g] to the inhomogeneous equation: 

{dt - L)ui = (1 - ip)g in Pu X [0, T] 
with Ui{p,Q) = 0,p G Pu- 

This operator defines bounded maps from C'^liPu X [0,T]) ^ C^+^ [P^ x 
[0,r]), for any < 7 < 1 and k G Nq. Of course, in Pu these spaces 
are equivalent to the classical heat Holder spaces C^'"'{Pu x [0,T]) and 
(jfc+2,7(p^ X [0,r]), respectively. 

To complete the construction when M = 1, choose if) G C^{Pu) so that 
^Z" = 1 on a neighborhood of the support of (1 — (/?), and set 

Q'g = Q\g + Q\g (ii-45) 



where 



Q\ = i^Q\l-^)g]. 



(11.46) 
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Here it is understood that (1 — ip)g and ipQ*[{l — ip)g] are extended by zero 
to all of Pjj and P, respectively. Applying the operator gives 

{dt - L)Q'g = g + {eI^' + eI'% + E^^'g, (11.47) 

where 

E°^^'g = [^,L]Q\[{l-^)g]. (11.48) 

Since -0 = 1 on a neighborhood of the support of (1 — tp) it follows 
from classical results that E°°'^ is a smoothing operator which tends to zero 
exponentially as T — )• 0"*". More generally, assume by induction that E°°'^ is 
a compact operator tending to zero, as Tq — )• 0, in the operator norm defined 
by C^p(P X [0,To]). If To is sufficiently small, then the operator 

El'' + E'/ + E^'' = E' : C'^liP x [0,ro]) C'^l{P x [0,To]) (11.49) 

has norm strictly less than 1, and therefore (Id+ii^*) is invertible. Thus the 
operator 

Q* = Q*(Id+^*)-i. (11.50) 

is a right inverse to {dt — L) up to time Tq and is a bounded map 

Q* : C^^liP X [0,To]) ^ C%f^iP x [0,To]). (11.51) 

At the end of this chapter we use a result from [llj to show that the Neumann 
series for (Id+-E*)~^ converges in the operator norm topology of C^p(P x 
[0,ro]), for any A: G N. 

To handle the case of higher codimension boundaries we use the following 
induction hypotheses: 

[Inhomogeneous Case:] Let P be any manifold with corners such that 
the maximal codimension of bP is less than or equal to M, and let L be a 
generalized Kimura diffusion on P. We assume that the solution operator 
Q* of the initial value problem 

{dt -L)u = g with u{x, 0) = 0, (11.52) 

exists and has the following properties: 

1. For A: G No, < r, and < 7 < 1, the maps 

: C^liP X [0,r]) C^l+''{P X [0,T]) (11.53) 

are bounded. The maps 

: C^liP X [0,r]) C^liP X [0,r]) (11.54) 

tend to zero in norm as T — )• 0+. 
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2. Let V'i5V'2 € C°°(P) be such that dist(supp'0i,suppV'2) > 0. Then the 
operator 

V'iQV2 : a^liP X [o,r]) c^'f+^(p X [o,r]) (11.55) 

is compact, and its norm tends to zero as T — > 0+. We call this the 
small time localization property. 

[Homogeneous Case:] We also assume the existence of a solution operator 
Qo for the homogeneous Cauchy problem: 

{dt -L)v = v with v{x, 0) = /, (11.56) 

with the following properties: 

1. For k G No, < T, and < 7 < 1, the maps 

Q* : C^^l^\P) C^'f+^(P X [0, T]) (11.57) 

are bounded. 

2. As i ^ 0+, for / e C^p+^(P), and < 7 < 7, we have that 

lim ||Q*/-/||wF,fc,7 = 0. (11.58) 
t-*-o+ 

3. If tpii'4'2 £ C°°(P) have dist(suppV'i,suppV'2) > 0, then the operator 

Mli^2 : C^p+"(P X [0,T]) C^2p+^(P X [0,r]), (11.59) 
is compact and tends to zero in norm as T ^ 0+ . 

To carry out the induction step we require the following basic geometric 
result: 

Theorem 11.2.1. Let P be a compact manifold with corners with maximal 
codimension of bP equal to M > 1, and L a generalized Kimura diffusion 
operator on P. Suppose that 

6P = SiU---USm, (11.60) 

where each Sj is the boundary component of bP of codimension j, and let 
U C P be a neighborhood of Sm- There exists a compact manifold with 
comers P so that the maximal codimension ofbP is M— 1, with a generalized 
Kimura diffusion operator L defined on P. The subset Pjj = P Ci U'^ is 
diffeomorphic to a subset of P under a map ^ which carries Lu = L {pf^w 
to L |~*(pnc/<:) • 
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Remark 11.2.1. Informally we say that {Pu^Ljj) is embedded into {P,L). 

The proof of Theorem 111.2.11 is given later in this chapter. To carry out 
the induction step, we use Theorem 111.2.11 to embed {Pjj^Lu) into {P,L), 
where P is a manifold with corners, of codimension at most M — 1. The 
induction hypothesis shows that there is an exact solution operator Q\ for 
the equation {dt — L)u = g on P. In the sequel we refer to this as the interior 
term, which explain the i subscript. In the context of inductive arguments 
over the maximal codimension of the bP, we use the adjective "interior" 
to refer to the things coming from parts of P disjoint from the maximal 
codimensional part of bP. 

We use the codimension M model operators to build a boundary parametrix, 
Q^, in a neighborhood of Em- Arguing much as in the codimension 1 case, 
we can glue to Ql to obtain an operator 

Q* : C^liP X [0, T]) ^ C^'f+^(P x [0, T]), 

so that 

{dt-L)Q' = U+E\ with E' : C'^l{Px[0,T]) ^ C^l{Px[0,T]). (11.61) 

As before, if /c = 0, then we can arrange to have the norm of the error term 
E* bounded by any fixed 5 < 1, as T — )■ 0. Thus, for some Tq > 0, we obtain 
the exact solution operator for {P, L) by setting Q* = Q*(Id this 
operator defines a bounded map 

Q* : C^^liP X [0,ro]) ^ C^'f+^(P x [0,To]). (11.62) 

In Section [11.41 we give the detailed construction of a boundary parametrix 
for the maximal codimension stratum of the boundary. Combining this with 
the estimates in Section [11.3l we verify the induction hypothesis in the base 
case that M = 1 and also the inductive step itself, which completes the 
proof for the k = case. The estimates with A; > are left for the end of 
this chapter. 

11.3 The induction argument 

To complete the proof of the theorem we need only verify the induction 
hypothesis. Assume that P is a manifold with corners so that the maximal 
codimension of bP is M + 1, and that L is a generalized Kimura diffusion 
operator on P. Using the estimates in the previous chapters we show in 
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Section [11.41 that there is a function ip € C^(i-*), that equals 1 on a small 
neighborhood of Saz+i, and vanishes outside a slightly larger neighborhood, 
and an operator Q^, with the mapping properties in (jll.4ip . so that, for 
5GC^^F(Px[0,r]), wehave: 

{dt - L)Q\g = ^g + {e",'' + eI'%. (11.63) 

Here E"^'* and E^'^ are bounded maps of C^p(P x [0, T]), for any A; G Nq 
and < 7 < 1. Below we show that for any 6 > we can construct E^'^ so 
that its norm, acting on C^p(P x [0, T]), is less than 6 and E^'^ is a compact 
map of this space to itself, which tends to zero in norm as T — )• 0. At the 
end of the chapter this is verified for C^p(P x [0, T]), with A; G N. 
Let U he a neighborhood of T,m+i so that U CC int(^~^(l); set 

Pu = Pr\U^ and Lu = L . (11.64) 

We now apply Theorem 1 1 1 . 2 . 1 1 to find a manifold with corners P, of maxi- 
mal codimension M, and a generalized Kimura diffusion operator L so that 
{Pu,Ljj) is embedded into {P,L). The induction hypothesis implies that 
there is a solution operator to the equation {dt — L)u = g on P with 
the desired mapping properties with respect to the WF-Holder spaces on P. 
As before, we choose ip £ C^{Pu) so that = 1 on a neighborhood of the 
support of {1 — (f) and define 

Qig = i^Q'lil - ^)g], (11.65) 

where it is understood that we extend {1 — ip)g by zero, to P, and 'ipQ^[{l — 
ip)g] by zero to P. 

If we let Q* = Ql + Qj, then 

{dt - L)Q'g = g+ (P°'* + E^' + E\)g, (11.66) 

where, as before, Elg = [ip, L]Q*[(1 — 'p)g\. The support of the kernel of E^ is 
a positive distance from the diagonal and therefore the induction hypothesis 
implies that this is again a compact operator, tending to zero, as T — )• 0^, in 
the operator norms defined by C^p(P x [0, Tq]). If we choose Tq sufficiently 
small, then, with E^ = {E^'^ + E"^'* + E^), the operator Id+E* is invertible 
as map from C^p(P x [0,To]) to itself. We set 



= Q\ld+E')-\ 



(11.67) 
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to get a right inverse to {dt — L) on the time interval [0,To], which clearly 
has the correct mapping properties with respect to the WF-Holder spaces 
on P. 

But for the construction of the boundary parametrix, which is done in 
Section [11.41 we can complete the proof of the induction step in this case by 
showing that Q* has the small time localization property. That is, if (f'jtp' 
are smooth functions on P with 



dist(supp (^', supp ^/^') > 0, 



then the operator 



V^'QV:C^^„(Px[0,r]) 



c 



WF 



(Px [o,r]), 



(11.68) 



(11.69) 



is a compact operator that tends to zero in norm, as T — t- 0^. 

The operator (Id +£'*)" as a map from C^liPx [0, T]) to itself is defined 
as a convergent Neumann series 



j=0 



Given r] > 0, there is a so that for any T <Tq, we have that 

-E^V < 



(11.70) 



E ( 

j=N+l 



r]. 



(11.71) 



WF,fe,7,T 



The induction hypothesis and the properties of the solution operators to 
the model problems shows that the operator ip'Q^ip' has the small time 
localization property. Therefore the essential point is to see that this is true 
of a composition A^B^. 



Lemma 11.3.1. Suppose that for t G [0,T], the maps 

A' -.C^liP X [0,T]) C^liP X [o,r]) 



-.c'^liP X [o,T]) 4;(p X [o,r]) 



(11.72) 



are bounded, so that if and are smooth functions with disjoint supports, 
then (pA^ip and cpB^ip have the small time localization property, i.e., are 
compact and tend to zero in norm as T ^ O'^. Moreover, the composition 

A'B' : C^liP X [0,r]) C^liP X [0,r]), (11.73) 



has the same property. 



11.3. THE IND UCTION ARG UMENT 



227 



Proof. Let (^,'0 be as above. Choose 9 G C°°{P) with the properties: 

dist(suppV',supp^) > 0, and dist(supp 99, supp(l — 9)) > 0, (11.74) 

so that ^ = 1 on a neighborhood of supp (p. We observe that 

V'^*SV = [il^A*9]B*ip + ipA^lil - 9)B*ip]. (11.75) 

The operators [V'vl*0] and [(1 — 9)B^(p] have the small time locahzation 
property. Hence tpA^B^if is compact and converges in norm to zero as 

r^.o+. □ 

If we let 

N 

Id+F*f = Y^i-E'y and Q% = Q*(Id+F*f), (11.76) 

then this lemma shows that the operator ip' (ld+Fj^)(p' is compact as a 
map from C^p(P x [0,T]) to itself and tends to zero in norm, as T ^ 0+. 
Furthermore, the difference 

Q'-Q'n-- C^liP X [0, T]) C^l+^P X [0, T]) (11.77) 
tends to zero in the norm topology. With 9 as above: 

i^'Q^N^' = WQ'9]{ld+F},)^' + ^'Q*[(l - 9){U+F},)ip'], (11.78) 

which shows, as above, that ip'Q%ip' has the small time localization property, 
and therefore ip'Q^ip' is also compact. Finally for any r] > 0, there is an N 
so that as a map from C!^1{P X [0,r]) to C^^^^{P x [0,r]) for T < Tq we 
have 

WiQ'-QW\\<v- (11-79) 

This shows that the norm of 

^'QV ■■ C^liP X [0, T]) C^l'-^iP X [0, T]) (11.80) 

tends to zero as T — )■ 0+. This establishes that as an operator from C^p(P x 
[0,T]) to C^p+^(P X [0,r]), the solution operator Q* has the smah time 
localization property. 

To complete this part of the argument, we need only show that for 
any A; > the Neumann series for (Id+i?*)"^ converges in operator norm 
topology defined by C^l{P x [0,r]), and that E* : c!^l{P x [0,T]) 
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C^p(P X [0,T]) has the small time localization property. The induction 
hypothesis shows that the interior error term Ej has this property, so it 
only needs to be verified for the boundary contribution to E*. The detailed 
construction of the boundary parametrix is done in the following section, 
for A; = 0. The argument for A; > is presented at the end of the chapter. 



11.4 The Boundary Parametrix Construction 

In this section we give the details of the argument that if P is a manifold 
with corners so that the maximal codimension of 6P is M + 1, and L is a 

generalized Kimura diffusion defined on P, then given 5 > 0, there is an 
operator and a function if € C^(P) so that 

1. ip equals 1 in a neighborhood of Sm+i- 

2. For any < 7 < 1 and some Tq > 0, we have Q* : C^'^(P x [0, Tq]) 
C^^^{P X [OjTq]) is a bounded operator. As a map from C^p(P x 
[0,To]) to itself, this operator tends, as Tq — >■ 0"*", to zero in norm. 

3. For g e C!^{P X [0,To]) 

{dt - L)Q\g = ^g+ {E^'g + E^g), (11.81) 

where E^'^ has norm at most 5 as an operator on C^p(P x [0, Tq]) and 
is a compact operator on this space with norm tending to zero as 
To ^ 0+. 

4. The family of operators E^'* has the small time localization property. 
In this section we verify claims 1-4 in the case that = 0. 



11.4.1 The Codimension N case 

The argument is a little simpler if M + 1 = iV = dim P, so that the stratum 

Sjv consists of a finite number of isolated points. We begin the construction 
by choosing an < r/ « 1. The set Sjv is finite and consists of p points, 
which we generically denote by q. For each 1 < j < p we let itjv = {(C^j) '■ 
j = 1,. . . ,p} be an NCC covering of a neighborhood of Sjv. By shrinking 
these neighborhoods, if needed, we can assume that these sets are disjoint, 
each containing a single element of S^r. For consistency with later cases we 
let Pj = Sjv n Uj. We use the sets in iljv to define local norms, || • ||^p j^^rp 

on C^l,. 
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Let {xi, . . . , xjv) denote normal cubic coordinates in one of these neigh- 
borhoods, Uj, centered at the point q. In these coordinates the operator L 
takes the form 

N ^ _ 

^ = ^^J^x, + ^{bj + bj{x))dx^ + ^/xjx^a'j^{x)./xjx]:dx^dx^, 

j=l j=l l<jT^k<N 

(1L82) 

here bj are smooth functions vanishing at a; = and a'-j^ are smooth func- 
tions, and we let b = {hi, . . . ,6Ar). We let x ^ C^(M^) be a non-negative 
function which equals 1 in the positive cube of side length 2, centered 
at a; = and vanishes outside the positive cube of side length 3, and 
ip E C^(M:!^) be a non-negative function, which equals 1 in the positive 
cube of side length 4 centered at a; = and vanishes outside the positive 
cube of side length 5. We define 

Xe{x) = X (^) and 7pe{x) = (^^) . (11.83) 

Let K^'^ denote the solution operator for the model problem 

{dt-Li^q)u = g, u{x,0)=0, (11.84) 

where 

N 

L^,g = Y[xJ^l+b,^x^]. (11.85) 

j=l 

In the calculations that follow we suppress the explicit changes of variable, 
but understand that they introduce bounded constants into the estimates 
that are independent of e. We have that 

{dt - L)AKl'^[xe9] = Xeg + [A,L]Kl';^[xeg]+ 

Am^.-ml'^^ixeg]. (11.86) 

As V'e = 1 on the e-neighborhood of the suppxe, the support of the kernel 
function of the commutator term is contained in the complement of the 
e-neighborhood of the diagonal. Hence, for any e > 0, Proposition 110.3.11 
shows that this term converges exponentially to zero in the C^p-operator 
norm for any G Nq and 7 G (0, 1). That is, for any k, 7, T there are positive 
constants C{k,^,T) and ;u(A;,7), so that, with 



E-'/g = [A,L]Kl'^[x.g], 



(11.87) 
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we have 



\\Et^/9\\wF,k,'y,T < C(r,A:,7)e-^('^'^)|b||wF,o,7,T- 

The constants C(T, k, 7) tends to zero as T — t- 0^. 
This leaves only the last term: 



(11.88) 



N 



1=1 



l<i=^j<N 
-,0,7 



K-.i[xeg] (11.89) 



i,q 



We need to estimate the C^p-norm of this term, which involves two parts, 
the sup-norm part 



N 



'^bi{x)dx^+ ^ ^XiXja'ij {x)^XiXjdx, d^^ 

l<i=/=j<N 



i=l 



11.90) 



and the (0, 7)-semi-norm part: 

N 



II 



'^bi{x)dx^+ ^ ^XiXja'ij {x)^XiXjdx^ d^^ 

l<i=/=j<N 



1=1 



WF,0,7,T 

(11.91) 

which we estimate using Lemma (jll.l.ip . Since the function is supported 
in the set where Xi < be^, Proposition 18.2.1) implies that the first term is 
estimated by 



Ce ||x£5'l|wF,o,7,T- 
Applying Lemmas 111. 1.11 and 111.1.21 and we see that 

I < C'e^"'''||5'l|wF,o,7,r, 



(11.92) 



(11.93) 



where the constant C is independent of e. 

To estimate II, Lemma 111. 1.11 shows that we need to consider terms of 
the forms 



(-)IU^ K<^MwF07T'^^^("^ 



WF,0,7,T 



\dx,K^;^[Xe9]\\L- 



(11.94) 
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and 



WF,0,7,T 



\\Vxix'jd^^d:,^K^f[Xeg\\\L^- (11.95) 



IWF,0,7,T 



Lemma 111.1.21 and Proposition 18.2.11 show that the terms where the sup- 
norm is on the coefficients are estimated by Ce^~^ . Applying Lemma lll.1.31 
we see that there is a C independent of e so that: 



WF,0,7,T 



+ [^|Je^/xix]aij{x)] 



WF,0,7,T 



< Ce 



2-7 



(11.96) 



We get an additional order of vanishing in the second term because the 
coefficients vanish to second order in the variables {y^}. We again use the 
estimate from Proposition 18.2.1] to see that 



\\dx,Kl'^[Xeg]\\L°° + \\y/^d^M^^Kl'g[xeg]\\L^ < Ce ^||5lkF,o,7,T, (11.97) 

showing that these products in (|11.94p and (|11.95p are bounded by a con- 
stant times e^^"^"'*'^ ||5'||wF,o,7,T. 

Altogether the right hand side of (jll.89p contributes M^r terms of these 
types, which allows us to conclude that there is a C independent of e, and 
T < To, so that 

I + II < CMNe^^^-'<^\ 



|9'||WF,0,7,T, 



whence 



\^i'q9\\wF,0r(,T < CMAre^*^-^ '''''||5'I|WF,0,7,T. 



(11.98) 
(11.99) 



These calculations apply at each of the p points in Sjv. 

For each e > we let Xi,q ( V'i.ij resp.) denote the function Xt (V'e resp.) 
in the ith-coordinate patch, with this choice of e. The contribution of Sjv 
to the boundary parametrix is given by 



j=l qeFj 



i,q- 



We therefore have 

{d, - L)Q\g = jzY. h"'^? + ^Za + K/a 



j=l qdFj 



+ + E^^'g 



oo,t , 



(11.100) 



(11.101) 
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where 

i=l j=l qdFj j=l qeFj 

(11.102) 

The local estimate (|11.98p shows that there is a constant C so that for 
any e > we have 

||^°'*5||WF,0,7 < C'e'^'"^^ll5l|wF,0,7,T. (11.103) 

We can therefore choose e > so that 



(-g2(l-7) = (11.104) 



With this choice of e we let 



2 = 1 



For this fixed e > 0, the estimate in (jll.SSp shows that 

\\Er^'g\\wF,k,'y,T < C{T, k, 7)e-^('=.^) ||g||wF,o,7,T, (11-106) 
where C{T, A;, 7) — )• as T — )• 0^. Thus with 

El=E^'^ + E^'\ (11.107) 

we have the norm estimate 

||^*||o,7 < [5 + C(T,0,7)e-'^(0'^)] (11.108) 

The function (p equals 1 in a neighborhood of S^v, and we have estimate 

||(9t -L)Q*<7- vP5||wF,o,7,T < [5 + C{T,0,j)e-''('>'''^]\\g\\wF,o,f,T- (11-109) 

It only remains to verify the small time localization property for the error 
term. The operator E^ is built from a finite combination of terms of the form 
GK*6, where G is a differential operator, ^ is a smooth function, and is 
the heat kernel of a model operator. If ip and -0 are smooth functions with 
disjoint supports, then we can choose another smooth function ip' so that 

supp n supp -0 = and tp' = 1 on suppt^. (11.110) 

Since G is a differential operator, it is immediate that 

ipGK^Oip = ipGip'K^eip. (11.111) 

As the supports of ip' and ip are disjoint, it follows that ip'K^Oip is a family of 
smoothing operators tending to zero as T —t- 0^ as a map from C^{P x [0, T]) 
to C^{P X [0,T]), for any A: G N. This completes the construction of the 
boundary parametrix in this case. 
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11.4.2 Intermediate Codimension case 

Now assume that n = M + 1 < dim P, and that Sjv^+i is the maximal co- 
dimensional stratum of bP. This includes the case that n = 1, which is the 
base case needed to start the induction. 

We let N^TiM+i denote the inward pointing normal bundle of Sm+i- 
Since Em+i is the maximal codimensional stratum, the tubular neighbor- 
hood theorem for manifolds with corners implies that there is a neighborhood 
W of Sm+1 in P that is diffeomorphic to a neighborhood Wq, of the zero 
section in N'^'Sm+i- Let ^' : Wq W he such a diffeomorphism, which 
reduces to the inclusion map along the zero section. We let $ denote a C°°- 
function defined on N^T,m+i so that $ = 1 in a neighborhood Wi of zero 
section and <I> = outside a somewhat larger neighborhood W2. We define 
a family of functions {$e : e G (0, 1]} in C°°{W) by setting 

$,(r) = $ • ^'-^r)) , (11.112) 

here e~^- denotes the usual action of M+ on the fiber of AT+Sm+i- 

Let il = {Uj : j = 1, . . . ,p} denote a covering of a neighborhood of 
TiM+i by NCC charts. The fact that Tim+i is the maximum codimensional 
stratum implies that all of these charts have coordinates lying in M" x M™. 
Let 

{x;y) = {xi,...,xn;yi,...,ym) 

be the normal cubic coordinates in a subset Uj , so that in these coordinates 
L is given by 

n n 

L = Y^Xidl.+ ^ Cki{x,y)dy^dyi+^hi{x,y)d:ci + 

i=l l<k,l<m 1=1 

n m m 

XiXja'ij{x,y)da:,d^. + ^ ^ a;i6-i(a;, +Ydi{x,y)dy^. 

l<iy^j<n i=l 1=1 1=1 

(11.113) 

We let LP denote the sum on the first line; this is the principal part of L. 

There is a positive constant K so that within the coordinate chart the 
coefficient matrix Cki satisfies 

Kldm<Ckiix,y) <K-Hdm. (11.114) 

For each point in g € T,M+i,j = '^M+i H Uj we could choose an affine change 
of coordinates in the ^/-variables, which we denote by (x, y), so that in these 
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variables q -f-)- (0; 0) and: 

n n 

i=l l<k,l<m 2=1 

(11.115) 

where 

Ckl{0n,0m) =bi{0n,0m) = 0. (11.116) 



In light of the bounds (|11.114p these affine changes of variable come from 
a compact subset of GLm K M™" and therefore, under all these changes of 
variable, the coefficients Cki,bi,bi and a'^j,b'-i,di remain uniformly bounded 
in the -topology. 

In fact we do not use these changes of variables in our construction, but 
simply note that the constants in the estimates for the model operators at 
points q = (0;y^) G Ui, which we can take to be 

n m 

^i,Q = Yl^^'^^, + bi{0,yg)dx,] + Yl ^ki{0,yg)dy^dy^, (11.117) 

1=1 k,l=l 

are uniformly bounded. We have 

m 

1=1 

where the residual "second order" part at g is: 

n 

^Iq = Y '^kkq{X: y)dyAl + Y ^i,^^^' ?/)^^« + 
l<k,l<m i=l 

n m 

Y Vxixja'ij{x, y)^XiXjd:„^d^^ ^YY y)Vxidx,dyi ■ 

l<if^j<n 1=1 1=1 

(11.119) 

The coefficients of L^^ are smooth functions of {x,y), and 

Cki,qi^^y) = Cki{x,y) - Cki{0,yg) and b'i^g{x,y) = bi{x,y) - bi{0,yg), 

(11.120) 

so that 

4,,(0,y,) = 6^,,(0,i/,) = 0. (11.121) 
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We let x{x,y) and ip{x,y) be functions in C^(M" x R™) so that 
X = 1 in [0,4]" X (-2,2)'^ 

A L , J \ , ) (11.122) 

suppxC[0,9rx(-3,3)", ^ ^ 

and 

V'^ 1 in [0,16]"^ X (-4,4)" 
suppV C [0,25]™ X (-5,5)", 

With (0; y^) the coordinates oi q, we define 



(11.123) 



X^,q = x{^,^-^], (11.124) 



and 



V.,, = v(j,^-^j. (11.125) 

Of course these functions depend on the choice of e, but to simphfy the 
notation, we leave this dependence implicit. We let Fi^^ be the points in 
Ui n Sm+1 with coordinates {(0, ej) : j € 17^}. 
It is immediate from these definitions that 

Lemma 11.4.1. Every point lies in the support of at most a fixed finite 
number of the functions {ipi^q : q G Fiy, i = 1, . . . ,p}, independently of e. 

From the definition of the sets Fi^^ it is clear that there is a constant S, 
independent of e, so that for r G P we have the estimate 

1=1 qeFi^c 

It is also clear that X^{r) > 1 for r G By choosing the neighborhoods 

Wi,W2 (independently of e) used in the definition of <^e, (see (111.112j) ) we 
can arrange to have = 1 on the set where > ^, and 

snpp<^,CX~\[^,S]). (11.127) 
lb 

To get a partition of unity of a neighborhood of Sm+i, we replace the 
functions {Xi,q} with 
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For any choice of e > 0, these functions are smooth and define a partition of 
unity in a neighborhood of Sm+i- By repeated apphcation of Lemmas 1 11. 1.11 
and I11.L2] and (jll.l27p . it fohows that there is a constant C independent 
of e > so that 



||'0i,(?l|wF,O,7 + ||Xj,gl|wF,0,7 < ■ 

For each e > we define a boundary parametrix by setting 

p 



^11.129) 



(11.130) 



where K^'^ denotes the solution operator constructed above for the model 
problem 

{dt - Li^q)u = g u{r, 0) = 0, 

with Li^q defined in (111.1171) . and with b = (6i(0, y^), . . . , 6„(0, ^g)). We 
now consider the typical term appearing in the parametrix. If 5 is a Holder 
continuous function defined in a neighborhood of suppxi.g, then 



(11.131) 



is well defined throughout Ui and can be extended, by zero, to all of P. We 
apply the operator to Ui^q obtaining: 



{dt - L)ul = tpi,q{dt - Li^q + Li^q - L)K^'^[Xi,qg] + [V-i.g, L]K"'^[Xi,q9] 



Xi,q9 + i^i,q{^i,q " L)K^ '^[Xi,qg] + [lpz,g, L\K"^^[xlg\ 



(11.132) 



The estimates for the sizes of these errors will be in terms of ||Xi,gfi'llwF 7 r- 
It follows from Lemmas 111. 1.11 and 111.1.21 and (jll.l29p that there is a con- 
stant C, independent of e, T so that 



IXj,(7fl'llwF,0,7,T < ■^||5'||WF,0,7,T 



There are three types of error terms: 



^l/q = \^i,q, L\K^fq[Xi,q9\, Ej'^g = iPi^q 



9' 
i,q 



^di{x,y)dy 



J=i 

'^i,qLlqK^fq[Xi,q9\, 



(11.133) 



K^ilxi^qg], 



(11.134) 
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where L[g is given by (jll.ll9p . For each e > and d £ {0, 1, oo} we define: 

Ef' = E E < (11-135) 

Observe that the support of the coefficients of [ipi,g,L] is disjoint from 
that of Xi,q and therefore Prop osit ion 1 1 U . 3TT] shows that i?"^'* is a smoothing 
operator tending exponentiahy to zero as T — )• 0"^. As before there are 
positive constants C(T,k,'y) and ^(/c,7) so that, for any e > 0, we have 

\\E^/9\\wF,k,i,T < C{T, k, 7)e-'^(^'^) \\g\\wF,k,^,T, (11.136) 

where C{T, k, 7) = 0{T) as T ^ 0+. 

The error term E^'^g produced by the tangential first derivatives is of 
lower order, but more importantly, equation (|lU.45p shows that the norm of 
this term also tends to zero as T — )• 0"*". Hence there is a positive constant 
C independent of e so that 

||^-;gffl|wF,o,7,T < Ce-^T^ ||<7||WF,0,7,T. (11.137) 

Recalling Lemma lll.4.H each point will lie in the support of at most S of 
the functions Vi,? and therefore there is a constant C independent of e so 
that the sum of these terms satisfies an estimate of the form 

\\[E'/ + i?r'*]5llwF,o,7,T < 5Ce-(^(°'^)+^)ri||5||wF,o,7,T. (11-138) 
The remaining error term is 

El'^g = i;,,gLlXi[x^,,g], (11-139) 

which is a bounded map of C^p. to itself, for any /c E Nq. We need to 

. The vanishing properties of 

WF 0,7 

the coefficients of L[^, Proposition 110. 2TT] and Lemmas 111.1. 11 111.1.21 implv 
that the L°°-term satisfies 



estimate both H-E'j^qfi'llL"" and 



\\Ei'gg\\L^ < Ce||xi,q5'l|wF,o,7 ^ '^I|5||wf,o,7- (11.140) 

The second inequality follows from Lemmas 111. 1.11 and 111.1.21 

To estimate the Holder semi-norm we need to consider a variety of terms, 
much like those in (jll.94p and (|11.95p . For the case at hand we have the 
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terms 



WF,0,7 



WF,0,7 



A,qy/xix~a'ij {x, y)^XiXjd^^ d^^ K^'g [xi,qg] 

\>Pi,qy/xlh'ii {x, y)y/x'id^^dy^ K^giXi^qg] 



WF,0,7 



WF,0,7 



(11.141) 



each of which is estimated by using the Leibniz formula in Lemma 111. 1. 11 
Lemma 111.1.21 shows that there is a constant C so that the terms 



WF,0,7 



WF,0,7 



WF,0,7 



Ui,qK,qix,y)\\L^ [dcc^Kl'^[Xi,qg] 

Ui,qC'kl,qix,y)\\L°- ldyAKl'^[Xi,qg] 

1 1 i^i,qy/xlb'ii (a; , 2/) 1 1 LOO ^0^, dy^ K^'^ [xi,qg] 
are all bounded by 

Ce|[Xi,g5]wF,o,7 - C'e^"^lbllwF,o,7- 
Similarly, we see that 

< Ce2-^||5||wF,o,7- 



(11.142) 



(11.143) 



WF,0,7 



'i,qVXiX]aij{x, 2/)||l-> ^V^iXj dx, d^^ K^'^ [Xi,qg] 

(11.144) 

To complete the estimates for the terms in (jll.l4ip we need to bound: 



[^i,g^i,g(a;,y)]wF,0,7 \\9^^Kq^^i'19]\\L--, 

[^i,qCH,q{x,y)]^pQ,^ \\dyA^Kl'^[Xi,gg]\\L--, 

['ilJi,qy/x~x~aij {x, y)] g \\y/xIx~d^^d^^Kl'^ [Xi,qg]\\ 



['4'i,q^/x'ib^l{x,y)] 



>7 
>7 

WF,0,7 



'^.AKq^X^,qg]\\L^■ (11-145) 



Proposition 110. 2TT] shows that for any < 7' < 7 < 1 the sup- norms appear- 
ing in (jll.l45p are bounded by 



C-y'\\Xi,qg\\wF,0,Y < Cye 

We therefore fix a < 7' < 7 so that 

7' + 7 < 1. 



|WF,0,7' 



(11.146) 
(11.147) 
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To complete this estimate we only need to bound the Holder semi-norms of 
the coefficients. Lemma [11.1.31 shows that all of these terms are bounded by 
Ce^~^, for a constant independent of e > 0. Together these estimates show 
that there is a constant C independent of e, i and q so that 

llOllwF,o,7,T < Ce^-^-^'||(7||wF,o,7,T. (11-148) 

Once again we use the fact that for any point in P at most a fixed finite 
number of terms in the sum defining E^ is non-zero to conclude that there 
an constant S so that 

||^°'*5llwF,o,7,T < 5Cei-^-^'||(7||wF,o,7,T. (11.149) 
We can therefore choose e > so that 

5C'gi-7-7' < s. (11.150) 

With this fixed choice of e we let 

p 

this function equals 1 in a neighborhood of T,m+i- Using the definition for 
with this choice of e, we see that, with 

El = E^/ + E]'^ + Ef'^ (11.152) 

we have that 

{dt - L)Ql - ipg = Elg, (11.153) 

and therefore 

11(9^ - L)Ql - (/95llwF,o,7,T <[6 + Ce-'^(°'^)rl]||(7||wF,o,7,T. (11.154) 

This estimate completes the construction of the boundary parametrix for 
the case of arbitrary maximal co-dimension between 1 and dim P. 

It only remains to verify the small time localization property for the 
error term. As before, the operator E^ is built from a finite combination of 
terms of the form GK^9, where G is a differential operator, is a smooth 
function, and is the heat kernel of a model operator. Precisely the 
same argument as given in maximal codimension case shows that if (p and 
ip are smooth functions with disjoint supports, then tpGK^Oip is a family of 
smoothing operators tending to zero as T — )• 0^ as a map from C^{P x [0, T]) 
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to {P X [0,T]), for any j € N. This in turn completes the proof, in case 
A; = 0, of the existence of a solution to the inhomogeneous problem up 
to a time Tq > 0. In the next section we show how to use this result to 
demonstrate the existence of solutions to the Cauchy problem, which in turn 
allows us to prove a global in time existence result for the inhomogeneous 
problem. 



11.5 Solution of the homogeneous problem 

Assuming the existence of a solution to the inhomogeneous problem for data 
in C^p(P X [0, To]) for a fixed Tq > 0, a very similar parametrix construction 
is used to show the existence of v, the solution for all time, to the homoge- 
neous Cauchy problem, with initial data / G C^p^'^(P). Assume that Q*, the 
solution operator for the inhomogeneous problem, is defined for t £ [0,Tq]. 
As above, we use Proposition 110. iTT] to build a boundary parametrix for the 
homogeneous Cauchy problem, which we then glue to the exact solution 
operator for Pjj. This gives an operator 



:C^2+^(P)^C^^p+^(Px[0,oo)) 
{dt - my = Elf and QU \t=^= /, 



(11.155) 



where 

El : C^'p+^(P) X [0,oo)) (11.156) 

is a bounded map. A slightly stronger statement is true. 

Proposition 11.5.1. Given 5 > we can make 

lim ||-E'nlUfc,2+7/-D\ ./^fc.Tfp^rn — ^- (11.157) 

The existence of the operator Qo is a simple consequence of the induc- 
tion hypothesis and the properties of the solution operators for the model 
homogeneous Cauchy problems established in Proposition 110.1.11 Suppose 
that the maximal codimension of hP is M. Let {Wj : j = 1,...,J} be 
an NCC cover of Sa/, and Wq a relatively compact subset of intP, which 
covers P \ Uj^iWj, and has a smooth boundary. Let {(fj} be a partition 
of unity subordinate to this cover of P, and {V'j} smooth functions of com- 
pact support in Wj, with ipj = 1 on supp ipj. For each j G {1, . . . , J} let 
Qjo be the solution operator for the homogeneous Cauchy problem defined 
by the model operator in Wj. As above, we let Qqo be the exact solution 
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operator for the Cauchy problem {dt — L)u = on Wq with Dirichlet data 
on bWo X [0,oo). We then define 

J 

Qi = T.'^jQ%^j- (11-158) 

j=0 

Prom the mapping properties of the component operators it follows that, for 
any < 7 < 1, and k £ Nq, this operator defines bounded maps: 

As t — )• 0"*", the operator Qq tends strongly to the identity, with respect to 
the topologies C^p(P), C^^''{P) respectively, for any 7 < 7. 
If we set Qif = Q^E^^f, and Q* / = (Qo " Qo)f^ then 



Q* : C^f^iP) C^V^iP X [0,To]) is bounded 
{dt-L)Qif = 0. 



(11.160) 



For any < 7 < 7, the solution Qq/ tends to / in c!^^'^{P). From the 
induction hypothesis and the properties of the boundary terms this is cer- 
tainly true of Qq/. To treat the correction term we observe that Q* defines 
a bounded map from C^l{P x [0, T]) to C^^p'^{P x [0, T]). For a fixed 6 > 0, 
by constructing the partition of unity {^Pj} as in Section [11.41 and choosing 
e > sufficiently small, we can arrange to have 

lim ||-E'o/llwF,fc,7,T < '5||/||wF,fc,2+7- 
T— ^0+ 

Hence, for any 6 > 0, 

lim II QV - /||wF,fc,2+7 < C5\\f\\wF,k,2+^- (11.161) 
t-s>0+ 

To show that the solution to the homogeneous problem exists for all t > 
0, we observe that the time of existence Tq already obtained is independent 
of the initial data, and there is a constant C so that, with v = QqJ, 

lb(-,?o)llwF,fc,2+7 < C'||/||wF,fc,2+7- (11.162) 



We can therefore apply this argument again, with data v{-,Tq) specified 
at t = To, to obtain a solution on [0,2ro]. We have the same estimate on 
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[0, 2Tq] with C replaced by 2C. This can be repeated ad libitum to show 
that there is a solution v to the homogeneous Cauchy problem, belonging 
to c!^^^{P X [0, T]), for any T > 0, which satisfies the estimate 

ll'^llwF,fc,2+7,T < C{1 + T)||/||wF,fc,2+7- (11.163) 

To verify that Qq satisfies the small time localization property (condition 
(3) in the induction hypothesis) we recall that Qq = Qq — Q*^Eq. The induc- 
tion hypothesis and the properties of the model heat kernels show that Qq 
has this property. We have established this for the operator Q*. The error 
term is again of the form GKqO, where G is a differential operator and Kq is 
either a model heat kernel, or the heat kernel from the interior. As before, 
if If and ip have disjoint support, then we can choose if' satisfying (jll.llOp . 
From this it is immediate that, as maps from c!^^''{P) to C^p(P), the 
operators 

^GK^qOiIj = ipGip'R^ei/j (11.164) 

have the small time localization property. Using the arguments in the proof 
of Lemma 111.3.11 it follows easily that, as maps from C^^'''(P) to itself the 
operator Q^Eq also has the small time localization property. 

This completes the proof of the following theorem, which is part of The- 
orem [TT^Tl in the k = case. 

Theorem 11.5.1. Let P be a manifold with corners and L a generalized 
Kimura diffusion operator defined on P. There is an operator 

Ql : C^'p+^(P) C^f^iP X [0,oo)), (11.165) 

so that 

{dt - L)Qy = for all t > 0, (11.166) 

moreover, for any 7 < 7, Q^f converges to f in C^^''{P). There are con- 
stants Ck^-y SO that 

||Qo/llwF,fc,2+7,r < Cfe,^(l + r)||/||wF,fc,2+7- (11-167) 

Contingent upon verification of the convergence of the Neumann series 
for /c G N, and the proof of Theorem I11.2.H this completes the proof of 
Theorem 111.5.11 

This theorem has a corollary about the point spectrum of L on the spaces 

Corollary 11.5.1. If there is a non-trivial solution f E C^^'^(P) to the 
equation (L — /u)/ = 0, then Re /i < 0. 
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Remark 11.5.1. This extends the consequence of the maximum principle in 
Proposition 14.3.41 from fi G (0,cxd) to in the right half plane. 

Proof. Suppose there were a solution ^ 0, for a complex number /u with 
Re/i > 0. The unique solution to the initial value problem {dt — L)v = 0, 
with v{x, 0) = ffi{x), would be v{x, t) = e^*/^(x). The norm of this solution 
grows exponentially, which contradicts (|11.167p . □ 

We also observe that the solution of the homogeneous problem can be 
used to extend the time of existence for the inhomogeneous problem. Con- 
tingent upon proving the convergence of the Neumann series for (Id +E^)^^, 
we have proved the existence of a solution, u G c!^^''{P x [0,To]) to 

{dt-L)u = g£ C'^liP X [0,r]) with u{w,0) = 0, (11.168) 

where we assume that T > Tq. We now let vi denote the solution to the 
Cauchy Problem with initial data u{w,Tq) G c!^^^{P), which exists on the 
interval [0,To], and let ui denote the solution to (|11.168p . with g replaced 
by g{w, t + To). We see that setting 

u{w,t) = vi{w,t - To) + ui{w,t - To) for t G [ro,2ro], (11.169) 

extends u as a solution of (jll.l68p to the interval [0,2To]. This process is 
repeated n times until hTq > T, or infinitely often if T = oo. It is clear that 
u G C^p^'^(P X [0, r]), with norm growing at most linearly in T. 

To complete the proof of Theorem 111. 0.11 we need to prove 111.2.1^ the 
convergence of the Neumann series for {ld+E^)~^ in the topologies defined 
by C^p(P X [0, To]), for A; > 0. Theorem lll.2.1l is proved in the next section, 
and the higher regularity is established at the end of this chapter. 

11.6 Proof of the Doubling Theorem 

Let P be a manifold with corners up to codimension M and L a generalized 
Kimura diffusion operator on P. Let S = T,m denote the corner of maximal 
codimension M. This is a closed manifold without boundary; for simplicity 
we assume here that it is connected, although this is not important. We first 
examine the geometry of P near S and use this to indicate how to perform 
the doubling construction for P itself. Once we have accomplished this, we 
show how to extend L to an operator of the same type on the doubled space. 

A key property of manifolds with corners is that S possesses a neighbor- 
hood U which is diffeomorphic in the category of manifolds with corners to 
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a bundle over S, where each fiber is the 'positive' unit ball = {x G M : 

Xj > y j, \\x\\ < 1} in the positive orthant in R-^. Indeed, the existence 
of this fibration is just the correct global version of the fact that near any 
point g G S there is an adapted coordinate chart (xi, . . . , XM,yi, ■ ■ ■ ,ye) for 
P with each Xj G [0, 1) and yi G (—1, 1). The point we do not belabor is 
that one can choose a coherent set of coordinate charts of this type so that 
in the overlaps of these charts, the fibers {y = const.} are the same and the 
transition maps induce diffeomorphisms of the positive orthant fibers. In 
fact, we need a slightly more refined version of this. Use polar coordinates 
< r < 1 and U! G 5":^^ = {x G : ||x|| = 1} to identify each fiber 

with a truncated cone Ci{S^^^^). Then it is possible to choose the atlas of 
coordinate charts so that the transition maps preserve the radial coordinate 
r. In other words, each hypersurface {r = const.} is globally defined, and is 
itself a manifold with corners up to codimension M — 1. In particular, set 
S° = {r = 1}. Note that E" is the total space of a fibration over E with 
fiber S^-\ 

We next define the doubled space P. Let P° denote the open manifold 
with corners P \ E. As a set, define 



where —P° denotes P° with the opposite orientation. The identification is 
the obvious one between P°nU = (0, 1) x S" and the corresponding portion 
of the cylinder, with the analogous identification between —P" and the other 
side of the cylinder. This space has the structure of a smooth manifold with 
corners only up to codimension M — 1. 

For the second step of the proof, we must define an extension of the 
operator L to P. It is most convenient now to express the restriction of L to 
the neighborhood Z^/ of E in polar coordinate form. For this we recall that 
in these coordinates, 



P = ((-P°) U P° U (-1, 1) X E") / 




UJjdr -{ Vj 



r 



where Vj is tangent to each hypersurfaces r = const, and transversal to 
{wj = 0}. On the other hand, each ^y^ lifts to a vector field of precisely the 
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same form. Therefore 



i=l 




The coefficients a[j, h'-^, c'^^, di are smooth in {y,r,uj). Notice that the 
first term {rd^ and the operator in the first parenthetic expression are both 
homogeneous of degree —1 and odd in r and are independent of y. All of 
the other operators are homogeneous of degree and even in r provided we 
neglect the smooth dependence of their coefficients in r. We can obviously 
regard this as an operator on the cylinder, at least away from r = 0, so we 
must simply define a modification of the coefficients which extends smoothly 
and in the same class of Kimura-type operators across r = 0. Recall that 
we wish to make this modification in any fixed but arbitrarily small region 
\r\ < rj. To this end, choose a smooth nonnegative cutoff function xi''^) 
which equals 1 in r > r/ and vanishes when r < r]/2. Now replace a[j, for 
example, by 



and similarly for all the other coefficients. These modified terms are now 
exactly homogeneous of degree in r < r//2 and extend by even reflection 
across r = 0. It remains only to define the extensions of the first two 
terms. For this, let p{r) be a smooth function defined when |r| < 1 with the 
following properties: p{r) = p{—r), p{r) > rj/A for all \r\ < 1, p{r) = r when 
|r| > 7] and p{r) < r] for |r| < rj. We then replace these first two terms in L 



We have now defined the full extension of L to an operator L of Kimura 
type on the doubled space P. This completes the proof of Theorem 111.2.11 

11.7 The Weak Resolvent and C^-semi-group 

The existence of a solution to the Cauchy problem, with initial data in 
C^^^{P) suffices to establish the existence of a contraction semi-group on 



«'/,• := xir)aiAy,r,uj) + (1 - x(?'))ai, (y, 0, w) 



by 




M 
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C^{P), generated by the C''-graph closure of L acting C|^p(P). Though these 
results suffice to establish the uniqueness of the solution to the SDE asso- 
ciated to L and therefore the existence of a strong Markov process with 
support in P, they are not optimal as regards the smoothing properties of 
the resolvent {fi — L)~^. We revisit this question in the following section. 

If / G C^''^^^[P) then Theorem 111.5.11 shows that there is a unique 
solution V £ C^''^~^^(P x [0, oo)) to the initial value problem 

(dt -L)v = with v{-,0) = f. (11.170) 

The maximum principle shows that 

ll'y||L°°(Px[0,oo)) < II/IIl°°(P)) (11.171) 

and the theorem gives the estimate 

lb||wF,0,2+7,T < C{1 + r)||/||wF,0,2+7- (11.172) 

These estimates easily imply that, so long as Re /u > 0, the limit 

1 

e 

lim / v(-,t)e'^^dt (11.173) 

e^0+ J 
e 

exists as both a C°(P)- and a C^^'''(P)-valued integral. We denote this 
limit by R{^)f. The estimates on v given above imply that 



(11.174) 



P(/i)/||L- < ^\\f\\L^ 

Re fJL 

II^(m)/I|wF,0,2+7 < C ^^^^p^ ||/||wF,0,2+7- 

Using the same integration by parts argument as was used in section 
we establish that 

{fi-L)R{fi)f = f. (11.175) 

The maximum principle shows that the operator L with domain Cy^Y{P), 
considered as an unbounded operator on C^{P), is dissipative, see Lemma 
14.2.11 As C^^^{P) is a dense subset of C°(P), we can apply a theorem of 
Lumer and Phillips, see [23], to conclude the existence of a Co-semi-group of 
operators e*^ : C^{P) — t- C^{P), with domain given by the C'^-graph closure 
of {L,Cy^^^ (P)). The maximum principle implies that this semi-group is 
actually actually contractive. 
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This establishes, for example, the uniqueness of the solution to the mar- 
tingale problem, supported on C°([0,oo);P) and the uniqueness-in-law for 
the solution to the SDE formally defined by this second order operator. The 
fact that the paths of this process are confined almost surely, to P, follows 
using an argument like that in [H [H [T] . We will return to these questions in 
a later publication. 

11.8 Higher Order Regularity 

In the earlier sections of this chapter we constructed a boundary parametrix 
with an error term defined in (jll.lOTp or (jll.l52p . These operators 
define bounded maps from C^liP X [0,r]) to itself for any A; G No and 
< 7 < 1. To complete the proof of Theorems 111.0.11 and [TT.5.11 we need 
only establish the convergence of the Neumann series for (Id+E'*)^^ in the 
operator norm topology defined by C^p(P x [0,To]), for some e > and 
To > 0. We accomplish this by using a general result about the convergence 
of Neumann series in higher norms proved in [Tl]. We begin by recalling the 
main result of that paper. 

Suppose that we have a ladder of Banach spaces Xq D Xi D X2 D ■ ■ ■ , 
with norms || • \\k, satisfying 



Theorem 11.8.1. Fix any K €zN. Assume that A is a linear map so that 
AXk C Xk for every /c G No, and that there are non-negative constants 
{aj : j = 0, 1, . . . , K} and {/3j : j = 1, . . . , K}, with 



x\\k-i < ll^^llfc for all X G X^. 



(11.176) 



Uj < 1 forO<j<K, 



(11.177) 



for which we have the estimates: 



Ax\\o < ao||x||o for x G Xq, and 

Ax\\k < ak\\x\\k + /3k\\x\\k-i for x G Xk. 



(11.178) 



In this case the Neumann series 



00 




(11.179) 



j=0 



converges in the operator norm topology defined by {Xk, \\ ■ \\k) for all k G 
{0,...,K}. 
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To apply this theorem we need to show that for any K €zN and 1 < 7 < 
0, we can choose < e, < To so that there are constants {ao, • • • , ax} and 
{/3o, • • • , Pk} with (3q = 0, Uj < 1, for < j < K, and we have the estimates 

l|-^e9'llwF,A;,7,To < Ofc |bllwF,fc,7,To + /3fc||5l|wF,fc-l,7,To for < k < K. 

(11.180) 

Recalling the definition of the norms on the spaces C^p(P x [0, T]) and 
C^^'^{P X [0,T]), we see that the proofs of such estimates follow quite 
easily from what is done in Chapter [TTl Equivalent norms can be defined 
inductively by starting at A; = with the definitions in (j6.59|) and (|6.67|) and 
then setting 

lbllwF,fc,7,T = lbllwF,fc-l,7,T + SUp ||5'5"9^5||wF,0,7,T 

\cx\ + \l3\+2l=k 

||5l|wF,fc,2+7,T = |bllwF,fc-l,2+7,T + SUp ||0^5"9^g||wF,0,2+7,T- 

\a\ + \l3\+2l=k 

(11.181) 

The operators appearing in the sum that defines the boundary contri- 
butions to -B* are of the form 

GKl'^Xe, (11.182) 

where G is a differential operator. From the form of this operator it is clear 
that we can regard it as acting on functions with support in a compact 
subset of the coordinate chart, independent of e. This allows the application 
of the higher order estimates proved in Chapters 171-1101 with constants that 
are independent of e. The higher order estimates for the contributions from 
the interior are covered by the induction hypothesis. 

The part of the estimate for ||-E'*5||wF,fc,7,T which cannot be subsumed 
into a large multiple of ||£'*g||wF,fc-i,7,T will be called 

\\Elg\\wF,k,-f,T rel ||£'*5||wF,fc-i,7,T- (11.183) 

This arises only from terms of the form 

||5^a^9^£;*ff||wF,o,7,T, ] where 21 + |a| + \(3\ = k. (11.184) 

The structure of the operators that make up £"* shows that the parts of 
these terms that cannot be estimated by a multiple of ||£'*(7||wF,fc-i,7,r arise 
from one of two sources. The simpler terms to estimate are of the form: 

\\Eidid^d^g\\wFfi,-y,T, (11.185) 
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where is the error term in the parametrix construction for a generahzed 
Kimura diffusion operator derived in a straightforward manner from 
L. The other "new" terms arise from a;-derivatives being apphed to the 
coefficients of terms in involving Xjdx^, Xidx^dy^ and XiXjdx^dxy These 
terms are not of lower order, but applying a derivative to the coefficients of 
one of these terms leaves one less derivative to apply to g. Terms of the type 
appearing in ()11.185p are controlled by choosing a small e > 0, whereas this 
latter type of term is controlled by taking Tq sufficiently small. 



11.8.1 The 1-Dimensional Case 



We explain this first in the 1-dimensional case, where P is the interval [0, 1]. 
The operator takes the form: L = x{l — x)d'^ + b{x)dx, where with b{x)dx 
inward pointing at each boundary component. We can introduce coordinates 
xq, xi, respectively, so that j ■(-)• xj = 0, j = 0, 1 and, in these coordinates: 

L = Xjdl^ + {hj + bj{x))dx^, where bj > and 5(0) = 0. (11.186) 

We let L'' = xdx + bdx denote the model operators, and the solution 
operators for [dt — L^)u = g, u{x, 0) = 0. The boundary parametrix has the 
form 

1 

Ql = ^Mx,)KSe{yj)- (11.187) 

j=0 

Here </?(x) is a smooth function equal to 1 in [0, |], and supported in [0, |], 
and -i/) is a smooth function equal to 1 in [0, and supported in [0, |]. As 
usual fe{x) = /(x/e^). We observe that for any smooth function 9 



[L, e]u = 2x(l - x)dxddxu + [b{x)dxe + x{l - x)dle]u, 
which consists entirely of lower order terms, and 



(11.188) 



1 

(L - dt)Ql = [P3,e + ([V-J.e, L\ + V,,e(&,(x,)a.,))i^?>,-,e] • (11-189) 

i=o 

The error terms are 



[V'0,.(&o(a:o)5.o)]^tVo,e + [Vl,e(6l(xi)a,J]Kr(/Pl,e. 



(11.190) 



Together El^ = E^/ + E\ 



-iOO,t 
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We want to give an estimate ||-E^^g||wF,fc,7,T of the form 

\\l^be9\\wF,k,-y,T < "fe Ibll WF,fc,7,T + A ll^ll WF,fc-l,7,T; (11.191) 

where < 1. The new terms in going from k — 1 to k are of the form 

||5r9i£;L5llwF,o,7,T, (11.192) 

where 2m + 1 = k. Any derivatives that fall onto the coefficients of K^^ipj^^g, 
other than bj{xj), will lead to terms that can be estimated by multiples 
(possibly depending on e) of ||(7||wF,fc-i,7,T; which are of no consequence. 
From Lemma 15.1.21 it follows that: 

m— 1 
q=0 



We write that 



OrdiK^g ^ Kt+\L^+4g] + Oik - 2), (11.194) 



Here 0{k — 2) denotes terms for which (WF, 0, 7, r)-norms are estimated 
by multiples of ||5'||wF,fc-2,7,Ti which are also of no consequence. 
The new contributions to ||-E'*fl'||wF,fc,7,T come from terms like: 



WF,0,7,T 



||[V^,-„L]E:;^-^'L^+,a;(^,,,<7)||wF,o,7,T, 

, , , (11.195) 



and 

iP,Adxfy]d^,K',^^'~'L^+i-idi-\vo,eg), (11.196) 

for j = 0, 1. The terms in (jll.l95p are precisely the sorts of terms esti- 
mated earlier in the chapter, with exactly the same coefficients. All that has 
changed is that we have replaced K^^ with k\^~^^ and ^fj^eg with L^i^dy{ipj^eg)- 
From the Leibniz formula, it is again clear that the only terms that cannot 
be subsumed into ||5'||wF,fc-i,7,T are those of the form: 

||[^,-„L]i^?^+V.,.ir+/5t(5)l|wF,0,7,T, 

Uj,e(bj{xo)d^^)K^'^^ipj^,L'^^idl{g)\\wF,On,T, 
These terms can all be estimated by 

Ce^~^\\g\\wF,k,-y,T, (11.197) 
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where the constant C is uniformly bounded for k < K. 

To complete this case we need to consider the terms in ()11.196p : these 
are not a priori of lower order because dx^bj may not vanish at xj = 0. On 
the other hand, the estimate given in (j7.104p shows that there are constants 
Ck, fJ-ik, 7) so that 

<C7,e-Mfc,7)ri-i||5||wF,fc,^,r. 

(11.198) 

If we fix any 6 > 0, then we can choose an e > so that, Ce'^~'^ < 6 and 
therefore for some constants {/3^}, the estimates 

(11.199) 

hold for k < K. Fix a 6 < 1/2, which thereby fixes an e > 0. Let iff, = 
(/?o,e + ^i,e, and choose ipi with compact support [a, b] C (0, 1) and equal to 
1 on a neighborhood of supp(l — ipb). Finally we let Q\ be the exact solution 
operator to the Dirichlet problem 

{dt -L)u = g on [a, b] with n(x, 0) = n(a, t) = u{b, t) = 0. (11.200) 

With the global parametrix given by 

= Ql + i>iQi{l-ipb), (11.201) 

we see that 

{dt - L)Q'g = g + E^g + [>Pi,L\Q\{l - ipb)g. (11.202) 

Since the support of 1— "01 and l—(pb do not overlap, the induction hypothesis 
shows that there is a constant C(T,k,'y), which tends to as T ^ 0+, so 
that 

\\[i;i,L]Ql{l - ^b)g\\wF,kn,T < C{T,k,-f)\\g\\wF,kn,T- (11.203) 

Note that e > has already been fixed. 

If we let E'^g = El^g + [i})i,L\Q\{\ — <pb)g, then for some Tq > 0, there 
are constants : k = 0, . . . , K} so that we have the estimates 

l|-^*5llwF,fc,7,To < 

2(5||5||wF,fc,7,ro + /3fc|b||wF,A:-i,7,To, fov < k < K. (11.204) 
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Theorem 111.8.11 applies to show that the Neumann series for (Id+i?*) ^ 
converges in the operator norm topologies defined by Q],([0,1] x [0,To]) 
for < k < K. The argument at the end of Chapter 111.31 applies to show 
that this operator has the small time localization property as a map from 
C^], ([0, 1] X [0, To]) to C^^p+'^([0, 1] X [0, To]). As K is arbitrary we see that this 
completes the proof, in dimension 1, of induction step for the inhomogeneous 
case and any k. 

11.8.2 The Higher Dimensional Case 

The argument in the general case is quite similar to the 1-dimensional case, 
though there are more terms analogous to those appearing in (I11.196p . We 
now briefly describe it. As above the key point is to show that estimates 
like those in (jll.lDip and (jll.l99p hold for the error terms coming from the 
boundary parametrix. This fixes a choice of e > 0, and then we can apply the 
induction hypothesis to obtain similar estimates for the contribution of the 
interior parametrix to the error term, which, along with the contributions 
of terms like those in (jll.l96p . is made as small as we like by taking < Tq 
small enough. The boundary contributions to the error term are enumerated 
in (I11.134P . 

It is immediate that the only contributions to [[[-E^^'* + £^£'*]3||wF,fc,7,T 
rel II [E"^'* + -Ee '*]9||wF,fc-i,7,T are of the terms of the types: 

Hi,qdiix, y)dy^Kf^"''^[Lb+a,mdZd^]xLqg\\wF,o,'y,T (11.205) 

and 

||[V'i,g,T]<+"'*[T5+«,mC5f]Xi,g9llwF,o,7,T- (11-206) 
These are types of terms that we have estimated earlier (see (I11.138P ): hence 
for < A; < i^T, there are constants C{T,k,'y), ^{k,^) and {/3^} so that 

||[Sr'* + ^M5l|wF,fc,7,T < C(T,A:,7)e-'^('='^)||g||wF,fc,7,r + /3fc||ff||wF,fc-i,7,r. 

(11.207) 

Moreover C(T, /c, 7) tend to zero as T — )• 0^. 
This leaves only terms of the form 

Wd^d^ (V.,gLr,g<,*[Xi,,ff]) ||wF,o,7,T, (11.208) 

with 2m + |a| + |/3| = k. As in the 1-dimensional case, there are two types 
of terms that now need to be estimated. The first type arises by passing all 
derivatives through to Xi,g9i which are of the form: 

||V',,,T[,,i('J+"'* (L^,+c.,m^^^^[x^,q9\) I|wf,o,7,t. (11.209) 
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These are precisely the sorts of terms estimated in the k = case. As before 
we choose < 7' so that 7 + 7' < 1- For < k < K, there are constants 
C(A;, 7) for which 

\\'^i,q^,qKi,t°'''' [Lb+a,md^d^[Xi,qg]^ l|wF,0,7,T < C(A;, 7)6^"^"'^' ||5||wF,fc,7,r- 

(11.210) 

The only terms that remain result from differentiation of the coefficients 
of terms appearing in L-'^ of the forms Xjd^p Xjdxjdy^, or XiXjdxidxj- The 
parts of terms of these types that cannot be subsumed by a large multiple 

of lbllwF,fc-i,7,T are 

\\tpi,qdxjK^^"''^ (^Lb+a',md^d^'[Xi,g9]^ l|wF,0,7,T = 

{Lb+<.',md^d^'[Xi,gg]) ||wF,o,7,T, (11.211) 

Wi^hg^i^'^'^dx^dy^ (^Lb+a',md^d^'[xi,q9]) ||wF,o,7,r, (11.212) 
where a' = a — ej; and 

\\i^i,qXidxjdx,K^^°' '* (^Lb + a" ,md^d^" [xi,qg]^ llwF,o,7,r = 

Ui,qXiK^^"'^dx,dx^ (^Lb+c",rnd^df[xi,qg]^ ||wF,o,7,r, (11.213) 
where a" = a — Ci — ej; and 

\\lpi,qdxjdx,K^^°' '* (^Lb+a",md^d^"[Xi,qg]^ ||wF,0,7,r = 

\\i^i,qKi^"'^d^^dx, (^Lb+c." ,md^d^" [xi,qg]^ ||wF,o,7,r- (11-214) 

It follows from (jlO.SOp and the foregoing argument that for < k < K, 
there are constants C{k,'j), fj,{k,^) so that, for T < 1, each of the terms 
in (|11.211ll - (|11.214l) is bounded by 

C(fc,7)e-^(^'^)ri||5||wF,o,7,T- (11-215) 

Combining (|11.207p with (111.2101) . and (I11.215P we see that there are 
constants {/3a;} so that 

\\He9\\wF,k,'y,T < 

[CiT, k, 7)e-^('='^) + C{k, 7)ei-^-^'] |b||wF,fc,7,T + f3k\\9\\wF,k-i,-y,T, 
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where C{T,k,'y) as T ^ 0+. If we fix < 5 < 1/2, then by first 
choosing e > and then Tq > we can arrange to have: 

l|-£'L9llwF,fc,7,T < 5||<?||wF,fc,7,T + /3fc Ibll WF,fc-l,7,r, (11.216) 

for < k < K. As in the 1-dimensional case, the argument is finished by 
augmenting the boundary parametrix with an interior term, obtaining 

Q* = QL+V'iQ*(l-^6). (11.217) 
Possibly decreasing Tq, we obtain an error term that satisfies: 

l|-E'*9'llwF,fc,7,To < 2(5||5||wF,fc,7,To + /^fc Ibll WF,fc-l,7,To j (11.218) 

for < k < K. This completes the proof of (|11.180|) for an arbitrary K gN 
and < 7 < 1. 



Chapter 12 

The Resolvent Operator 



We have shown that e , the formal solution operator for the Cauchy prob- 
lem {dt — L)v = 0, v{p, 0) = fip), makes sense for initial data / G C^p+^(P), 
and that the solution belongs to C^^^{P x [0, oo)). Of course, much more is 
true, but the extension to less regular data, seems to entail rather different 
techniques from those employed thus far. 

The Laplace transform of e*'^ is formally the resolvent operator: 

oo 

ifi - ly^ = j e-^^'e'^fdt. (12.1) 



Using the Laplace transform of a parametrix for the heat kernel and a per- 
turbative argument, we construct below an operator R{n), which depends 
analytically on fj, lying in the complement of a set E C C which lies in a 
conic neighborhood of (— oo, 0]. This means that for any a > there exists 
an < Ra so that 

E C {\ arg fx\ > IT - a OT < Ra}. (12.2) 

If / G C°'^(P), then R{fi) satisfies 

{f,-L)R{fx)f = f. (12.3) 

Hence ii(/i) is a right inverse for (fi — L). As a map from C^p(P) to itself the 
operator R{n) is compact. In fact for any < 7 < 1 and k £ N, R{fJ,) defines 
a bounded map from C^liP) to C^F^^(P). In Holder spaces, these are the 
natural elliptic estimates for generalized Kimura diffusions. Coupling this 
with Corollarv 111.5.11 shows that /x — L, acting on the spaces c!^^^{P), is 
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injective for fi in the right half plane. Since we already have shown that for 

such |Lt, 

is surjective, the open mapping theorem implies that R{iJ,) is also a left 
inverse, and hence equals the resolvent operator (// — L)~^. 

Since the domain C^j^'^{P) is not dense in C^p(P) a few more remarks 
are in order. Suppose that /x is a value for which — L) is invertible. We 
can rewrite 

{n + v-L) = [Id - (// - L) (12.4) 
The map in- L) : C^F^^(P) ^ C^^{P) is an isomorphism. The maps 
[Id+i^(/x- : C^{P) C^f(P) depend analytically on V and are 

Fredholm of index zero. From this we conclude that the set of u for which 
{ji + V — L) fails to be invertible is discrete and coincides with the set 

{z/ : ker(/x + z/-L) / 0}. (12.5) 

Thus L : C^^'^{P) — t- C^p(P) has a compact resolvent, with discrete spec- 
trum lying in a conic neighborhood of the negative real axis. Moreover, 
the elliptic estimates show that all eigenfunctions belong to C°°{P), so the 
spectrum of L acting on the spaces c!^^'*{P) does not depend on k or 7. 

Using standard functional analytic techniques this allows us to show that 
the solution to the Cauchy problem 

(dt - L)v = with v{p, 0) = f{p) (12.6) 

is defined for / G C^p(P) and, in fact, extends analytically in t to the right 
half plane. The solution belongs to C^^^{P) for any time with positive real 
part. Indeed we also show that, for any G N, if / G C^p(P), then the 
solution belongs to C^p'^'''(P), for t in the right half plane. 

The solution operator, Qq, defines a semi-group; thus, for any N eN 

Qlf = [Qfff (12-7) 

We have the obvious inclusions C-J^p(P) C C^^^(P), and in fact for any 
A; G N, we have C^^''^(P) C C^p''"'^(P). These inclusions, the semi-group 
property, and these regularity results show that the solution v to Cauchy 
problem, with Holder initial data, belongs to C°°{P x (0,oo)). 

In the next section we construct the resolvent kernel, using an induction 
over the maximal codimension of bP, similar to that employed in the previous 
chapter to construct the heat kernel. We also prove various estimates on 
it and corresponding estimates for the solution operator for the Cauchy 
problem. 
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12.1 Construction of the resolvent 

To construct the resolvent operator we proceed very much as for the con- 
struction of the heat kernel. We use an induction over the maximal codimen- 
sion of bP, which allows us to construct an approximate solution operator 
for the Cauchy problem of the form 

Q' = Ql + Ql, (12.8) 

with Qj the "interior" and Ql the "boundary" contributions, respectively. 
We then analyze the operator: 



oo 



(12.9) 

= Rbifi) + Riifi). 

The operator extend analytically to Ret > 0, and from its form we see 
that Rbifj) extends analytically to the complement of (— oo,0]. From the 
induction hypothesis it follows that -Ri(/x) is analytic in the complement of 
a discrete set lying in a conic neighborhood of (— oo,0]. 
We show that 

{^i-L)R{^i) = {M-E^), (12.10) 

where the operator E^ : C-^p(P) — )■ C^p(P) is bounded for arbitrary A; G No 
and < 7 < 1. We show that for a given /c, < 7, and < a there is an R^ 
so that for n satisfying 

I arg /x| < TT — a and > Ra, (12.11) 

the norm of this operator is less than 1 and therefore, for in this domain, 
we can define the analytic family of operators: 

R{li) = R{fi){ld-E^r^ (12.12) 

This operator is a right inverse 

ill - L)i?(//)/ = / for ah / G C^liP). (12.13) 

We then verify the estimates in the induction hypothesis. 

As noted above this allows us to construct the solution operator for the 
Cauchy problem for the heat equation via the contour integral: 

Ql = ^J Rit^)e^'dfx. (12.14) 
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The contour is the boundary of the complement of the region described 
in (I12.1ip . This defines a semi-group, analytic in Ret > 0, acting on the 
spaces C^p(P). 

The theorem we prove is the following: 

Theorem 12.1.1. Let P be a manifold with corners of codimension n and 
L a generalized Kimura diffusion operator. Fix A: G N and < 7 < 1 . There 
is a discrete subset E, independent of {k, 7), contained in Re /U < and lying 
in a conic neighborhood of (— oo,0], such that the spectrum of L acting on 
C^p^'^(P) is contained in the set E. The resolvent operator R{fi) is analytic 
in C\E. For < a there is an Ra so that for ^ satisfying (jl2.1ip there are 
constants Ca,Ck^a so that R{ij) satisfies the following estimates: 

||i^(/i)/||L-<— ||/||L-/or/xe(0,oo) 
A* 

P(/i)/||wF,fc,7<?¥ll/llwF.A:,7 ^^^'^^^ 
l|-^(y")/llwF,fc,2+7 < C'fc,a||/||wF,fc,7- 

Let V be a vector field defined in P so that, in the neighborhood of a boundary 
point of codimension I, V takes the form 

I n—l 
V{x,y) = ^bj{x,y)xjdx^ + ^di{x,y)dy,. (12.16) 
j=i 1=1 

For fi satisfying (112. IIP there are constants Ck,a so that, > 1, then 

||yi?(;U)/||wF,fc,7 < ^ll/l|wF,fc,7- (12.17) 

Proof. The proof is very similar to that of Theorem 111. U. 11 and so many 
details are left to the reader. The construction of the resolvent is done 
by induction over the maximal codimension of bP. The verification of the 
induction hypothesis in this proof is actually somewhat simpler, as we do 
not use the weak localization property. We begin with the case that P is 
compact manifold without boundary, i.e. the maximum codimension of bP 
is zero, and L is a non-degenerate elliptic operator without constant term. 
The Holder spaces are simply the classical Holder spaces, and the statement 
of the theorem is more or less contained in [22], though this text does not 
address the compact manifold case explicitly. As the detailed estimates for 
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stated in (jl2.15p and (|12.17p also do not seem to be available in the 
literature, we start by briefly outlining this case. 

As before we begin with the k = case. The case of A; > follows by 
applying 111.8.11 very much like in the proof of Theorem 111.0. li The details 
of this argument are also left to the reader. We continue to use the notation 
and constructions from sections 111.21 - lll.4[ 

12.1.1 The compact manifold case 

For e > we cover P by open balls of radius e, {Be{xq) : q = 1, . . . , N^}, so 
that any point lies in at most S of the balls {B^^^Xg) : q = 1, . . . ,N^}. As 
noted earlier, S can be taken to be independent of e > 0. Let {ifq} denote 
a partition of unity subordinate to this cover and {tpq} smooth functions, 
such that: 

(x) = 1 in B2e{xq), and supp^-g C B^^{xg). (12.18) 

We let L'^ denote the constant coefficient operator obtained by freezing 
the coefficients of the second order part of L at the point Xq. If (yi, . . . , y„) 
are local coordinates near to Xq, then: 

n 

L''=Y. czm(^,)5,,5,„. (12.19) 

Z,m=l 

We let be the heat kernel defined by L'^. This is obtained from the 
Euclidean heat kernel by a linear change of variables. 

The parametrix for the heat kernel is defined, for t in the right half plane, 

by 

Q' = ^%QlVq. (12.20) 

9=1 

and the resolvent, for G C \ (— oo, 0] by 

oo 

R{^) = J e-^^"'^Q^^"'e^^ds, (12.21) 



where Re[e'^/x] > 0. In the sequel we let 



Tg = {se'^ : s G [0,oo)}. 



(12.22) 
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We now compute the "error term," Efj_ 



q=l 

Using that L'^Qi = dtQi, we integrate by parts in the last term and obtain: 



N, 



I U (12.24) 
= / - E^f. 

There are two kinds of error terms: those arising from the commutators 
[L^tpq], which are lower order, and those arising from freezing coefficients 
iljq{L — L'^). The differences L — are of the form 



L-L'i = {c{y) - cim{xg))dy,dy„^ + di{y)d, 

(,m=l 
n 

Y Ac''{y)dy,dy^+V'^f 



■yi 

Lm,=l 1=1 , . 

(12.25) 



l,m=l 

As in the previous case, the second order terms of this type are controlled 
by taking e sufficiently small. The contribution of each such term is of the 
form 

UgAc'ldy^dy^R''ifi)cpJ\\^F^O,-y, {^^ .26) 

where 

R'if^)! = J e-^'Q\fdt. (12.27) 

Arguing as in the proof of Theorem lll.O.H and using the estimates for R''{n) 
given in Proposition 110. 4TT] we see that there is a 7 < 1, so that 

U,Ac''dy,dy^R''{fi)ipJ\\yjF,o,-y < C„ei-^||/||wF,o,7- (12.28) 
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As before, for each point in P, only a fixed finite number, S (independent 
of e) of terms contributes to this error term, so we get the estimate 

Ne n 

11X1^9 Yl - C«m(aJg))<9y;(9y^i?^(/i)(/?g/||wF,0,7 < -^Cae^"^ || / 1| WF,0,7- 

q=l l,m=l 

(12.29) 

We can now fix e > so that the coefficient 
The commutators are first order operators: 

n n 

[L,i;g]f = 2 ^ cUy)dy,^l^gdy^f + ^di{y){dyMf. (12.30) 

l,m=l 1=1 

These terms along with that defined by the vector fields {^"^j, are controlled 
using the estimates in (I10.168P and ()10.169|) . These estimates show that, for 
some positive i^, there is a constant Ca so that: 

||[L,V',](^g/||wF,0,7 + II^VJI|WF,0,7 < V^^II/I|WF,0,7- (12-31) 

Combining these estimates gives 

||/||wF,o,7- (12.32) 

This shows that there is an Ro so that if \fi\ > Ro, then the norm of E^ 
is less than ^, and therefore (Id— -E^) is well defined as an operator from 
^WF (-^) itself. The analytic dependence on fi follows from the analyticity 
of Id —E^ and the uniform norm convergence of the Neumann series. If we 
define 

R{fi)f = R{fi){ld-E^)-'f, (12.33) 
then we see that, for any / G C^p(P) we have that 

R{f,)f G C^I^^(P) and (/. - L)R{is)f = f. (12.34) 

Finally, it is a classical result that for Re /x > 0, on a compact manifold, the 
only solution of the equation 

(^-L)/ = (12.35) 



|-E^/i/llwF,0,7 < SCa 



+ e 



1-7 
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is / = 0. Hence (/.i — L) : C^^^{P) — )• C^p(P), is a one-to-one and onto 
mapping. The open mapping theorem imphes that i?(/u) is also a left inverse. 
Hence the identity 

R{lJ,){^i- L) = Id = {fi- L)R{n), (12.36) 

holds in the connected component, containing the right half plane, where 
is analytic. We have shown that this set contains the complement of 
a conic neighborhood of (— oo,0]. 

The first estimate in (jl2.15p follows from the maximum principle. As a 
map from C^p(P) to itself R{n) is compact, and therefore the spectrum of L 
acting on C^^^{P) is a discrete set E. We have shown that E is contained 
in a conic neighborhood of (— oo,0]. 

Arguing as in section 111.81 we can show that, for any < (j), there are 
constants {a/c, with Ofc < 1, so that, if I arg^l <-K — (j), and |;u| > Rk, 
then 

l|-E'At/llwF,A:,7 < "fe ||/||wF,A:,7 + /^fc || / ||wF,fc-l,7- (12.37) 

Applying Theorem 111.8.11 we see that the Neumann series for (Id— -E^)~^ 
converges in the operator norm defined by C^p(P). Thus establishing that 
these results extend to show that, for any k G N, the maps 

R{f^):C'^l{P)^C^l+''{P) (12.38) 

are also bounded. The estimates in the statement of the theorem, (112. ISp 
and (jl2.17p for A: > follow easily since it is simply a matter of establish- 
ing these estimates for R{fi). For example, using that the second estimate 
in (I12.15P holds for R{n), we see that 

P(^)/llwF,fc,7 = ||i?(/^)(Id-i?^l)/||wF,A:,7 

c 

< )/||wF,A:,7 (12.39) 

c 

< T-Tll/llwF,fc,7- 
l/^l 

As the other estimates hold for i?(/u) it follows by the same sort of argument 
that they also hold for ii(/x). 

Suppose that fi G E, and € C^^^(i-') is a non-trivial eigenfunction, 
with 

ifx - L)f^ = 0. (12.40) 
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If we select u so that Re(z^ + /u) is sufficiently large, then the eigenvalue 
equation implies that 

f = uR{fi + iy)f. (12.41) 

Since Cy^^^{P) C C^^''^{P), we can use (jl2.38p in a boot-strap argument 
to conclude that 

f e C^liP) ioT all k. (12.42) 

From which we conclude that / G C°°(P), and the spectrum of L acting on 
c!^^^{P) does not depend on k. 

12.1.2 The induction argument 

The proof now proceeds by induction on the maximal codimension of the 
components of bP. Suppose that the theorem has been proved for all pairs 
(P, L) where P is a manifold with corners, with the maximal codimension 
of bP at most M, and L is a generalized Kimura diffusion on P. We let P be 
a manifold with corners where the maximal codimension of bP is Af + 1 and 
L be a generalized Kimura diffusion on P. The parametrix i?(^) for i?(^) is 
constructed as in section pi.4.2p .with R{n) = RbifJ^) + Ri{^j)- As 

oo 

R^{y) = J e-*^Ve*^(l - ^)dt, (12.43) 



the induction hypothesis implies that Ri{n) has an analytic extension to 
C\F, where P is a discrete set lying in a conic neighborhood of (— oo, 0]. 
The only change is that, instead of (I11.130p we let 

p 

^bif^) = E E i^^,,Ri,gi^^)X^,g, (12.44) 



where 





with k^'^ the solution operator for the model problem 



oo 

RU^') = I e'^'k'^'^dt, (12.45) 



{dt - Li^g)v = with vip, 0) = fip). (12.46) 
The error terms are quite similar to those arising in the previous case. 

If 

Wi,q = A,qR^MX^,J, (12-47) 
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then 

(/i - Li^q)Wi^q = Xi,qf + i^iA^hQ " ^i^g (^) + [i^i,q, Lj^iMixl f]- 

(12.48) 

We again use the decomposition of Lj^g — L given in (jll.llSp to write the 
error terms as 



(12.49) 



1=1 



Using the estimates in (jl0.173p and the argument from section [11.4.2l we 
conclude that there is a constant Ca so that if | arg /i| < vr — a, then 

ll^'q,M/llwF,o,7 < C„ei-^-^'||/||wF,o,7, (12.50) 
where 7 + 7' < 1. Once again there is an S independent of e > 0, so that 

ll-^£,/i/llwF,0,7 < SCae^~'^''^ ||/||WF,0,7! 

with 



E. 



•2 



(12.51) 

(12.52) 



We can now fix e > so that SCa^^ ^ j- 
The commutators are of the form 

M+l n-{M+l) 

[ipi,q,L] = ^ bi{x,y)xid^^+ ^ d'i{x,y)d, 

i=l 1=1 



yr 



(12.53) 



The estimates in (I10.169P and (I10.170p . along with the argument in sec- 
tion 111.4.21 show that there are constants Ca and u so that 



|-^e,u/llwF,0,7 < 5'C'q— -tII/IIWF,0,7- 



(12.54) 



With the given choice of e > 0, we again define (p as in (jll.l5ip . With 
this choice we have the estimate 



II (^ - L)Rb{fi)f - V?/||wF,0,7 = I|-£^6,m/I|wF,07 < 



SCa 



(12.55) 



WF,0,7- 
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We now proceed exactly as in section lll.3t let U he a neighborhood 
of Tjm+1 with U CC int(y9~^(l). As before we apply Theorem 111.2.11 to 
find {P,L) so that the maximal codimension of bP is M and {Pu,Lu) is 
embedded into {P,L). We let R{fJ-) be the resolvent operator for Lu, whose 
existence and properties follow from the induction hypothesis. Finally we 
choose tp, a smooth function equal to 1 on supp(l — compactly supported 
in U^, and let 

R,{fi)f = ^^JR{^l)[{l-^)f], (12.56) 



and 



We see that 



R{fi)f = Ri{^i)f + Rbiti)f. 



(/X - L)Rif,)f = f-[L, mif^) [(1 - V')/] + Eb,J. 



(12.57) 



(12.58) 



The commutator [L, ip] is a vector field of the form (jl2.16p in each adapted 
coordinate frame. Hence the induction hypothesis implies that there is a 
constant Ca so that 



|[L,V^]i?(/.)[(l-(^)/]||wF,0,7< 



I 1 2 



WF,0,7- 



Altogether this shows that, with 

- E^f = (/. - L)R{fi)f - f 



we have 



|-E^/i/||wF,0,7 < SCa 



WF,0,7- 



(12.59) 



(12.60) 



(12.61) 



Thus, we can choose Ra so that if |/u| > Ra then 



< 



2' 



(12.62) 



so that the Neumann series for (Id —E^) ^ converges in the operator norm 
topology defined by C^p(P) in the set 



arg fi\ < TT — a and > R^ 



(12.63) 



It is clear that the family of operators (Id —E^) ^ is analytic in a conic 
neighborhood of (— oo,0]. 
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If we let 

R{^^) = R{^^)ild-E^)-\ (12.64) 

then this is an analytic family of operators, mapping C^p(P) to C^^'^{P), 
which satisfies 

ifi - L)R{fi)f = / for / G C^liP). (12.65) 

As before, Corollary 111.5.11 shows that (/i — L) is injective for /i in the right 
half plane. The open mapping theorem then implies that {/j, — L) is actually 
invertible for Re /i > 0, and therefore 

Rifi){l^ -L)f = f for / G C^f^iP), (12.66) 

as well. As noted in the compact manifold case, the fact that i?(/u) satis- 
fies all the estimates in ()12.15|) and (112. 17p . follows immediately from the 
boundedness of 

{ld-E,r' ■■ C'^liP) C'^liP), (12.67) 

and the fact that i?(/i) satisfies these estimates. This latter claim follows 
from the fact that the model operators satisfy these estimates, and, by the 
induction hypothesis, so does R{fJ,). This completes the induction step in 
the k = case. 

The cases where A; > are quite similar to that treated in section flLSi 
This case is somewhat simpler, as we do not need to estimate time deriva- 
tives. This means that we only need to use the formulaae in ()5.27p with 
j = 0. In this case powers of Lb, m do ot appear on the right hand side, 
and no hypothesis is required on the support of the data. The only other 
significant difference concerns the higher order estimates in (jl2.17p . The 
contributions of the interior terms are estimated, for all k, by using the in- 
duction hypothesis and the fact that the commutator [-0, L] is of the form 
given in (jl2.16p . The estimates in Proposition 110. l70] gives 



|a3-Va;i?6(/i)/||wF,A;,7+||Vyi?fe(//)/||wF,A;,7 < C^e 



1 1 
+ ^ 



I 1 7 , 



WF,fc,7- 



(12.68) 

For 1^1 > 1, this therefore gives the desired estimate, and completes the 
verification of the induction hypothesis for M + 1. This completes the proof 
of the theorem. □ 



12.2 Holomorphic semi-groups 

Now that we have constructed the resolvent operator for L and demonstrated 
that it is analytic in the complement of a conic neighborhood of (— oo, 0], we 
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can use contour integration to construct the solution to the heat equation. 
Our second pass through this problem represents a distinct improvement 
over our previous result for several reasons: 

1. This time we can work with data belonging to C^p(P), rather than 

2. For such data the solution is shown to belong to Cy^^^{P) for positive 
times. If the data is in (P) , then the solution belongs to C^^'^ {P) . 

3. A bootstrapping argument, using the inclusion 

and the semi-group property, gives that the solution belongs to C°°(P), 
for positive times. 

4. The solution extends analytically to t in the right half plane, H^. 

For any a>0, 0<7<1, and A: G N, there is an < Ra so that as 
a map from C^p(P) to c!^^'^{P) the operator R{fJ.), constructed in Theo- 
rem [T2TTT1 is analytic in a domain containing the set | arg/i| < n — a, and 

^ Ra, and satisfies the estimates in the theorem. We let Fq, denote the 
boundary of the complement of this region. From these observations, the 
following theorem follows from standard results in semi-group theory. See, 
for example, the proof of Theorem 8.2.1 in [22], or that of Theorem 2.34 
in do]. 

Theorem 12.2.1. For f G C^p(P) and t with \ argt| < ^ — a, define 

v{t,p) = T'fip) = ^.J e"'R{fi)f{p)dfi. (12.69) 

Then: 

1. For any p £ P the function t i— v{t,p) is analytic in the right half 
plane, and, for s, t in the right half plane: 

T^T'f = T^+'f (12.70) 

2. For any t € H+, vit, •) G C^f+^(P). 
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3. For any < a, there is a Ca so that for t with \ argt| < ^ — a, we 
have the estimates 

||7'*/l|wF,fc,2+7 < Ca 

4- V satisfies the heat equation in {t : Ket > 0} x P : 

dtv = Lv. (12.72) 

5. For t real we have 

IITVIIloo < ll/llioc and lim \\T'f - /l^oo = (12.73) 

t->-o+ 

6. For 7 < 7, we have 

^Um ||r*/-/||wF,fe,7 = 0. (12.74) 

Remark 12.2.1. From the higher order regularity results and a simple inte- 
gration by parts argument, it follows that if / G C'^'p'^'^'"' {P), for a /c G N 
and < 7 < 1, then v{p,t) = e^^f{p), is given by the Taylor series, with 
remainder, for the exponential: 

As noted earlier, the regularity statement in this theorem and the fact 
that C^^'^(P) C C^^{P) have an important corollary: 

Corollary 12.2.1. //, for some < 7, / G C^{P), then v = T^f belongs 
to C^iH^ X P). 



^Ra\t\ _|_ 



1 



(12.71) 



Chapter 13 

The Semi-Group on C^{P) 



In the previous chapters we have dealt almost exclusively with solutions 
to (jll.ip with inhomogeneous terms / and g in the WF Holder spaces. As 
explained early in this monograph, the reason for working in Holder spaces in 
the first place is to handle the perturbation theory in passing from the model 
operator to the actual one. The original problem, suggested by applications 
to population genetics, is to study (jll.ip with g = and / E C^{P). As 
noted earlier, the existence theory we have developed suffices to prove that 
the C^(P)-graph closure of L with domain C^^^{P), for any < 7 is the 
generator of a C'^-semi-group on C^{P). We let L denote this operator. As 
noted earlier this suffices to establish the uniqueness of the solution to the 
martingale problem, and the weak uniqueness of the solution to associated 
SDE, which leads to the existence of a strong Markov process, whose paths 
are confined to P, almost surely. 

Perhaps surprisingly, the refined regularity of solutions with initial data 
m C°(P) does not seem to follow easily from all that we have accomplished 
thus far. In fact, if the Cauchy data / is continuous but has no better 
regularity, then it is not clear that the solution u gains any smoothness at 
points of bP at times t > 0. Of course, we do know that u becomes smooth if 
/ G C^p(P); we also know that solutions to the model problem (dt — Lb^m) 
on X M"* with continuous initial data also become smooth. While it 
seems quite likely that this also holds for continuous initial data, it does 
not seem easy to prove this for general Kimura diffusions using the present 
methods. There are related difficulties concerning the graph closure L of 
L on C^. For example, it is not clear that the resolvent of L is compact. 
We will return to these questions in a later publication. In this chapter we 
establish several properties of the elements of Dom(L) and features of the 
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adjoint operator that can be deduced from the analysis above. 

To be exphcit, the graph closure L on C^(P) is defined as the unique lin- 
ear operator defined on the dense subspace Dom(L) C C^{P) characterized 
by the condition that u G Dom(-L) and Lu = f £ C^{P) if there exists a 
sequence < Uj >C Cy^^^{P) such that Luj = fj and 

Uj u and fj ^ / in C°(P). (13.1) 

Since L is a nondegenerate elliptic operator away from bP, it is standard 
that any u G Dom(L) is "almost" twice differentiable in intP in the sense 
that 

Dom(I)c fl T^iof(intP), (13.2) 

l<p<oo 

see As is well-known, there is no completely explicit way to characterize 
the regularity of elements of this domain in the interior, but this is not 
particularly important here. The more interesting difficulties are connected 
with describing the boundary behavior of elements of Dom(L), and we turn 
to this now. 

We recall from Chapter 3 that under the assumption that L meets bP 
cleanly, L is either tangent to a hypersurface boundary of P or uniformly 
transverse. We also recall the notion of the minimal and terminal boundary 
components, 6-Pmin(-^^) and bPter{L) : 6Pmin(L) consists of boundary compo- 
nents that are themselves manifolds without boundary, and bP^:^^{L), ele- 
ments of 6Pniin(-^) to which L is tangent. The terminal boundary, bPteriL), 
consists of 6Pj^jj^(L), and boundary components, S, to which L is tangent, 
such that L-£ is transverse to 6S. 

Even without the cleanness assumption, if S is a component of a stratum 
of bP to which L is tangent, then Ls, the restriction of L to E, defines a 
Kimura diffusion operator on C^(S). We can then say something about the 
behavior of elements of Dom(L) near to S. 

Proposition 13.0.1. Suppose that L is tangent to S, a component of a 
stratum of bP. If w £ Dom(L), then w\y, lies in Dom(Ls), and 

L^[w \t\ = [Lw] \^ . (13.3) 

Proof. This is immediate from the fact that Dom(L) is the C''(P)-graph 
closure of L acting on C^-^'^{P). For if w G Dom(L), then there exists a 
sequence < to^ > C C^-^^ {P) such that 



(13.4) 
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Clearly, for each n, 

LsK rs] = [LWn] tE . (13.5) 

By assumption, the sequence on the right converges to [Lw] fs, and hence 
the sequence on the left also converges. This shows that w fsG Dom(Ls), 
and Lj:[w fs] = [Lw] fs • □ 

As already observed by Shimakura, this result implies that 

[e*^/] fe=e*^^[/ ts], (13.6) 

so that these boundary components are effectively "decoupled" from the rest 
of P. 

This result gives some information about the behavior of w G Dom(L) in 
directions transverse to hypersurfaces to which L is tangent. Let S be such 
a hypersurface again, then, in adapted coordinates near an interior point of 
S, L takes the form 

N-l 

L = xdl + h{x,y)xd^+ ^ xaii{x,y)d^dy, + {l + 0{x))L^. (13.7) 

1=1 

Proposition 113. OTT] implies that if G Dom(L), then 

N-l 



lim 



xdl + h{x,y)xdx + ^ xaii{x,y)dxdy 



w{x, y) = 0. (13. 



A similar result holds at strata of codimension greater than 1 to which L is 
tangent. 

The space C^{P) is non-reflexive, which means that the semi-group de- 
fined by L on 7W {P) , (the Borel measures of finite total variation) may not 
be strongly continuous at t = 0. This is a reflection of the fact that Dom(L ) 
may fail to be dense in M{P). A solution to this problem was introduced 
by Lumer and Phillips, whereby we consider e^^ acting on a smaller space: 



M®{P) = Dom(L ) n (L - 1) Dom(L ). (13.9) 

The semi-group e*^ is strongly continuous at i = when acting on this 
space. 

Because L is formally a non-degenerate elliptic operator in the interior 
of P it is clear that at positive times e*-^ v is represented at interior points 
of P by a measure with a smooth density. From this it is apparent that 
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elements of Dom(L*) are represented by absolutely continuous measures in 
the interior of P. 

In adapted coordinates, a generalized Kimura diffusion takes the form: 

N~l 

L = xdl + b{x,y)d^ + ^xau{x,y)d^dy, + {l + 0{x))Lj:, (13.10) 

1=1 

near to a hypersurface boundary component. Integrating by parts, we see 
that an element gdxdy G Dom(L ) that is smooth in int P, and has no 
support, as a measure, on hP, must satisfy the boundary condition: 



lim 

i;->0+ 



iV-1 



b{x, y)g{x, y) - 1 + ^ aii{x, y) dx{xg{x, y)) 



1=1 



0. (13.11) 



Generally, this condition forces g to have a complicated singularity along 
{x = 0}. 

This begs the question of whether or not an clement of Dom(L ) can 
have atomic support along bP. We do not answer the general question, but 
show that a non-negative measure solution u to L u = cannot have such 
a component along a face of bP to which L is transverse. Let {Pn} be an 
exhaustion of P by a nested sequence of compact subsets with P„ CC int P. 
We define the measure f j via the equation 

(/,i.,)= lim {xpj,u). (13.12) 

If is a non-negative measure, then evidently Ub = u — Vi is as well, and the 
support of Uf, is contained in bP. 

As noted above, in int P, L Vi = 0, in the classical sense. For / with 
compact support in int P we have that 

{Lf,Ui) = {f,L*iyi)=0 (13.13) 

A simple limiting argument then implies that {Lf, v^) = for / G Dom(L) 
with / \bP= 0. If / G C°°(P), with / \bP= 0, and d^f = outside a small 
neighborhood, U CC int E of p, it follows from these observations that 

{Lf,u) = {Lf\u,Ub) 

= (6(0,-)5x/,^6). ^ ■ ' 

In order for u to belong to Dom(L*), there must be a constant C so that 



\{Lf,i.)\<C\\f\\L^. 



(13.15) 
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If L meets bP cleanly, then this along with (jl3.14p implies that supp Ub is 
disjoint from the interior of any face of bP to which L is transverse. This 
reasoning can be applied recursively to the stratification of bP to prove the 
following result: 

Proposition 13.0.2. If L is transverse to bP, then any non-negative mea- 
sure V G Dom(L ) solving L v = is represented by a smooth density sup- 
ported in int P, which satisfies the boundary condition in ()13.1ip . 

Below we show that if L is everywhere transverse to bP, then there is a 
unique solution u £ Dom(L ) to -L*z^ = 0, which is a probability measure. As 
explained in ^21j, section 15.2, there are circumstances where there may be 
multiple solutions to this equation, which are non-negative and normalizable. 
Evidently our method picks out the solution that satisfies the boundary 
condition in (jl3.1ip . A more detailed analysis of this and related questions 
will need to wait for a later publication. 

13.1 The nullspace of L* 

As noted above, we are, at present, missing the compactness of the resolvent 
of L. We can nonetheless give a precise description of the null-space of the 
adjoint, L , under the hypothesis that L meets bP cleanly. For the following 
result it suffices to consider the operator acting on C^^'^ {P) , for a < 7 < 1 . 

Proposition 13.1.1. Suppose that L meets bP cleanly. To each element of 
bPteriL) there is an element of the nullspace of L . These are represented by 
non-negative measures supported on S € bPtcr{L). 

Proof. For any < 7 < 1, denote by the operator 

L,:Cl^^^{P)^Cll{P). (13.16) 

We have established that this map is Fredholm; in fact, this map has index 
zero since it can be deformed amongst Fredholm operators to — 1, which 
is invertible. Thus 

dimkerL^ = dimkerL*. (13.17) 

For the remainder of the argument we fix a < 7 < 1. 

Consider first the extreme case that L is transverse to every boundary 
hypersurface. It then follows from Lemma 14.2.51 that ker(L^) consists of 
constant functions. Moreover, using this same lemma, if / ^ is continuous 
and nonnegative, then the equation 



L-fW = f 



(13.18) 
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is not solvable, since any solution would be a subsolution of L^. 

The adjoint operator, L* acts canonically as a map from [C^p(P)]* to 
[d^Y'^{P)]*. Since we are still assuming that bPter{L) = P, ker(L^) contains 
only the constant functions, so there is precisely one non-trivial element i G 
[C^p(P)]*, unique up to scaling, which satisfies L*£ = 0. By the Fredholm 
alternative, the equation L^w = / is solvable for / G C^p(P) if and only if 

i{f) = 0. 

This means that if / G C^p(P) is nonnegative (and nonzero), then L-yW = f 
is not solvable, so that i{f) ^ 0. We may as well assume that 

£{f) > (13.19) 

on the set of nonnegative functions; we further normalize so that ^(1) = 1. 

A priori, we only know that i lies in the dual of a Holder space, and thus 
could be a distribution of negative order. If / G C^p(P), then 

f+{p) = max{/(p),0} and /"(p) = min{/(p),0} (13.20) 

both lie in this same function space, and therefore (|13.19p and our normal- 
ization imply that 

min /<£(/)< max/, (13.21) 
and therefore, for / G C^p(P), we have 

W/)I<II/IIl-. (13.22) 

The WF Holder spaces are dense in C'^(P), so i has a unique extension as an 
element of [C^{P)]' . By the Riesz-Markov theorem, there is a non- negative 
Borel measure, di' so that 

Kf) = J f{p)dy{p). (13.23) 
p 

The adjoint L* is elliptic in int P, so by standard elliptic regularity, 

dvU^tP=VQdV, (13.24) 

for some smooth, non-negative function vq on int P; here dV is a smooth 
non-degenerate density on P. Using (jl3.19p again, we see that the support 
of vq is all of P. Note, however, that since L can have a zero order part, 
there is no obvious reason that vq is strictly positive. 
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Let us now turn to components S G bP^^^{L). If dimS = 0, so S = 
is a single point, then the fact that L is tangent to S simply means that the 
restriction Ls = 0. Hence if 5s denotes the functional 

{w,6j:) = w{pj:), (13.25) 

then clearly, for w G C^^^{P), we have 

{Lw,6j:) = 0, (13.26) 

and this equation remains true for w G Dom(L). Hence 6j] G Dom(L*), and 

L*6s = 0. (13.27) 

Suppose, on the other hand, that dimS > 0, i.e., S is a compact manifold 
without boundary, and is a non-degenerate elliptic operator, without 
constant term, acting on C2(S). Clearly L-^l = 0. On the other hand, 
the strong maximum principle shows that all solutions to Ly,w = are 
constant. Also from the strong maximum principle, the equation Ly,w = f 
is not solvable whenever / G C^(T,) is non-negative and not identically zero. 
Arguing as above for the case that bPtcr{L) = P we conclude that there is 
a non-negative measure with smooth density, du = vqcIVj:, that spans the 
nullspace of L^^. The functional 




(13.28) 



s 



defines an element of ker L . As before, the support of vq is all of S. 

To complete the construction of ker L* we need only consider elements 
S G bPter{L)\bP^,^{L). In this case Ls is a generalized Kimura diffusion 
on E, and 6Ster(-^>s) = S. The argument above produces a measure di' with 
support equal to E and such that L'^dv = 0. If we define 




(13.29) 



then L £ = 0. This completes the proof of the proposition. □ 

Definition 13.1.1. We denote by {(5s : S G bPter{L)}, the measures, 
belonging to ker L , constructed in the proof of Proposition 113.1.11 
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These measures define non-trivial functionals on C^{P) D Cyffp{P)^ ^^'^ 
are certainly linearly independent. This argument shows that dimkerL* > 
\hPter{L)\. On the other hand, by Corollary [4. 2. 21 dimkerL^ < \hPtcr{L)\. 

We summarize all of this in a proposition: 

Proposition 13.1.2. If L meets bP cleanly, then, for any < 7 < 1, 

dimkerL* = dimkerL^ = |6Ptor(-^^)|- (13.30) 

The ker is contained in C°°{P); on the other hand, ker L* is spanned by a 
finite collection of non-negative Borel measures, each of which has a smooth 
nonnegative density supported on one of the terminal boundary components 
of P. The operator L has no generalized eigenvectors at 0, i.e., functions 
w e C^^^{P) with Lw e kerL. 

Remark 13.1.1. If bP^-^{L) = 0, and 6Ptor(i) = P, then 

dimker L* = dimker L.y = 1. (13.31) 

The ker L* is spanned by a non-negative measure with support all of P. 
This is the equilibrium measure. If |6Pter(-^)| > 1, then instead of a single 
equilibrium measure, there is a collection of such measures, each supported 
on one of the terminal components of bP. Zero-dimensional components of 
bPteriL) are classical absorbing states of the underlying Markov process. 
Higher dimensional components correspond to generalized absorbing states; 
these are again characterized by an equilibrium measure. 

Proof. Only the last statement still requires proof. If bPter{L) = P, then 
kerL^ consists of constant functions. We observe that L^tw = 1 is not 
solvable, for otherwise w would be a non-trivial subsolution. 

Suppose that bPter{L) 7^ P and that vu G Cy^^^{P) satisfies Lw = /, 
where Lf = 0. Then necessarily 

(/, 6s) = for all E e bPter{L). (13.32) 

However, any / G kerL n C^^'^(P) is constant on each component of 
bPtcr{L)- Since each of the measures {5s} is non-negative and non-trivial, 
Proposition 14.2.11 shows that / = 0. □ 

We have not proved that all elements of kerL belong to Dyvf(-^)' '^'-"^ 
have we established the Hopf maximum principle for elements of Dom(L), 
hence we cannot presently conclude that dim ker L = dim ker L . On the 
other hand, elements of ker L are represented by Borel measures, and fur- 
thermore kerL C kerL*. Since we have shown that kerL* is also spanned 
by Borel measures, we obtain: 
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Proposition 13.1.3. If L meets bP cleanly, then 

dimkerl* = \bPter{L)\. (13.33) 
The nuUspace is spanned by Borel measures with support on the components 

ofbPteriL). 

13.2 Long Time Asymptotics 

These observations have several interesting consequences. 

Proposition 13.2.1. // / in C'^(P), and e*-^/ denotes the action of the 
semi-group, then the functions 

t^{e'^f,5j:) (13.34) 
are constant for every E G bPt^r {L) . 
Proof. Indeed, this is clear when / G Dom(L) since 

= {e^fX5^) (13-35) 
= 

However, the domain Dom(L) is dense in C^{P), so for any / E C^{P) we 
can choose a sequence < /„ > in Dom(L) which converges to / in C^{P). 
Then _ _ 

(e*^/,'5s) = lim (e*^/„,5s). (13.36) 



The right hand side is independent of t for each n, hence so is the limit. If 
bPteviL) = P, then we can also conclude that 

{e''^f,Sp) (13.37) 
is constant. □ 

Remark 13.2.1. A similar observation, for a special case, appears in [8]. 

We now show that is the only element in the spectrum of on the 
imaginary axis. Re /i = 0. 

Lemma 13.2.1. Let P be a compact manifold with corners, and L a gen- 
eralized Kimura diffusion on P. If ^ C^^'^{P) is a non-trivial solution to 
Lip = iacp, for a G M, then a = 0. 
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Proof. Let qt{x, dy) denote the Schwartz kernel for e*^. Then for each x £ P, 

jqtix,dy) = l. (13.38) 
P 

Also, qt{x, dy) is a non-negative measure. By the strong maximum principle, 
e*^ is strictly positivity improving within int P. Hence if C/ C int P is any 
open subset, then 

Jqtix,dy)>0 (13.39) 
u 

for each x £ int P. 
Now, 

e'^'ifix) = e'^^if = I qt{x, dyMy), (13.40) 
P 

so by the non-negativity of qt{x,dy), 

Mx)\ < [ qtix,dy)\^{y)\ = [e*^|^|](x). (13.41) 



P 

Note also that \ip\ lies in C^p(P), so e*^\ip\ E C°°{P) for t > 0. The estimate 
in (jl3.4ip implies that for any s > 0, 

Q ^ [eW|^|](x)-[e-^|v.|](x) ^ ^^^^^2^ 

Since e^^ly?! G Dom(L^), we can let t — )■ 0+ to conclude that 

Le'^|99|(3;) > for aU X G P. (13.43) 

Choose any non-negative ip G C^(int P). Then integrating by parts with 
respect to some smooth non-degenerate density on P gives 

0< (e^^|(^|,L», (13.44) 

so letting s — )• 0"*", we obtain that 

0<(|(^|,L». (13.45) 

If the support of ip is further constrained to lie in a set where \ip\ is smooth, 
then we can integrate by parts again to conclude that 

0<(L|(^U). (13.46) 
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In particular, L\{p\ > in the open subset of intP where \ip\ > 0. 

There are now several cases to consider. If bP^{L) = 0, then Lemma r4.2.4l 
shows that = 1- We have 



1 = \ip{x)\ 



qt{x,dy)ip{y) 



< I qtix,dy)\(p{y)\ = J qt{x,dy) = 1 



(13.47) 

so the inequality in the middle is an equality, and since / qt{x, dy) = 1, this 
can only happen if ip has constant phase. This shows that q = in this 
case. 

If bP'^{L) 7^ 0, then we use an induction on the dimension of P. The 
result has been proved when dimP = 1 in [17] and [12J, so we now assume 
that it is true whenever dimP < A^ — 1. Let P have dimension N and assume 
that bP'^{L) / 0. Suppose that (/9 is a non-trivial solution, as above, and 
that ||vllc"{P) — 1- f'o^ each S G bP^{L) we know that 

Lj:, (p\j]= iaiplY, . (13.48) 

By induction, either a = or ip\-E= 0. In the former case we are done, so 
we can reduce to the case that (/?|~s= for every S G bP^{L). 

If L is tangent to every face of bP, then \(p\ attains its maximal value 1 
at some point xq E int P. It follows directly from (|13.38p and (jl3.39p that 
|99(x)| = 1 in int P. For if this were false, then the fact that e*^ is strictly 
positivity improving in int P would show that 

qtixo,dy)\^iy)\<l, (13.49) 

P 

which contradicts (113. 4ip . By induction if vanishes on bP, which is clearly 
impossible, as G C^{P). 

We are left to consider the case where 5P'^(L) / bP. If \ip{x)\ assumes 
its maximum in the interior of P then we conclude as above that |93(2;)| = 1 
in P, which leads to the same contradiction as before. Thus |'/7(x)| must 
assume the value 1 at xq G 6P \ bP^{L). Indeed xq G bP'^{L), for otherwise 
xq would belong to the closure of bP^{L) and hence would vanish. Applying 
Lemma 14.2.41 gives that \ip\ is identically equal to 1 in a neighborhood U of 
Xq. Using the previous argument at xi £ U (1 intP gives |'^(2;)| = 1 in P, 
which contradicts that if \bpT(^L)= 0- 

Thus the only tenable case is that a = 0, as claimed. □ 



Combining this Lemma with Theorem 112.1.11 and Lemma 113.2.11 gives 
the following corollary: 
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Corollary 13.2.1. For any < 7 < 1, spec(L^) \ {0} lies in a half plane 
Re fx < r] < 0. 

Write A^'o = |6Ptcr(-^^)| and let : j = l,...,A'^o} enumerate the 
components of hPter{L). Also, denote by Ij = 6j]- the probability measures 
which span ker L*, constructed above. From the support properties of these 
measures, we can choose smooth functions {fj- j = I, . . . , Nq} so that 

4(/j) = 5jk- (13.50) 

Choose a smooth basis {wj : j = 1, . . . , A'^o} for ker L^, for any < 7 < 1. 
Corollary 113.2.11 and the fact that has no generalized eigenvectors at 0, 
shows that spec-L^\{0} lies in Re/i < r/, for an 7/ < 0. Thus, as the spectrum 
lies in a conic neighborhood of the negative real axis, we can deform the 
contour in ()12.69p . to show there exist continuous linear functionals {aj} 
such that, for any / G C^p(P), we have 

e'''f = ^a,if)w,+Oie^'). (13.51) 
i=i 

Proposition 113. 2.T] shows that the quantities {^fe(e*^/)} are independent of 
t, so letting t — 00, we conclude that 

4(/) = J^ai(/)4(^«i). (13.52) 
i=i 

In light of (|13.50|) . ikiwj) is an invertible matrix, so we can find a new basis 
{wj} for kerL^ so that ^j{wk) = 6jk and therefore 

No 

e''^f = ^ijif)w, + 0{e^'). (13.53) 
i=i 

By duality we can conclude that if is a Borel measure belonging to Ai®{P), 
then 

No 

e'^*u = Y,{wj,i^)ej + 0(e''*). (13.54) 

The {ij} are non-negative measures with disjoint supports. Since the 
forward Kolmogorov equation maps non-negative measures to non-negative 
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measures, it follows that the eigenfunctions {wj} must be non-negative. As 
a special case of ()13.53p note that 



We summarize these results in a proposition. 

Proposition 13.2.2. For < 7 < 1, there is a basis for kerL^ consisting 
of non-negative smooth functions {wj}. There is anr] < 0, so that for initial 
data f G C^''^{P), the asymptotic formula (jl3.53p holds. For initial data 
V G 7W®(P), the asymptotic formula (jl3.54p holds. 

Remark 13.2.2. In the classical case, with L = LKim and P = Sn, a ba- 
sis for kerLxim is given by the functions {l,xi, . . . ,X]\[}. It is very likely 
that P3.53P also holds for data in C°(P). 




(13.55) 



282 CHAPTER 13. THE SEMI-GROUP OJVC°(P) 



Appendix A 

Proofs of Estimates for the 
Degenerate Id Model 



This appendix contains proofs of estimates, used throughout the paper, of 
the 1-dimensional solution operators k\{x,y), which we recall is given by 



,6-1 



_(x+y)_ fxy\ 



where 



0=0 



j!r(j + 6) 



This function has the following asymptotic development, as 2; ^ oo : 



1+E 



£6j 

i 
2:2 



(A.1) 
(A.2) 

(A.3) 



In several of the arguments below we need a suitable replacement for the 
Mean Value Theorem, that is valid for complex valued functions. 

Lemma A. 0.2. Let f be a continuously differentiable, complex valued func- 
tion defined on the interval [a,b]. There is a point c G (a, 6) such that 

\f{b)-f{a)\<{b-a)\f'{c)\. (A.4) 

Proof. As an immediate consequence of the fundamental theorem of calculus 
and the triangle inequality we see that 



\f{b)-f{a)\< I \f'{y)\dy. 



(A.5) 
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The estimate in the lemma now follows from the standard mean value the- 
orem applied to the differentiable function 

X 

F{x) = J \ny)\dy. (A.6) 

a 

□ 

The kernel functions ki{x,y) extend to be analytic for Ret > 0, and 
we prove estimates for the spatial derivatives of this analytic continuation. 
These are needed to study the resolvent kernel, which for the 1-dimensional 
model problem is defined in the right half plane by 

oo 

R{n) = j e-^'^e^^^dt. (A.7) 



The contour of integration can be deformed to lie along any ray argt = 6 
with 1^1 < ^. This provides an analytic continuation of R{n) to C\ (— oo,0]. 
In these arguments we let t = re*^, where r = \t\. 

Remark A. 0.3 (Notational Convention). To simplify the notation in the en- 
suing arguments we let 

= e-'t (A.8) 



A.l Basic kernel estimates 



Lemma. 17.1.41 ^ For 6 > 0, < 7 < 1, and < (/> < |, there are constants 
Cf)^^ uniformly bounded with b, so that for t G 



00 

J \k1{x,y) - k1iO,y)\y'Uy < Cb,^xi . 



(A.9) 



Proof. We let t = re*^, where \9\ < f — Using the formula for /cj we see 
that 



\k't{x,y)-k'tiO,y)\y2dy 



2 dy 

y2 — 

y 



/ 



e-^''^4^b{\we2e)-M0) {wry^ — . 

w 



(A.IO) 
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On the second line we let w = y/r and A = x/t. We split the integral into a 
part, A), from to 1/A, and the rest, l2{t, A). We estimate the compact 
part first, using the the FTC we see that 



i/jb{Xwe2e) - ipb{0) =>^we2e / ip'f,{sXwe2e)ds 

(A.llj 







=MXwe2e, 
where M is a complex number satisfying: 



\M\< sup \i;l{z)\. (A.12) 

z: \z\<l 



This gives 



Ii{t,X)<CbTi j w^+'i-^e-^"'^"" e-^'""^Xw + \l-e-'''^\ dw. (A.13) 



coseA^,„ ill ^-eg\\ 



The constant Cb is uniformly bounded for < b < B. For A bounded, and 
1^1 < ^ we can estimate |1 — e~'^*'*'| by A and therefore the integral can also 
be estimated by a constant times A. Altogether we get 

hit, A) < Cb,eT^X = Cb,ex^X^-2. (A.14) 

As A is bounded, this is the desired estimate. Now we turn to A — t- oo. In 
this case it is easy to see that the integral tends to zero. As A > 1, this 
implies that 

h{t,X) <Cb,ex^. (A.15) 

We are left to estimate I2 ■ In this case there is no cancellation between the 
terms on the right hand side of (lA.lOp . As "06(0) = it is elementary 

to see that, in all cases. 



ri I w^e-'^'^'^liJbmw^— <Cbexi. (A.16) 

w 



To complete the proof, for this case, we need to estimate the other term, 
which we denote /2(*)^)- To that end we use the asymptotic expansion to 
estimate ijjbiwX) : 



\MwXe2e)\ < a(u;A)t-f e2-^^^-\ (A.17) 
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Inserting this estimate gives: 

oo 

Applying Lemma 17.1.231 it is a simple matter to see that this is uniformly 
bounded by Cb^exa ||/||wF,o,7) for a constant bounded when b is bounded, 
and therefore 

l2{t,X) <Cb,ex^. (A. 19) 

Combining ()A.14p . ()A.15p . ()A.16P and ()A.19P completes the proof of the 
lemma □ 

Lemma. 17.1. 5K For b > 0, there is a constant Ch,^ so that, for t & S^j, 

oo 

\k1{x,z) - k1{0,z)\dz < (A.20) 



For < c < 1, there is a constant Ch^c4 so that, if cx2 < xi < X2, and 
t G Sfh then 



oo 



k^{x2,z) - k^{xl,z)\dz < Ch,c,4> 



1 I \y/X2-y/xl\ 



(A.21) 



Proof. First observe that Lemma 17.1.31 implies that, for t G 5^ the integrals 
in ()A.20p and ()A.2ip are always bounded by a constant C^. We start with 
the proof of ()A.20p . We let t = re*^, with \9\ < |, and set w = z/t, and 
A = x/t, then we see that the expression on the right hand side of (|A.20p 
equals 

oo 

^6-lg-cose«;|g-eeA^^(^y^g^^) _ ^^(^Q^\clw. (A.22) 



We split this into an integral over [0, j] and the rest. As A — )■ oo it is 
clear that the compact part remains bounded, and as A — )• 0, it is 0(A). 
In the non-compact part we use the trivial bound when A — )• oo, and the 
asymptotic expansion when A — >• 0. This latter term is easily seen to be 
bounded by 0(e~~2A~), completing the proof in this case. 
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k^; setting w = z/t, X = xi/t, and ^ = X2/X1, we obtain: 



To prove ()A.2ip . we assume that CX2 < xi < X2, and use the formula for 



\k^{x2, z) — k\{xi, z)\dz 



y^b-lg- cos Ow I „-efl A 



e~'"'^i}b{\we2e) - e"^»^^Vb(/^Au;e29)|di(;. (A.23) 



We let F{^) = e '^o^^^il)i,{^\we2B)\ from Lemma PV.0.2l it follows that 

Will) - F{1)\ < {^,-l)\e~'°''^'^mi>^we2e)-eew^'^{i\we2e)l (A.24) 

for a ^ G (1)^) C (1, ^). We split the integral into the part from to 1/A, 
and the rest, /+. Using the Taylor expansion we see that 



/_ < C(^i - 1)A / wb-l^-cose(w+X) 



+ w{l + \) 



dw (A.25) 



As A — )• 00 this is bounded by a constant times A^ — l)e ^. This in turn 
satisfies 



y/x^- y/x{ 



As A — )• the integral in ()A.25P remains bounded and therefore 



X2 - Xi 



\t\ 



Chi 



X2 - y/Xi 



X2 + ^/xl 



which shows that 



(A.26) 



(A.27) 



X2 - JXi 



I.<Cb,eV\i^+l) 



thus completing this case. 

Using the asymptotic expansions for Tph and ip'^ we see that 



00 b__l 

1+ < Cb{fx-l)X I ' ' e 



(A.28) 



?A ^JwX A 



dw 



(A.29) 
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As A — )• this satisfies an estimate of tlie form 

'X2 - Xi 



1+ < Cb,6 



t 



e 2A . 



(A.30) 



To analyze the non-compact part as A — )• oo, we first note that we are only 
interested in the case that 



X2 - y/Xl 



< 1, 



(A.31) 



for otherwise we use the trivial estimate. Dividing by -v^A we see that this 
constraint is equivalent to 



which clearly implies that /i — t- 1 as A — t- oo. 

We change variables in ()A.29p letting z = y^w/X, to obtain: 



(A.32) 



b-i-Acos 61(2-75)2 



VXd. 



z. 



(A.33) 

To estimate this integral, we split the domain into three pieces [^,1], [1, ^/]J], 
and [y^, oo]. Recall that ^ E [1, y^], and therefore, in the first segment we 
see that 

|z- > |z-l|, (A.34) 

and in the third segment, 

\z - > \z - ^\. (A.35) 
With these observations we see that 



/+ < Cfe(/i-l)A 



^f,-|g-Acos9(2-l)2 



|i-z| + l^-i| + o(^ + ^; 

ZA A 



VXdz+ 



^b- 1 cos 9iz-Vi? 



VXdz+ 



\^-z\ + \^-l\+0{^ + j] 



(A.36) 
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Using Laplace's method to estimate the first and third terms, as well as ()A.32p . 
we easily show that the sum of the three integrals is bounded by Cb.c,e/\^, 
which implies that 



I, < ^^^^^ . (A.37) 



This completes the proof of the lemma. □ 

Lemma. I7.1.6r For 6>0, 0<7<1 and t e S^, < (j) < ^, there is a 
Ch A) so that 



oo 



\k\{x,y)\\^-^\^dy<Cb,^\t\i. (A.38) 







For fixed Q < (j), andB, these constants are uniformly bounded for <b < B. 

Proof. We let t = re*^, with \9\ < ^ — cf), and set w = y/r, A = x/t, 
obtaining: 



\kt{x,y)\\Vx - ^/y^dy 



oo 

\t\2 





oo 

J w 



We split this integral into the part from to 1/A, /i, and the rest, I2. 
Using the estimate 

m^)\<C,y^^+z^, (A.40) 

we easily show that the compact part is uniformly bounded by C;,_e|t| 2 , for 
a constant C^^e uniformly bounded ioi h < B and \9\ < f — 0- 

In the non-compact part use the asymptotic expansion to obtain that 



2 l — k 
Jo < Ch\t\ 2 A* 2 



00 

J Vw 



Lemma [7. 1 . 23 1 shows that as A — )■ this is bounded by Cb,e\t\^ ^ 
showing that, in this regime (j7.34p holds. 

As A — )• 00, Lemma [7.1.231 shows that this is bounded by Cb,9\t\^ , thus 
completing the argument to show that (|7.34p holds for all x, and t £ S^p. □ 
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Lemma. 17.1.71 ^ We assume that xi/x2 > 1/9 and J = [a,f3], as defined 
in (I7.35p . For 6>0, 0<7<1 and < (p < ^, there is a Ch^cf, so that, for 
t€S^ 

J \k'l{x2,y) - k'tixuv)]]^ - ^ipdy < - (A.42) 



Proof. We let t = re*^, with 16*1 < f - and set 



\ktix2,y) - k^ixi,y)\\^ - ^/x^l^dy 



h = 1 \k\{x2,y) -k\{xi,y)\\^ - ^/xl['dy 



(A.43) 



Since xi/x2 > 1/9, we know that that a > 0. 



/ < 



, (xiy 



As usual we let y/r = and x\/t = A, obtaining 



y ' 
(A.44) 



■ cos 6ui 



e "1 ""^^Vfe ( Ae20 ) - e ^"'^^/^^ (wAe2e) 



|Va- 



w 







The upper limit of integration can be re-expressed as 

2 

( S - ' 
" _ \ V V ^1 

As before we use Lemma lA. 0.21 to obtain: 



e ^i"" "V'b ( -^w\e2e ) - e (w'Ae26i) < 



where e G (l,t) C (1,9). 



X2_ 
Xl 



(A.45) 



(A.46) 



1 , (A.47) 
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As in an earlier estimate we need to split this integral into the part from 
to 1/A and the rest. In the first part, we estimate 

mC>^we2e)\ <Y^ + CbiC^w) (A.48) 

and \tp'i,{CX'we2e)\ by a constant; in the second part, /_2, we will use the 
asymptotic expansions. The term in ()A.45P coming from 1/T{b) is estimated 

by 

COS0A /„ \ 

We observe that this is bounded by C6)||/||wF,o,7l\/^~ provided that 

^b+^/2^-cos9X y^y'" < c. (A.50) 

As c < xi/x2, we see that the quantity on the left is bounded by a multiple 
of ^^+ie~™^^'^, which remains bounded as A — )• oo. Thus, there is a constant 
Cg, independent of b, so that 

lU<Ce\V^-V^r- (A.51) 

The other part of I_i (coming from the Cf)[(,Xw + u)]-terms) is easily seen to 
satisfy an estimate of the form 

I-i < Ce|t|?A2+^+^/2g-coseA (^^ - 1^ (A.52) 

for a constant independent of b. Arguing as before shows that this also 
satisfies (|A.51|) . so that /_i satisfies the desired estimate. 

Using the asymptotic expansions we see that the other part, /_2, satisfies 

/_2<c|t|iAi-t (^-1 

a 

\t\ 

I e-™«^(v^-v^)'t/;t"i|V^-v^ + 0((w;A)-5)||V^-^Ax|7^. 

J Vw 
1 

A 

(A.53) 

As ^ > 1, for It; G [Oj |7|] tbe exponential is only increased if we replace A^ 
with A. For a large enough C it is also the case that, for w in the domain of 
integration: 

^/^- ^/w <C{^- ,/w) (A.54) 
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Letting z 



1, we obtain 



1 3,7 / X2 



/_2 < CJtl 2 A2 + 2 



Xl 



1 X 



- COS 9\z'^ 



{l + zf-^\z\'^+^dz. (A.55) 



We are interested in the case X2/X1 approaches 1, and A — )■ cxd. Even if 6 < i, 
then we see that the part of the integral near to z = — 1 contributes a term 
much hke Lemma |7. 1.241 shows that 



9(x 



\2 

^2) 



2\t\ 



(A.56) 

The comphcated expression on the right hand side can be rewritten as 



showing that 



^~y^j 1" ^/^+^^ ^ ^- ^°°''"if,7^^ ^ (A.57) 



(A.58) 



which is precisely the bound that we need. The error term contributes a 
term of this size times A~^, completing the analysis of this term 
We now turn to /+; in this part the lower limit of integration is 



w 



/3 



1 > A. 



If A < 1, we need to split the integral into the part from (i/t to 1/A, and use 
the Taylor expansion at zero the estimate the ifji)- and ^^-terms. If A > 1, 
then we only need to use the asymptotic expansions of and il)'^. For A < 1, 
we have to estimate 



e ^1 Vfe — w\e2e 

Xl 



ijji) {wXe 



28 J 



|^/A- 



w 



(A.59) 
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Using ()A.47p and arguing as before we can show that the contribution of 
this term is estimated by Cb^e\t\2 [x2 — xi) /\t\. This, in turn, is estimated by 

If A < 1, then the contribution of the integral from 1/A to infinity is of 

cos 9 

the form e ~ Chfi\^/x2 — ^Jxly . 

Assuming now that A > 1, we change variables as before, to see that 



4 



/+<a|t|lAi-l(^^-ijx 

oo 

/ u;^3e-™^''(v^-^)'[^/eX-V^+0(M)-^)||VA-V^^^. 

(A.60) 



In this case ^ < 4/ f^, and so changing variables again, as above, we see that 
the leading term is bounded by: 



/+ <a|t|iAi+^ ( — -1 ) X 



' e-''°''('-^)^z''-^|z-ip+iciz. (A.61) 



3 /f2 _ 1 
2 V 11 2 



This term, as well as the error term, satisfy the same estimates as those 
satisfied by I2- , thereby completing the proof of Lemma 17.1.71 □ 



Lemma. I7.1.8K For 6>0, 0<7<1 and c < 1 there is a Cb such that if 
c < s/t < 1, then 



s\ 2 . 



(A.62) 
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Proof. If we let w = y/t, X = x/t and fj, = t/s, then this becomes: 

oo 

J \k1ix,y) - k'',{x,y)\ - ^[<dy < 



t2 



dw 



w 



w 



(A.63) 

We denote the quantity on the left by K{x, s, t). If F(^) = {nwfe-^''-'^+^'>7pb{lJ-^w\), 
then the difference in the integral can be written: 



=F'(e)(/i-l) forage (1,/.). 
Computing the derivative, we see that 



(A.64) 



K{x,s,t) <ti(/x-l) J {Cw)''e 



''^ + A) ) MC'w^) + 2CwX7Pi{C^wX) 



dw 



\V^-y/X\^ — . (A.65) 



w 



As usual, we split this into a part, Ii from to 1/A, and the rest, which we 
denote by I2. 

To bound Ii we estimate tp'^^ by a constant and use the estimate of ipb 
in ()A.48p . Arguing exactly as before we see that 



h < Cbt- 



t - s 



The fact that t/s < 1/c, implies that there is a constant C so that 

't - 



t2 



< C{t-s)i, 



showing that 



h<Ch{t-s)2.^ 



(A.66) 



(A.67) 



(A.68) 



for constants Cb that are uniformly bounded for < A < 

To estimate I2 we use the asymptotic formula for ipb and It is 
straightforward to estimate the |-term. To estimate the other two terms 
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we need to take advantage of cancellations that occur, to leading order, 
and then use the error terms in the asymptotic expansions to estimate the 
remainder. The |-term is estimated by 



Cbt2{fi-1) j w^e 



(u;A)^-5|^- VAP — . (A.69) 

■w 



As before we apply Lemma 17.1.231 to show that this integral is uniformly 
bounded for A G (0,oo). This term is again bounded by 

't - 



(A.70) 



which is handled exactly like /i. 
This leaves only 

/^ = ti(^-l)x 



^bg-(«,+A) \2^w\MfyjX) -{w + \)Mi'^w>^)\ I - \/Ar — (A.71) 
' ' w 

Using the asymptotic expansions for -06 and V't, this is bounded by 

oo 

I2 < Cbt2{^i -I) j u;''e-«(v^~^)'(C2u;A)3-tx 



{V^ - Vxf + 0{{w\)-'2) 



w 



VXP^ (A.72) 
w 

This is negligible as A — )• 0; lemma 17.1.231 implies that the leading term is 
bounded by Cbt^ (^^) , as before, and that the error term is bounded by 

, 1 ^ 1 f t — s 

This completes the proof of the lemma. □ 

The proof of Lemma l7.1.8l also establishes the following simpler result: 

Lemma. 17.1.91 ^ For b > 0, there is a Cb such that if s < t, then 

00 

t/s - 1 



k'^ix,y)-e,ix,y) dy<Cb 



1 + [t/s - 1] 



(A.73) 
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We now consider the effects of scaling these kernels by powers of x/y. 

Lemma. 18.1.11 ^ // < 7 < 1, and b > — 2 > then there is a constant 
Ch^^, bounded for b < B, and B^^ < b + ^ — u, so that, for t £ S^, where 



< (f) < ^, we have the estimate 



-j \k°{x,y)\y2dy <Cb,^x2. 



(A.74) 



Proof. We let t = re'^, with |6'| < | — 4>. Using w = y/\t\ and A = x/\t\ 
shows that we need to bound 



00 

f (^)\b^-co^0i^+^)\^^(^^Xe2e)\w'^ — . (A.75) 
J \wj w 



As usual we split this into an integral from to 1/A and the rest. The 
compact part we can estimate by 



a|t|iA^e~^°"^^ / w^+2-''-^e-^°'^'"dw. (A.76) 



As b + u — > 0, the integral is clearly bounded uniformly in A. Because 
— > 0, the contribution of this term is bounded by 

Cb,ex^X''~2e-''''''^^ <Cl^gX2. (A.77) 

We use the asymptotic expansion of '06 to see that the non-compact part 
is bounded by 

00 

^^^1*1" / (^)^"^"%-™^^(v^-v^)^^i^. (A.78) 

J V A / ^yw 

X 

COS 9 

The integral tends to zero like e~~2A~ as A — )• 0, showing that again this term 
is bounded by Cx2 . We let ^/w — \/A = z, to obtain that, as A — )• 00, this 
is bounded by 



00 

aiti^A^+i-t 



J {z + V\f-^-'^''+"'e-^"'''''dz (A.79) 



1 



1 

It is again not difficult to see that, as A — )• 00, this is bounded by C^, gX2 . □ 
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Lemma. 18.1.21 ^ If J = [a;,/3], with a,/3 are given by (j8.6ip . assuming that 
x'i,xi satisfy ()8.60p . 6 > 0, and < 7 < 1, and < cp < ^, there is a Cb^tf, 
so that if t £ S(j), then, 



zi- \l x'-^V dzi < Cb,^\^/¥[-^Jx[\'~'. 

(A.80) 



Proof. We let t = re , with 16*1 < ^ — 4>- Observe that it suffices to show 
that 



I 



and 



Xi — \J x^ 



(A.81) 



k'+\xi,zi) - e+'{x\,zi) \^^-Jx'^Vdzi < Cb,^\^i-Jx'^\\ 



(A.82) 

The integral in / is relatively simple to bound, and we can extend the 
integral over [0, 00), rather than just over J^. Before switching the domain 
of integration we observe that there is a constant C so that if zi £ J*^, then 



C-^\^ - < - ^J x[\ < C\^ - ^\ (A.83) 
It therefore suffices to show that 



/'= / \k1+\x,,zi 



IX\ — \J X 



\\fzi- y/xl^^dzi < Cb,4,\^/x{- -y/x^P, 



(A.84) 

To estimate this integral we let w = zi/\t\ and A = to obtain that 



7-1 



r = \t\^\^^-Jx'^\ I w'e-'°''^^+'^'>\^b-,i{wXe2e)\\V^ - VX\^^. 



We observe that 



xi — \i x'^p 



1-7 
2 



dw 
w 

(A.85) 



(A.86) 
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For bounded A it is easy to see that the integral in ()A.85P is bounded, so 
we need to consider what happens as A — )• oo. As usual we split the integral 
into the part over [0, 1/A], and the rest. The compact part is estimated by 



/- < Cfel^il- \/xirAVe-™'^''^ / w^e-'^'^'^lV^-Vxl^^. (A.87) 



Whether A is going to zero or infinity, we see that the contribution of this 
term is bounded by Cbfi\\/xi — \/x[\'^ 

The non-compact is estimated using the asymptotic expansion for tpb+i 

as 



dw 
\rwX 



(AJ 

As A — )• 0, the integral is 0(e~2^). We let z = ^/w — \/A, to obtain that 



1+ < C\^- Jx[\'''X 



- COS 0z I ~|7 



z\^dz, (A.89) 



from which it follows easily that 

I<I' <Cb,e\V^i-\lx'^V 



(A.90) 

We now turn to II. With y/\t\ = w, X = x[/\t\, and ^ = xi/x'i, we see 



that 



II < \/x[\t\'-^ 



t\ oo 

+ 



A 



dw 



|^_VAr^. (A.91) 



w 



Note that 1 < // < 4. To estimate this term we use the Lemma IA.0.21 to 
obtain: 



V^b+i(/iAu;e2e) - e-^^Vfe+i(Au;e2e)| < (/^ - l)Ae-^°^^«^x 

\w^/Jb+2iC>^we29) - V'fe+i(CAw'e20)|, where C G (A.92) 
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The limits of integration in ()A.9ip can be re-expressed as 



(A.93) 



When we use the expression in (IA.92|) in (IA.91|) . we see that the integral is 
multiplied by 



x[\t\'-^{ti-l) 



^,-^x[\'y[VX{^-l)]'-^^+l). (A.94) 
We therefore need to show that 



A[VA(V^-1)]1- 



oo 



£_ 



U! 



dw 



\wee'4'b+2(.^^we2e) - A+i{^^we2e)\\Vw - Vxp^ (A. 95) 



is uniformly bounded. 

It is clear that the contribution of the integral from to t^t is bounded 
for A bounded, so we only need to evaluate the behavior of this term as 
A — 7- oo. For this purpose we need to split the integral into a part from 
to 1/A, and the rest. The part from to 1/A is bounded by a constant 
times _\2+feg- cos^A^ g^j^^ jg tligrgfore controlled. The remaining contribution 
is bounded by 



dw 



|V^-\/Ar^ (A.96) 



Using the asymptotic expansions for il^h+i and '06+2 we see that 



\wee^h+2{i>^we2e) - 'il)b+i{iXwe2e)\ < 



C\/we 



2 cos 8\/^\w 



Aei + o ( ^ + ^ 



(A.97) 
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We let z = y/w — \/A, to obtain that this is bounded by 



c r z V'^ 



^ J y^ + ^J e~™' kl^'^'^'i^, (A.lOl) 

with the upper of hmit of integration given by 

\t\ ^=-^^^^- (A.102) 

When the upper hmit of integration is bounded, then the integral is bounded, 
and the contribution of this term is again bounded by C\^/xl — y^l'''. If 
the upper limit tends to — oo, then we easily show that this term is bounded 
by 

^[VA(V^-l)re--^^^, (A.103) 
and therefore the contribution of this term is again bounded by C\^/xl — 

To complete the analysis of (IA.98P we need to estimate the contribution 
of the error terms. Using the same change of variables we see that these 
terms are bounded by 



The integral in ()A.96P is bounded by 

a 

1_ 

(A.98) 

In the interval of integration \/A^ ~ > — ^^'^ 

y^- <C{VX- Vw), (A.99) 

provided that C > 3. We can therefore estimate the leading term in (jA.98p 
by 

a 

|t| 

\ J VA/ ^yw 
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These contributions are bounded as before if \/^{,^— 1) remains bounded. 
If the upper hmit tends to — c«, then this expression is bounded by 



Cb,6 



COS 6 



(A.105) 



completing the proof that the contribution from to a/\t\ is altogether 
bounded by Cb^l^/xi — - r^-\'^ 



We turn now to the part of ()A.95P from to oo. We need to split this 
integral into two parts only for A < 1. In this case we get a term bounded 
by 



A 

-7 / u;''e-™^^"'|V^-\/Ar 



dw 



- 1)]^-^ / t/;''e-™^''"'|V^ - VAr^, (A.106) 
J Vw 

which is clearly negligible as A — )■ 0. The other term takes the form 



A[^(V^-1)]'- 



w 



6g- cos6'(ui+^A) ^ 



- { A ' 1 1| } 



\'wegi/jb+2iC>^we2e) - i^b+i{^^we2e)\\Vw - \^\^^ (A.107) 
The integral is bounded by 



A 



u; \ 2 4 



■ { i • 1 1 1 } 



g-cose(v/i:7-vp)^i^_yxer \\v^-Vx\ + o(^ + -^ 

I W'^ vA 



For If G , c«) we have the inequalities 



-{Vw — VA) < (^/^ - ^/}^) <{V^- VX), 



and therefore the expression in (|A.108p is bounded by 



A 



b 1 

W\ 2-4 



A 



\/A| +0 



■ { A ' 1 1 1 } 



(A.108) 
(A.109) 



1 1 

Vw Va 



(A.llO) 



dw 



dw 
fw 
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As before we let z = y/w — ^/\. If 1/A > /3/|i|, then we obtain: 



A 7 V VA 



z\ + 0[ j= + 

z + VX VA 



dz. 



(A.lll) 

This is bounded by Ch^e&~^^ /A as A —)• 0, so in this case the contribution 
of the integral from (3/\t\ to infinity is bounded by Cb^g\y/xi — ^/x\\'^ . 

The final case to consider is when 1/A < so that the lower limit of 

integration in (lA.llip would be: 

^-VX = VX^^^^-'\ (A.112) 

An analysis, essentially identical to that above, shows that this term is 
bounded by 

^[^/A(^-l)]^e-^°^^ 4 . (A.113) 



A 

As before we conclude that the contribution of this term is bounded by 
C\^fx\ — Y^x^l'^, which completes the proof of the lemma. □ 

Lemma. l8.1.3K For 6 > 0, 7 > 0, there is a constant Cf,^^, bounded for 
b < B, so that for t £ 5^, 



\k1+\x,y)\\^-V^\y=^dy < Cb,^\t\i . (A.114) 



Proof. We let t = re*^, with \0\ < ^ — (j), and change variables with w = y/\t\, 
and A = x/\t\ to obtain: 

00 

/«;''+ie-™'^^(-+^)|V^,+lMe2e))||^AIy-^/A|^. (A.115) 


In the part of the integral from to 1/A, we estimate ipb+i by a constant, 
obtaining 

i_ 

A 

Cfe|t|i /«;''+ie-™^^("'+^)|\/^- VA|^, (A.116) 
J Vw 


7 

which is easily seen to be bounded by Cbe\t\'^- 
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In the non-compact part we use the asymptotic expansion of tpb+i to see 
that this contribution is bounded by 

oo 

J VA/ VX Vw 

1 



. T COS 6 



As A — > this is bounded by C6^g|t| 2 e 2a . To estimate this term as A — >■ 00, 
we let z = y/w — yfX to obtain: 

Cbiti? J (1 + ^) \-'^'''''\Vx + zy^dz. (A.118) 

7 7— 1 

This term is bounded by Cb^0\t\^ , thereby completing the proof of the 
lemma. □ 



Lemma A.1.1. If b > v > 0, and < (f) < |, then there is a constant C^^,^, 
bounded for b < B, so that iftE S^j), we have 

00 

J (^^y|fe,^(x,y)||Vy-V^rrfy<C6,^|t|^. (A.119) 



Proof. We let t = re*^, with \6\ < ^ — cj), using w = y/\t\, and A = x/\t\, we 
see that the integral in the lemma equals 

00 



It therefore suffices to show that this integral is uniformly bounded for A G 
[0,00). 

The contribution from [0, 1/A] is bounded by 

CfeA^e-^^^^^y w^-''-^e-''°'^'^\V^-VX\^dw. (A.121) 
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Since b — u > this is uniformly bounded for all A. The remaining contri- 
bution comes from 



w I w 



oo 

C, [ (^)^"'"%--^(^-^)^|V^-^/Ar^. (A.122) 

J V A / ^yw 

1 
A 

As A — )• 0, this is bounded by Cbe~^^. Letting z = -Jw — Va, we obtain 

h-2v-\ 



1 + 



^/A 



\zVdz. 



(A.123) 



It is again straightforward to see that this remains bounded as A — t- oo, thus 
completing the proof of the lemma. □ 

Lemma. 18.1.41 ^ For 0<7<1, 1<6, and < c < 1, there is a constant 
C, so that if ct < s < t, then 



oo 



kl{x,z) \^ - ^/^\z^ dz < C\t - s\i . (A.124) 



Proof. The proof of this lemma is very similar to that of Lemma 17.1.81 If 
we let w = z/t, A = x/t, and ^ = t/s, then the integral we need to estimate 
becomes 



t2 / w"^2~' e 



Proceeding as in the proof of Lemma 17.1.81 we see see that 



dw 



w 



(A.125) 



\e-(^+^')4,^{wX) - n"e 



bp-Kw+>^)j,, (,,2 



u;A)| = 

w + A) ) MC'^wX) + 2^wXilJb+i{^'^wX) 



, (A.126) 
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where $, G C (1, 1). Since 



i2 



I I ^ 

t — S\ It — S\2 



S J c 

it again suffices to sfiow tliat tfie integral 

oo 



(A.127) 



/ 



dw 



\^/^-^/X\^ (A.128) 



is uniformly bounded for A G (0, oo). 

We split the integral into a part from to 1/A and the rest. The compact 
part is bounded by 



C f w^+i-^e-^'^+^Mb + w + \ + 2w\\\^/^-^/X\^. (A.129) 
J \/w 



As 6 > 1, it is not difficult to see that this integral is uniformly bounded 
for A G (0, oo). For the non-compact part, we first estimate the contribution 
from the 6/^-term. Using the asymptotic expansion we see that this part is 
bounded by 

oo ^ ^ 

C [ f^)^"^^^e-«V^-^^)^|V^- VA|^. (A.130) 
J vA/ -s/w 



As A ^ this is 0(e 2a). To estimate this expression as A ^ oo, we let 
■y/w — y/X = z; this integral is then bounded by: 



\z\dz, 



(A.131) 



7-1 

which, as A — >■ oo, is bounded by CA 2 . 
The other term is estimated by 

\iw + X)M^''wX) - 2^wXil;b+iiewX)\ 



Air 



iV^-Vxf + o{i + J^ + \l^^ 



(A.132) 
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It is again easy to see that, as A — )• 0, the contribution of this term is 
0(e~2>^). To bound this term as A — t- oo, we use the estimate from ()A.132h 
in ()A.128p . and let z = ^/w — \/A to obtain 



\z\' + 0\ 1 + ^ + 



Vx z + Vx, 



dz. (A.133) 



It is again straightforward to see that all contributions in this integral are 

7-1 

0(A^~), which completes the proof of the lemma. □ 



A. 2 First derivative estimates 



Lemma. 17.1.101 ^ For 6 > 0, < 7 < 1, and < (p < ^, there is a Cb^^ so 
that for t £ S(j, we have 

/ \d,k1ix,y)\\^-V^\^dy < a,^^^, (A.134) 
J 1 + A2 



where A = x/\t\. 



Proof of Lemma 7.L10. We let t = re , where \9\ < ^ — (f). Arguing as in 
the proof of Lemma 8.1 in [12] we see that 



\d,k',{x,y)\\^-V^rdy< 





(A.135) 

Here A = x/\t\ and w = y/\t\. We now estimate the quantity: 

,b-i,-cosd{w+x) |y;eg^^(^Ae20) - ^fe(u'Ae2e)| W^-Vx^dw. 

(A.136) 



1(A) = J w'-'e- 
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We divide this integral into a part from to 1/A and the rest. We write 
/(A) = /o(A) + /i(A). In the first part we can estimate the integral using the 
Taylor expansions for ■0;, and V'f, as 

l/A 

/o(A) <Cb j u;^-ie-=°"^("'+^) (^w + \^/^ - V\\^dw. (A.137) 



When A remains bounded, the only difficulty that arises is that as 6 — t- 0, the 
w^~^ term introduces a 1/6, but this is compensated for by the 1/T{b), show- 
ing that this expression remains bounded as 6 — )• 0. This term is bounded 
by a constant times 

e—''(^^y (A.138) 

To estimate the other part of the integral, we use the asymptotic expan- 
sions for ipi, and ip'^, giving 



oo 

6 1 



h{X)<C [ (^Y"' VX-V^'^\—'^^'-^^'^. (A.139) 
J ^A/ VwX 



Applying Lemma [7.1.231 this is 0(e ^), as A — )• 0, and, as A — )• oo, 

hiX)<Cb,^X~^. (A.140) 
Combining this with the estimates above, we can show that 

/(A) < — (A.141) 
1 + V A 

This proves Lemma 17.1.101 □ 

Lemma. 17.1. llK For 6>0, 0<7<1, O<0<f, and < c < 1, there is 
a constant Ch^c,<f> so that for cx2 < xi < X2, t £ S^, 

oo 

J \Vxidxk^{xi,y) - ^/x^dxk\{x2,y)\\^sfxi - y/yV dy < 

\y/x2-y/xT\ 



Cb,c,4>\t\— \ (A.142) 
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Proof. We let t = re , where \9\ < ^ — cp, and note that Lemma 17.1.101 
provides a "trivial" estimate, 



(A.143) 

which is the desired estimate when | y/x2 — ^/xl\ / \/[t\ » 1 . Recalling that 



1 /y 



x+y 



y\ ,/ fxy\ fxy 



(A. 144) 



and setting w = y/\t\, A = and fi = X2/X1, we see that 

/x^d^kt{xi,y) - ^/x^^xk^{x2,y)\\^/x^ - y/y['dy = 

00 

\/A|t|V j w^-^e-^°'''^'"\F{ii,\w) -F{l,\w)\\^JJ- y/^\^dw, (A.145) 


where we let 

F{ii, A, w) = ^e-^^^^ [wee^'b{iJi\we2e) - M^^\we2e)] ■ (A.146) 
Using Lemma lA. 0.21 we see that 

\F{^x,\w)-F{l,\w)\<{^l-l)\^^F{i,\,w)\ for a ^£(1,/^), 
where ^ G (1, i). We therefore need to estimate 



00 

\/A|i|^(^-l) j w^-^e-^°'''^'"\d^F{i,\,w)\\V\ 



Using the equation satisfied by we see that 



(A. 147) 



w\^dw (A.148) 



d^F{i,\w) 



i\ + w - '4>b{i^we2e) - \ 2i\wee + {b - ) ij'^{^\we2e] 



(A.149) 
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As usual we split the integral in ()A.148P into the part from to 1/ A and the 
rest. In the compact part we use the estimate 



\d^F{^,X,w)\<Cbe-'°''^^ 



1 + X + w 



+ 



w 



m r(6 + i) 



+ XwO{l + \ + w) 



Using this estimate we see that 



(A.150) 



\/A|t|V(^-l) J w^-^e-^'"^'"\df,F{C,X,w)\\VX- 



wpdw < 



) — . . 7^ ^ cos yA , , , 

C^fiVX\t\ — e (A.151) 

where the constant is uniformly bounded for h G (0, i?], and |0| < ^ — 0. 

Now we turn to the non-compact part where we use the asymptotic 
expansions of -06 and ^/^^ to obtain: 



\d^F{i,X,w 
{(^Xw)'i 2e 



(A.152) 



Using this expansion in the integral and setting z = -s/w/X, we see that this 
term is bounded by 



oo 



, 7-1 



(A.153) 

As A — )• this term is easily seen to be bounded by Cb^6»|i|^^(/^ — l)e~^^. 

In this case, when | — \/^| / > 1/4, we use the "trivial" estimate 
in ()A.143p . We henceforth assume that |y^X2 — v^aTfl / y^|t| < 1/4, which 
implies that 

V^-l<^. (A.154) 

In order to estimate the integral, we need to split it into three parts, with 
z lying in [1/A, 1], [l,y^], and [^^,00), respectively. Using the assump- 
tion in ()A.154p we easily show that the integral over [l,y^] is bounded 
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I — 7-1 

by C\,fi\/ \\t\ 2 — 1), as desired. To treat the other two terms we use 
Laplace's method. The integral over [1/A,1] is bounded by 
1 

aAi+i|t|^(/x-l) y ^^-ie-=°"'^^(^-i)'|z-ir (A(z - + 0(1 + z + 1/z)) dz. 



(A.155) 

Laplace's method, using (IA.154p . shows that this term is also bounded by 

C^fi^\t\^{ii-\). 
Finally the integral over [-^//I, oo) is bounded by 

oo 

C7bAi+i|t|^(/x-l) y 2''-|e-™'^^^(^-^)'|z-ir (A(z - 1)^ + 0(1 + ^ + 1/z)) dz. 

(A.156) 

Applying Laplace's method to this integral shows that it is bounded by 

thereby completing the estimate of the non-compact term. The proof of the 
lemma is completed by noting that, 

- 1) = ^^y^^+y^ , (A.157) 

\t\ 



and therefore the lemma follows from the assumption that < c < Xi/x2 < 
1. □ 

Lemma. I7.1.12K For 6>0, 0<7<1, there is a constant Cf, so that for 
ti < t2 < 2ti, we have: 

ti oo 

j j \dxk\^-t^^s{x,v)-d^kl{x,y)\\^/x- ^[^dyds <Cb\t2-ti\i. 

(A.158) 

This result follows from the more basic: 

Lemma. 17.1.131 ^ For 5 > 0, > 7 < 1, and < ti < t2 < 2ti, we have for 
s G [t2 — ti,ti] that there is a constant C so that 



t2-ti 



00 



{t2-ti)si~^ 



f\d,kl_t,+,{x,y)-d^k\{x,y)\\V^-^ydy<C- 

J {t2 - tl + S){1 + J X S) 

V /\ V / / 

(A.159) 
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Proof of Lemma 7.1.12 The estimate in ()A.158P follows by integrating the 
estimate in (I7.42|) : 



tl oo 



\d:,k^t^_t^+,{x,y)-d^kl{x,y)\\^/^-^\^dyds < C 



t2-ti 



t2-tl 



(t2 - tl) + S 



oo 

/2C 
{t2-ti)s2-^ds = 1*2 -til 2. (A.160) 
2-7 



t2-tl 



□ 



We now give the proof of Lemma 17.1.131 



Proof. This argument is very similar to the proof of Lemma 17.1.111 Set 

T = t2 — tl, and define 

G{fi, A, w) = ;^^'+ie-^('"+^) [fiwijlin^wX) - Mf^^wX)] . (A.161) 
Setting w = y/s, A = x/s, and /i = s/(r + s), we see that 



|9xfct2-ti+s(^'y) - ^^k''s{x,y)\\^/x - y/y\"'dy = 

oo 

w''~^\G{fi,X,w) - G{l,X,w)\\VX- 



oo 

■^(^-1) y"u;^-VMG'(^,A,tf)||\/A- ^/^Pdw, (A.162) 



2. 
S2 



wPdw 



S2 



here ^ G [/x, 1] . In the last line we use the mean value theorem. The assump- 
tion tl < t2 < 2ti shows that G [|) 1)- 

A calculation, using the equation satisfied by iph shows that 



d^G{^,X,w)=e^'e-^^^+'^x 
iPb{^^wX){3w + A - ^) - w7PlifwX){b -2 + Ciw + 3A)) 



(A.163) 



As usual, we split the integral into a part from to 1/A and the rest. In the 
compact part we observe that 

w + X + 1 



\d^Gi^,X,w)\<Ge-'^ 



+ O {w{l + w + Xf)) 



(A.164) 
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The compact part is therefore bounded by 



S2 



w + X + 1 



+ O {w{l + w + Xf)) 



(A.165) 

As A — )• oo this is bounded by Cs2~^(/i— l)e~ 4 ^ and as A — ?■ 0, by Cs2^^(//— 
!)• 

For the non-compact part we use the asymptotic expansions of ipb and 
^p'f^ of order 2, given in (|A.221|) . to obtain: 



A 1 



w 

a' + 



02(5) 1 



+ 01 + - + - + 
w I \ X w ^/wX 



(A.166) 



here aj(b), j = 1,2,3 are polynomials in b. Using this expression in the 
integral and letting z = ^/X{^/wJX — 1), we see this is bounded by 



Va 



+ 1 



e 2 



dz 



(A.167) 

7 1 1 

As A — )• this is bounded by Cs2~ (/i — l)e~4A. When A — )■ 00, Laplace's 
method applies to show that it is bounded by Cs2~^[fi — l)/^/X. This com- 
pletes the proof of the lemma. □ 



A. 3 Second derivative estimates 



Lemma. 17.1.141 ^ For 6 > 0, < 7 < 1, and < < ^, there is a Ci,^^ so 
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that for t = \t\e'^ with |(9| < f - (p, 



\t\ oo 

52i,6 ' - , . . ^ 1 



t oo 



x^,J.k^^ie{x,y)\\^/y - \/x\'^dyds < Cb,^x'2 and 

(A.168) 

xdlk''^^,e{x,y)\\^/y - Vxl'^dyds < Cbjt\i. 







We deduce this lemma from the fohowing result, of interest in its own 
right: 

Lemma. I7.1.15r For 6>0, 0<7<1, 0<(/)<f, there is a Cb,cj> so that 
if t £ Ss, then 



J \xdlk',{x,y)\\V^-^\^dy<Cb,^^^^, (A.169) 



where A = x/\t\. 



We let t = re*^, where \9\ < f — 0, and first show how to deduce FT. 1.141 
from (IA.169I1 . 

Proof of Lemma 7.1.14\ To prove the first estimate in (1A.168P , using (IA.169P , 
we see that 

1*1 oo |t| 

\xd'',kl,e{x,y)\\Vy-V^\''dyds < Cb,^ J si~'j^l^^ds. (A.170) 



Splitting this into an integral from to x and the rest (if needed), we easily 
see that the first estimate in ()A.168p holds. The second estimate follows 
from ()A.170P and the observation that x/{x + s) < 1. □ 

Now we prove Lemma lT. 1.151 

Proof of Lemma \7.1.15\ We denote the left hand side of (jA.169p by /. The 
formula (jS.Sp for k^, and the second order equation satisfied by ipb{z) ■ 

z< + ^V'fe - ^fe = 0. (A. 171) 
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imply that 



xdlk1{x,y) 



yt \t 



b (x + y) 

e t 



x + y 



/ 2xy\ , fxy 



(A.172) 



We let w = y/\t\ A = x/\t\, to obtain 



\t\'-i 



^b^- cos 9{w+X) ^ 



dw 



\{w + X)MwXe2e) - {2wXee + bw)i^'f,{wXe2e)\ - \/Ap — , (A.173) 

which we split into a part from [0, j] and the rest. In the compact part, we 
use the estimate 



1 



+ w{l + W + X) 



\{w + X)'ipb{wXe2e) - i2wXeg + bw)ip',j{wXe2e)\ < C^A 

(A.174) 

Applying Lemma [7.1.221 shows that these parts of the w-integral are bounded 
by 



Chee 



as A — )• cxD and Cb eA as A — )• 0. 



(A.175) 



In the non-compact part of the i(;-integral, we use the asymptotic expan- 
sion to obtain 



{w + X)ipb{wXe2e) - {2wXeg + bw)^b{wXe2e) 

Jl cos 9\/ w\ 



(wA)4 2e" 



(V^_VA)2 + 0f^ + l 



'wX 



. (A.176) 



Applying Lemma 17.1.231 shows that the principal terms of the non-compact 
part of the w-integral are bounded by 



(A.177) 



This leaves only the error term in ()A.176p . Again applying Lemma 17.1.231 
shows that these terms are also bounded by the expression in (lA.177p . □ 
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Lemma. 17.1. 16r For 6>0, 0<7<1, 0<(/)<f, and < 0:2/3 < xi < 
X2, there is a constant Cb,^ so that, for t G 5*0, we have 



\t\ 



{dyy - 6)A:,%(x2,a) - (dyy - b)kl^e{x2,P) ds < C^,^, (A.178) 



where a and /? are defined in (I7.35P . 

Proof. We let t = |t|e*^, where |^| < ^ — (/>, and use / to denote the quantity 
on the left in (|A.178p . Using (|5.5|) . we see that, for t in the right half plane, 



idyy-b)kKx,y) = l[^ye-^ 
and therefore: 



x\ , /xy 



I (xy 



. (A.179) 



III < 



cos 



a\° °"^e 
— I e s 

8 ■ 



f3\" 

e 

s 



/5ee\ / a:2/3e2e 



^ X2«e26) ^ 

a:2/3e2e 



As 



the numbers 



i<ii<i, 

3 X2 



a xi xo 
- < — < — < - 

s s s s 



ds. (A.180) 



(A.181) 



are all comparable. If s < xi, then we can use the asymptotic expansion to 
estimate the integrand by 



— e 4s 



Changing variables with 



a 



iVx^-yxi) I IS 

2^s 



(A.182) 



(A.183) 
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the principal term in the integral from to xi, becomes: 

oo 

Cb 



I 



g- cosy I 



dx 



IX 



(A.184) 



^1 



This is uniformly bounded. The integral of the error term is bounded by 

rla 1 It. 

(A.185) 



_1 /xi 
as 2 V a 



As Xi/x2 > 1/3 this is bounded by 1, completing the estimate of this part 
of the s-integral. 

If |t| > xi, then we also need to estimate the s-integral over [xi, t]. If we 

let 

F^{z) = z''e~'''''^[zeeTp'b{tize2e) - ipb{l^ze2e)], 
then the remaining part of the s-integral can be written: 

t 



(A.186) 



- cos 9 - 



F^2 [-] - F^2 {- 



a 



ds. 



(A.187) 



Xl 



Lemma IA.0.21 shows that this is estimated by 

t 



C 



- cos 9 —2- 



(3 -a 



ds. 



(A.188) 



Here ^ G [f , |] C (0, |-] and G [f , ff]- The z^'-term in is the only 

term which may contribute something unbounded to F'^{z)., and this occurs 
only \i h < 1. The remaining terms are easily seen to contribute a term 
bounded by (7^(1 — xi/x2)- The z''~^-term is bounded by 



K = bCb 



a 



b-l 



(3 — a 



ds. 



(A.189) 



Xl 



We let w = X2/s to obtain 
' (3 — a 



K = hCb 



X2 



b-l 



W 



b—1— cos 9w 



dw < Cb,9bT{b) 1 



^2 

w 



Xl 

(A.190) 
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This completes the proof that there is a constant Cb^cp uniformly bounded 
with b, so that 

/ < Cb,^. (A.191) 

□ 

Lemma. 17.1.171 ^ For 6 > 0, < 7 < 1, (/> < |, and < X2/3 < xi < X2, 
if J = [a, 13], with the endpoints given by (jT.SSp . there is a constant C^^^ so 
that if 1^1 < ^ — (j), then 

\t\ P 



a 

\t\ p 



(A.192) 



a 



Proof. Throughout these calculations we use the formula, valid for t in the 
right half plane: 



Lbkt{x,y) = dtkt{x,y) 



1 fy\'^ 



yt \t 



t 



f2 



t2 



t^J 



. (A.193) 



We give the argument for /i, the argument for I2 is essentially identical. 
If we let 

If To 

(A.194) 



y . X2 
w = — A = — . 
s s 



and 



Q/ ^ X2 

Ra 8 t = {{w, A) : — A < w < — A and — < A}, 

X2 X2 \t\ 



(A.195) 



then Ii becomes: 



III I < xi 



w'-^e~^°''^^+^^\[iw+X)ee-b]i^b iwXe29)-2wXe2ei^'b Mese) 



R, 



1 



dwdX 
X 



. (A.196) 



As in the previous cases we estimate "06 and V'f, using the Taylor expansion 
where wX < 1 and using the asymptotic expansion where wX > 1. In the 
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present instance this divides the argument into two cases: 1. ^ > 1 and 2. 
^ < 1. In case 1 we only need to use the asymptotic expansions, whereas 
in case 2 we also have to consider another term, where we estimate tph and 
V'^ using the Taylor expansion. We begin with case 1. 
The asymptotic expansion gives the estimate 

|/i| < Cbxl jj i(;''-i(u;A)i-ie-<=°^^(^^-^)'x 

iV^ - Vxf + b 



i + o 



As w/\ is bounded above and below, this satisfies 



1- 



dwdX 



A 



(A.197) 



^\5-4^-Acose(l-^) = 

A / 



+ 1 



dwdX 
\MA 



(A.198) 



We let z = \/w/X — 1, taking account that z is bounded we obtain: 



--1 



\h\<Cbxi 



-\ cos Oz^ 



[Xz" + 1] 



,dzdX 

~7i' 



(A.199) 



-2 



We interchange the order of the integrations and set x = Az^, in the A- 
integral, to see that: 



h\ < Cbxj J J e-'^"^^^ (^-^ + ^/^^ dxlzp-'^dz. (A. 



200) 



a X2Z 

2 ~" 



The rc-integral is bounded by a constant depending only on 9, and this shows 
that there is a constant Cb^e bounded for < 6 bounded, so that 



l-^ll < C'fe,6»||fl'||wF,0,7lv^ - 



(A.201) 



Now we turn to case 2. The foregoing analysis is used to estimate the 
part of the integral where u^A > 1, by using 1 as the lower limit of integration 
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in ()A.199P instead of X2/|i|. This leaves the part of the integral in ()A.196P 
over the set 

Ra,i3,tr]{{w,X) : wX < 1}. 
We replace this set, with the slightly larger set 



■a,/3,t 



{{w, X) : —X <w < —X and -4 < A < — }. 

X2 X2 \t\ a 



(A.202) 
(A.203) 



Using the Taylor series, we see that this term is bounded by 

E2. X-S- 




w 



b-l 



W ^2 



(w + X + b) 



1 



m 



+ wX + wX 



X 



dwdX 
X 

In the i(;-integral we let o" = if /A to see that this is bounded by 



(A.204) 



X2 ±L. 

a ^2 



(aX) 



b-l 



{aX + X + b) 



+ cjAM + aX^ 



\l - ./^[' dadX (A.205) 

As c in ()A.18ip is at least 1/3, we know that range of the cr-integral satisfies 

^ < < 1 (A.206) 



In the domain of the c-integral, the quantity |1 — is bounded by 

a constant multiple of \y/x2 — ^/xlY' . As a is bounded above and below, 
all that remains is the A-integral. An elementary calculation shows that it 
remains bounded, even as 6 — t- 0. This completes the proof, in all cases, that 
there is a constant Cb, bounded with 6, so that ()A.192p holds for Ji. The 
estimate for I2 is essentially the same. □ 

Lemma. 17.1. 18K For fe>0, 0<7<1, 0<(/)<f, and < 2:2/3 < xi < 
3^2) if J = with the endpoints given by (j7.35p . there is a constant Cb^cf) 

so that if \6\ < ^ — cp, then 
t 

j j \Lbkl^^g{x2,y) - Li,kl^,e{xi,y)\\^ - ^^\^dyds <Ch,4>\^/3^ 
j= 

(A.207) 
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Proof. We use the formula for L^k^, given in ()A.193p . hence: 

1*1 oo 



1+ 



6-1 



13 



e " 



{x2 + y)( 



_fl£s 

-e s 



(xi + y)e0 



, dwds 



\\fy-Vxi\ 



(A.208) 



and 



\t\ 



b-l 







e s 



{x2 + y)e0 



_fl£S 

-e s 



(2:1 +y)t 



f xiye2 9\ ^(Xiye2e\ ^, (Xiye2e 
V s2 



S2 ■ 

(A.209) 



For this case we give the details for / , and leave to the interested reader. 
We change variables, setting 



y , xi , dyds dwdX 
w = — A = — so that — = — ^ — : 

s s A ■ 

we also let fj, = X2/X1. The integral now satisfies: 



(A.210) 



00 a^l 



I/" I < 



El 



[[(/xA + w)eg - (/iAweae) - 2 (/uAweze) (^Au-eae)] 



[[(A + w)ee - b] ipb {\we2e) - 2 {\we2e) ip'b i>^'we2e)] 



|Va- 



^x^ dwdX 
(A.211) 



We split the it)-integral into the part, / (A) with w G [0, j], and the rest, 
/ ^(A), which only arises when A'^ > xi/a. 
To estimate I (A) we let 

A, w) = e'^^^o [[(/iA + w)e0 - ftjV'b {fj.Xwe2e) - 2 {fiXwe2e) ip'b i^J'>^we2e)] 

(A.212) 
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It follows from Lemma lA.0.21 that for some ^ G (Ij/^) we have that 



Fip,X,w)-F{l,\,w) 



< ifi-l)\d^FitX,w)\. 



(A.213) 



In the set {wX < 1}, we have the bound (see ()A.220p ): 



\d^F{^,X,w)\ <Cbe-'°'''^^^X{l + X + w) 
In this case the if-integral is bounded by 



+ (1 + X)w 



(A.214) 



- cosd(w+i\) 



(1 + A) 

m 



+ w{l + Xf + w'^{l + X) 



|^/A- 



dwdX 

A2 



and therefore 



I (A) < Cb,6l||5l|wF,0,7^1 (/^ - 1) 



A* (1 + A'') 



As this is integrable from to oo, we see that 



, (A.215) 



(A.216) 



(A.217) 



As X2/X1 is bounded from above, it follows immediately that 
This leaves only / '", which is estimated by 



00 ^1 



|/-+| < xl{^i - 1) 



^;,_l^_cose«,|^. 



(A.218) 



|i^.(e,A,«;)|^ (A.219) 
A 2 
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As before we apply Lemma IA.0.21 as in ()A.213P to see that we need to 
estimate: 

X,w)\= e-'''''^^\XeeM^>^we2e)il - {(X + w)ee + b)+ 
Xwe2e'il^'b{S,Xwe2e)[{3CX+w)eg+b-2]-2^{Xwe2e)'^'4^b{CXwe2e)\, C e [1, — ]. 

Xl 

(A.220) 

To get a controllable error term, we must use the asymptotic expansions for 
ipbi'ipb = V'fe+i through second order: 



Z4 2 6' 



,2v^ r 



(26- l)(26-3) 
(26 + l)(2b- 1) 




1 - 




(A.221) 



i^'biz) 



\/47r 



1 - 



Using the equation zip'^ = ipb—bip'b^ find inserting these relations into ()A.220p . 
gives 




(A.222) 



Here ai(6), 02(6) and 03(6) are polynomials in b. We denote the contributions 
of these terms by Mq, Mi, M2, M3, Mg. 

We first consider Mq : 




2 




} i 



dwdX 



(A.223) 
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In this integral w < X and 1 < < X2/X1, and therefore this is bounded by 
Mo < Cbxfifi-l) 



A 



W\2 4 cose(0:7-VP)2 



rX-M»-'^^ (A.224) 



, 1+7 

wA 2 



We now let z = y/w/X — to obtain that 

Mo < Cbxf ifi - 1) j j {^i + zf'"^e- 



cos OXz'' 



^P+TAidzffA (A.225) 



As A is bounded from below by y^xi/a, we need to estimate the z-integral 
as A —7- 00. We apply Lemma 17.1.241 to see that 



c,,^-cose ^^^-f^^ ( V^-V^ \-' ifVA(./f -1) >1 



2+7 



%^if^/A(,/f^-l) <1. 



(A. 226) 



The large A contribution (the first estimate in ()A.226P ) leads to terms of the 
form 



^ X2-Xl ^/x{ 

X\ y/x^- ^/x{ 



Cb,e\Vx^- Vxi\ 



xi 

as above (see (|A.217p ~ (|A.218p l. Integrating the second estimate in ()A.226p 
over 



< a,e { ^ty^ 'l \^/^- V^iW (A.227) 



Xl Xi 



Xl 
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gives a term bounded by 



( "^ty^ ^) \V^2 - V^i\^. (A.228) 



This completes the proof that Mq satisfies the desired bound. 

Using the same change of variables we see that Mi and M2 are also 
bounded by the quantity in ()A.228p . To treat M3 we let z = ^y w/X; this 
gives the bound: 



{Msl < CbX^ in - I) J J ^^'-2e-^°^^^(^-^) X 

Iz^ _ f| 

l^/C-zp- ^VXdzdX. (A.229) 

As A — 7- c«, the part of the z-integral from 1/A to 1/2 (e.g.) is bounded 
by a constant multiple of A^~*e~ ^ and so contributes term to M3 that 
satisfies the desired estimate. 

We are left to estimate the contribution from near the diagonal, i.e. for 
A G [1/2, ^ya/xl]. If ^/X{y/x2/xi — 1) > 1/2, then the z-integral is bounded 
by 



Cb,6 



X2 - \/Xl 



2^ 



A 



2v^ J 

; (A.230) 



the contribution of this term satisfies the desired bound. If \/A(-y/ X2/X1 
1) < 1/2, then 
the proof that 



1) < 1/2, then the z-integral is bounded by a+7 ■ Integrating in A completes 



IM3I < ( ^ty^ l \V^2 - ^/iir. (A.231) 



To complete the estimate of / ^, and thereby of / , we only need to 
show that the error terms satisfy the desired bound. To that end we let 
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y^w/X] the contribution of the error terms is bounded by 



|Me| < CbX 



g-coseA(v^-2)2 



Iv^- 



1 1 1 

+ - + 



dzdX. (A.232) 



Arguing as above, we see that these terms all satisfy the desired bound. As 
noted, the estimate of I^ is quite similar and is left to the reader. □ 



Lemma. 17.1.19^ For 6^0,0 < 7 < 1, and ti < t2 < 2ti there is a constant 
Ch so that 



ti 00 



j j \Lbk\^-t^^s{x^y)- I^bkl{x,y)\\y/x- ^\^dyds<Ci,\t2-ti 



t2-ti 



This lemma follows from the more basic: 



(A.233) 



Lemma. I7.1.20r For 6 > 0, < 7 < 1, and ti < t2 < 2ti and s > t2-ti, 
there is a constant Cb so that 



00 

J |LbA:,Vti+s(^'y)-^^'^'(^'y)ll^^-\/yr'^y<^b(*2-*i)s^-'. (A.234) 



Proof of Lemma \7.1.19\ The derivation of ()A.233p from ()7.49p is quite easy: 



ti 00 



j j \Lbk\^_t^^,{x,y)-Lbkl{x,y)\\^-^['dyds<C{t2-ti) j s^-^ds 



t2-tl 



t2-tl 

1 



< Cb\t2-ti\2. 



(A.235) 
□ 



Proof of Lemma 7.1.20. To prove ()7.49p we need to apply Taylor's formula 
to estimate the difference Lbk'l^_t-^^s{x,y) — Lbk\{x,y). To that end, we let 
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F{t, s, X, y) = Li)k\^g{x, y); we denote the left hand side in (|7.49p as /, which 
we can rewrite as 



[F{t, s, X, y) - F{0, s, X, y)]\V^ - ^\^dy, (A.236) 
here t = t2 — ti. From the mean value theorem, we get the estimate 

oo 

|/| < \drF{C,s,x,y)\\^-V^\^dy. (A.237) 



Using the differential equation satisfied by V'b we can show that 



drF{^,s,x,y) 
'x + y 



+ 



{s + 0^+2 
4xy 



s + ij {s + O 



2xy 



xy 



xy 



X + y 
3-2 



X + y 
x + y 



(&+1) 



(A.238) 



Since s £ [t2 — and G [0,^2 — ^i], we see that s < s + < 2s, and 

therefore 

we can therefore split the y-integral into a compact part with y £ [0, /~ 
and the remaining non-compact part I+. In the compact part we estimate 
use the usual estimates for ^jJb and tp'j^. Setting w = y/s, X = x/s, we obtain 
that 



(X + w + l) 



1 



+ wX + wX + w + X 



Vx- 



If A is bounded then we easily see that this satisfies: 
In the case that A is large, then we see that 



dw. (A.240) 

(A.241) 
(A.242) 
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which therefore apphes for A G [0,oo). 

To estimate I"*", we use the second order asymptotic expansions for tph 
and V'f, to see that 



\drF{(,,s,x,y)\ 



w{s + 



-{^ - + 0(1 + + VJ^) . (A.243) 



here 



w 



y A ^ 

and /i 



From this expansion, and the fact that s < s + ^ < 2s, it fohows that 



(A.244) 



b 1 



+ 



+0 1+ J-+ 



(A.245) 



To estimate this integral, we let z = \/y/x — 1, and A = x/s, obtaining: 



7 



OO 



(z + 1) 2e 2^ |2;px 



1-1 



A^/ + Xz' + Oll + z + 



1 + z 



dz. (A. 246) 



If A — >• 0, then the integral behaves like e 4a . As A — t- 00, an application 

1+7 

of Laplace's method shows that the z-integral behaves like A 2 ^ which, in 
turn, estabhshes (fTlO]) . □ 



A. 4 Off-diagonal and Large t Behavior 

We close this section with estimates valid for t, with positive real part, which 
do not use an assumption about the Holder continuity of the data. 
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Lemma. 17. 1.211 ^ For 0<b<B,0<(j)<^, and j G N there is a constant 
Cj,B,cf> so that if t £ Stf,, then 

oo 

J \dikt{x,y)\dy<^^, (A.247) 



and 

oo 

/ \x-2dik1{x,y)\dy<^ (A.248) 

J \t\i 
' ' 

Proof. The proof of this lemma is easier than results proved above for small 
t behavior. We observe that for < b < B we can write 

k1(x,y) = ^F[^,^), (A.249) 

where, for z and C in the right half plane, 

F(C, z) = z^e-(^+^Vfe«)- (A.250) 
This expression easily implies that 

dikl{x,y) = ^diF[^,y^). (A.251) 

From the form of F and the fact that dzipbiz) = tpb+i{z),we see that a simple 
induction establishes: 

diFiC, z) = z^e-(^+^) 0) (-ly-'^Vfe+zK). (A.252) 

We let t = |^|e'^ with |6l| < f - (/>, and set w = y/\t\, A = x/\t\. To 
complete the proof of (|A.247p it suffices to show that there are constants 
Ci^B,<j) so that 

oo 

/ u;''+'e--^'^(-+^)|V^b+K«^Ae2e)|— < (A.253) 
J w ' 



When / = the integral is bounded in Lemma 17.1.31 so we can assume that 
I > 1. 
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We need to estimate 



Ij,b+i 



1 

w 



b+l -cose(w+X) 
w e V ^ ; 



\^pb+liwXe2e)\ 



dw 



w 



(A.254) 



We split the integral into the part from [0, 1/A] and the rest; applying the 
asymptotic formula we obtain that 



Ij,b+i ^ 



Cb- 



+1 



1 

X 

cosSA / cos 9w 



dw 



W 



b+l 1 
W\- 4 



fw 



(A.255) 

The first term in the brackets is bounded by r(6 + /)e~ and the second 
term is rapidly decaying as A — )• 0. To study the second term as A — )• oo, we 
let z = ^Jw — to see that the second integral is bounded by 



1 + 



(A.256) 



As 6 + / — ^ > 0, it follows easily that this integral is bounded as A — t- oo, 
which completes the proof of ()A.247p . 

The estimate in ()A.248P for x/\t\ < 1 follows immediately from this 
formula. To prove (IA.248P for x/\t\ > 1 requires more careful consideration. 
Using ()A.252p and the asymptotic expansions for ilJh+i we see that 



\dlh{x,y)\ 



b 1 



P vc 



1=0 



E M)' 



Z \ 2 



^ (-l)^T(fe + / + fc-l) ^ ^ 



(A.257) 



We observe that the ratios of F-functions are polynomials in I, which can be 
expressed as 



r(6 + / + A: - i; 

T{b + l-k-^] 



2k 



Pk 



,o(6) + J2 PKm{b)l{l - 1) ...(;- m + 1). (A.258) 



m=l 
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The coefficients {pk,mib)} are polynomials in b. Putting this expression into 
the previous formula and using the fact that 



1=0 



(A.259) 



we see there are polynomials, Pj^k{b,u) in (b,u), so that 



dikt{x,y)dy 



{-ly (z 



2J ll 

fc=0 



j-2k 



.1=0 



Z \ 2 

c. 



■ o 



(A.260) 



Using this expression and the analysis from the previous case we easily show 
that 



xidik\{x,y)\dy < 



I I J 
t 2 



(A.261) 



which completes the proof of the lemma. 



□ 



Lemma. 19.2.151 ^ For j G N and < < | there is a constant Cj^^ so that 
if t £ Ss, then 



J \dik't{x,y)\dy 



< 



3,<t> 



I I 
U 2 



(A.262) 



Proof. These estimates, which are classical, follow easily from homogeneity 
considerations, and the formula 



di 



kt{x,y) = ■^^CjA^^^—^] kl{x,y). 
t2 V ^Vt J 



(A.263) 



□ 



We consider the off-diagonal behavior. 
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Lemma. 110.3.11 ^ Let b > 0, rj > and for x G M+ define the set 

Jx,r, = {yeR+:\V^-^\>v}- (A.264) 

For 0<b<B,0<<j)<^, and j E Nq there is a constant C^j^b,4> so that if 
t = |t|e*^, with \9\<^- (j), then 



\dik\{x,y)\dy < C^j,b / ■ (A.265) 



For the Euclidean models we have 
Lemma. 110. 3. 21 ^ Let rj > and for x G M define the set 

Jx,v = {y ^^■\x-y\>v}- (A.266) 

For j G No, < < ^, there is a constant Cj^j^^f, so that if t = |t|e*^, with 
|(9| < f - (p, then 

dikt{x,y)\dy<C^^,^^ — . (A.267) 

Proof of Lemma \10.3.1[ Recall that for < 6, the kernel is given by 

t?(x,,) = i(f)'e-^*,(f), (A.268) 

where 

OO j 

Using a simple inductive argument, and the fact that 

diMz) = iPb+iiz), (A.270) 
we can show that there are constants {cj^i} so that 

^ 1=0 

To prove the assertion of the lemma, it therefore suffices to prove it for each 
function, 
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where <l < j. 

Letting w = y/\t\ and A = x/\t\, we see that we must estimate the 
integrals 

Iljix,t,r,) = i- J ti;^+'e— ^^(-+^)|V'6+,Me2e)|^. (A.273) 

\t\ ^Jx,r) 

There are two cases: if x < 77^, then 



otherwise: 



1^1 Jx,r] — 



\t\ Jx,r] — 



, 00 



0, 



U 



-,00 



(A.274) 



(A.275) 



Without loss of generality, we can assume that |t| < r/^. 

Wc first consider the case where x < rf. Here again there are two cases 
to examine: if |tp < x{^/x + 77)^ ("small \t\ case"), then we only need to 
use the asymptotic expansion for otherwise ("large |t| case") we also 



\t\ 



, A ^ ) . We begin with 



need to separately estimate the integral over 

the small |t| case. The product w\ > 1 and we can use the asymptotic 
expansion 

1 b+l 



There is a constant C^,; so that 



1 b+l 
ZA 2 

— e" 



00 



47r 



b+l 1 
^ * COS 



(A.276) 



dw 



\t\ 



(A.277) 



va; 



where we set z = y/w — \/A in the second line. Since an 
elementary integration by parts argument shows that 



2\ b+l -cos 9^ 

Iij{x,t,r]) < Cb,i,e 777 



1^1 



\t\^ 



(A.278) 
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For the large \t\ case we need to consider 

X 



In this case we approximate ipb+i (z) by a constant to obtain 



2_ 

iiA^^t^v)< — — J 



w e 

w 

[*1 



If 6 + Z > 1, then this is estimated by 

W \\t\) - \t\^ 

If < 6 + / < 1, then because rf' /\t\ > 1, we have that 



cose 2^ 



The other part of Iij{x,t,r]) is bounded by 

CX) 

l'/,{x,t,rj)<c' / Q ^ -%-cos.(V^-yA) 



1 

A 

Estimating the integral shows that 

Iij{x,t,ri) < Cb,i,e 

Since 1/A > -^^^-^jp^, this is again easily seen to satisfy 



Il,j{x,t,ri) < Cb,i,e 



This establishes the estimates 



2 

- COS 9-^ 



Il,j{x,t,ri) < Cb^i,j,0 , when x < rj . 
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The constants Cb^i,j,e are uniformly bounded for < 6 < and |0| < | — (f). 

We now consider x > "rf; as before we assume that \t\ < •rf', so that 
1/A < + ?7)^/|i|. We first estimate the non-compact part of the integral: 



Il,k,ji^,t,ri) <Ch,i 



\t\J 



V 



bz 



<ChlQ- 



-cos6»^ 



lip 



This leaves only 



(A.287) 



1*1 



^h+l^-cose(w+X) 



IV'b+iMese)!^. (A.288) 



If \t\^ < x{^/x — ri)'^, then we need to split this integral into two parts: from 
to 1/A and the rest. We first assume that there is just one part. If 6 + ^ > 1, 
then we have the estimate 



— 1*^ — 

l' Jx^t,v)<^ I ^;Wg-cose(^+A)^< (A.289) 



In this case the fact that x>r]^, shows that there is a constant C^^ifi so that 

-cos6>]^ 

ll^{x,t,T,) < Ch,i / ^^p. . (A.290) 
If Z = and 6 < 1, then we need to use the approximation 



(A.291) 



to see that 



Cb,0£e 



- cos ox 



I 



+ 0{wX) 



dw, 

(A.292) 
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which again imphes that 

2 



Il^ix, t, r/) < Cb,o,e 1,1, < gb.o.e u,, (A.293) 



Here q 6» bounded as 6 — 0. 



The only case that remains is when |tp < x{^\fx — rj)'^, wherein 



b+l -cos6»(w)+A)| / / X s:dw 

w 



X 



. (A.294) 



If 6 + Z > 1, then we can estimate ipb+i by a constant to see that the first 
term is bounded by 

2 

If / = and 6 < 1, then, as before, we need to use (jA.29ip to see that this 
term is bounded by 

2 

< ^%o^ , (A.296) 

where again q e bounded for b < B. This leaves only 

b+l 1 ^ V\ 

f fw\—-i cose{V^-Vxf^^^ f (,_^\ \-c 
x) \t\^ J \ VxJ 



If 6 + / — i > 0, then this bounded by 



Vx- 



(A.297) 



1 

V 
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This leaves only the case / = 0, 6 < ^. To obtain a good estimate in this 
case, as A —7- oo, we split the integral into two parts: 

r\2 „9 If r\2 „9 

' — COS Bz^ I / (1 1 COS uz-^ 



e-™^''^ d^+ j [l--j=] e-^"*^*^" (A.299) 



^^=7 / 2A 



„2 

COS C 



The first term is bounded by Cbfi^ee « ; and the second by 



2 



Altogether we have shown that 



C— COS (7 75777 
b,Lee ^ 



Il^{x,t,v)<^^^^ (A.300) 

□ 

The proof of Lemma 110.3.21 is similar, but easier. It follows from the 
formula, valid for t £ Sq : 

dikt{x,y) = ^P^^J,i (^^)'^*^'^'^)- ^^-^"^^ 
The details of the proof are left to the reader. 
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